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KepoBanicTh cucreM JIiHIiTHIX JudepeHIiajIbHIX
PIBHIHBb 3 YACTUHHUMMU IIOXiTHIMMI

Maxkapos O. A.

Xaprisvrut HaytonarvHul ynisepcumem imens B. H. Kapasina
matidar, Ceobodu, 4, Xapxis, Yrpaina, 61022
makarovifamily07@gmail.com

OTrpumano HeOOXigHI Ta JOCTATHI YMOBH ITOBHOI KEPOBAHOCTI CUCTEM JIHIHHUX
TudepeHIiaJIbHAX PIBHAHD 3 YaCTUHHUMHY MOXITHAME 31 cTaauMu KoedirieHra-
vu B ipoctopi JI. IIIBapria. 3HalimeHo Takoxk psif eEeKTUBHUX JTOCTATHIX YMOB
MTOBHOI KEPOBAHOCTI JIJIsI OKpeMUX BUIAIKIB. I BCiX IMiX OKpeMuX BUIIAIKIB
HaBEJIEHO TIPUKJIA/IN.

Kmowosi caosa: moBHA KepoBaHicTh; 3a1a4a Komm; neperBopenns Pyp’e.

A. A. Makarov. Controllability of systems of linear partial differential
equations. Necessary and sufficient conditions for complete controllability of
systems of linear partial differential equations with constant coefficients in L.
Schwartz space are obtained. A number of sufficient conditions for complete
controllability have also been found for special cases.Examples are given for all
of these special cases.

Keywords: complete controllability; the Cauchy problem; Fourier transform.

Makapos A. A. YopasisieMocTb JIMHEHHBIX cuctem audpepeHnaib-
HbIX ypPaBHEHUii C YacTHBIMU ITpou3BOAHbIMU. [lomydensr HeoOxomnMbIe
U JIOCTATOYHBIE YCJIOBUsI TOJTHON YIIPABISIEMOCTH JUHEHHBIX cucTeM judde-
PEeHIMATHHBIX YPABHEHUI ¢ YaCTHBIMU ITPOU3BOHBIMY C IMOCTOSHHBIME KO-
durmenramu B npocrpancrse JI. [TIBapra. Haiijen tak»ke psiji J0CTATOYHBIX
YCJIOBUIA TIOJTHON YIIPABJIAEMOCTH JJIsi YaCTHBIX ciy4aeB. Jlis Bcex tmx va-
CTHBIX CJIyYa€B IIPUBEICHBI IPUMEDHI.

Kmouesvie caosa: TomHAs YIPaBIsSIeMOCTh; 3ajada Komm; mpeobpa3oBanue
Oypnoe.

2010 Mathematics Subject Classification: 35M10.

1. Beryn Ta mocranoBka 3agadi

Teopii KepoBaHOCTI OCTAHHIM YACOM IPUCBSIIEHO OaraTo podbiT, aje 3HATHA Ta-
CTUHA 3 HUX [PUCBSYEHA 3BUYAWHUM JudepeHIiaJbHIM PIBHSIHHSIM; a 3 PiBHSHD
3 YACTUHHUMU OXITHUMHI PO3IJISIAI0THCS 31e01IbITOr0 piBHIHHS MaTeMaTHIHOT
dizuku. Hanpukian, B poborax Ckisipa I M. ta @apairosm JI. B. [1, 2] posris-
JaJIach KEPOBAHICTh XBUJILOBOT'O PiBHSHHS.

(© MaxkaposO. A., 2021
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Y pobori aBropa [3] Gysa mocsiiizkeHa KepOBaHICTH CUCTEMH JIHIKHUX Jude-
peliajbHUX PIiBHSIHb 3 YaCTMHHUMHU THoXigauMu. KpiMm Toro 0yso JOBeIeHO, 10
SIKINO BJIACHI 3HAYEHHsI OJIHOMIaJIbHOI MATPUIL, IO sIKiif OYIyeThCs I CUCTEMA,
JificHi abo ysiBHI, TO icHye KepyBaHHs1 y BULIIsil u(z)v(t).

Y naniit poboTi m10BEIEHO KpUTEPi TOBHOI KEPOBAHOCTI JAHOI CHCTEMH y MIPO-
cropi JI. IlBapra, a TakoxK 3HAIEHO Psifi ePEKTIBHUX JIOCTATHIX yMOB IIOBHOI
kepoBaHocTi. Bel i BUIaIKU TPOLTIOCTPOBaHI MPUKJIAIaAMHA.

OTrpumana Tako2K yMOBa HEKEPOBAHOCTI CUCTEMHU, 38 JIOTIOMOT'0IO sIKOI HaBe/Ie-
HO IIPUKJIAJ HEKEPOBAHOI CUCTEMU.

Posriisinemo minifiny cucreMy qudepeHIiaJ bHIX PIBHAHD 3 YACTUHHUME ITOXi-
JHUMHA 31 cTajguMu KoedillieHTaMu HACTYITHOTO BULJISIITY

M =P <8> w(z,t) +o(t)u(z), te[0,T], »cR"

ot 10z (1)

w(z,0) = ¢(x),

Jie:
— P(s) — xBajpaTHa MaTPUIA M X M, €JIEMEHTH sIKOI € IOJIHOMAMU;
o0

— BekTop-pyHKil u(z) Ta ¢(z) namsexars npocropy JI. Ilsapua S = [ C},

$,0=0
AKUI CKIIAJAETHCA 3 HECKIHYeHHO-In(EePEHIIHOBAHNX Ta MBUIKO CIATHAX (PYH-
kit (us. [4]);
— ckastgpHa dyHKIis v(t) € KyCKOBO-HEIepEepBHOIO, aje B JaHiit pobori Mu Oyie-
MO posrisaTi juie gynkiio v(t) = e 3 a > 0.

Bu3snauenns. Cucrema (1) HasMBa€ThCS HMOBHICTIO KEPOBAHOIO y IMPOCTODI
S, sikimo juist Oyup-sikoi yHKIGT @(x) € S icHye kepyBanHs u(z) € S Take, 10
po3B’s130K ganol cucremu w(-,t) € S 3amososbuse ymosi w(z,T) = 0.

2. Kpurepiii moBHOT KepoBaHOCTi

B crarti [3] 6ysa jroBesiena reopema.
Teopema. Cucrema (1) Gy/e 1moBHICTIO KepoBaHOW y HpocTopi S Tomi 1 TiibKi
TOJI, SIKIIO ICHY€ OOepHEHa MaTPHILs

-1

T
/exp(—at) exp (—tP(s))dt eC>,, VseR"
0

[ ole o]

e C, = () U C?; — npocrip Heckinuenno-audepenmiiioBannx OyHKIL, Sk
s=01=0

3pOCTAIOTH He MBu/IIe creneni (aus. [4]).

Hacaidok. fkimo BusHauynnk

T
A= det/exp (—=t(P(s) +aFE))dt #0, VseR",
0
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To cucreMa (1) 6y/e TTOBHICTIO KepOBaHOWO y IpocTopi S (E — onxuHUYIHA MaTpH-
1st).

Lle BunmBae 3 poboru [5], Je moBezeno, 1o 3 ymoBu A # 0 BUILIIBA€E HaJjle-
JKHICTB 00epHeHO! MaTpuri npocropy C°% .

YMoBa HaCTIIKY eKBiBaJeHTHA HACTYIHIN yMOBI

exp (=T'(Aj(s) +a)) — 1
Aj(s) +

70, j=1m, (2)

ne Aj(s) — Bracui 3navenus marpuni P(s).

Teopema 1. (3azaavHuli kKpumepil xKeposarocmsi)
Hexati ichye nesid’emme o mare, uo 1o MHOACUNHAL

N;j={seR": Re)j(s)=—a}, j=1m
. . 2k
sukoHyromvca nepisnocmi Im;(s) # T k=41,42....

Todi cucmema (1) e nosnicmio xKeposaroio.

HoBemenus. Y cuiIy HaBeJeHHOTO HACTIAKY JOCTATHLO IEPEBIPUTH yMO-

2k
By (2), sika piBHO3Ha4YHA TOMY, 1m0 Rel;(s) # —a abo ImA;(s) # Tﬂ

A 1e, B cuity ymoBi TeopeMu, BUKOHAHO.
Teopema dosedetria.
Ilpuknan 1. Posrasgaemo cucremy

&Ula(x’t) = dwo(x,t) + Aws(z,t) + uy(x)e™ ™,
5 (t " , xeR"
% = 2wy (z,t) + Aw (z,t) + uz(z)e”*

4 — 2
Bamnumemo marpuiio P(s) mist panoi cucremu P(s) <_E§2 _]28’ )7 e

n
|s|*= ];1 s?. Toni xapaxrepucruime pisusnms Mae surysg A2 —2A—|s[4+4|s2 = 0.

Moro koperi Aja(s) = 1+ /[s|* — 4[s[2+1=1 + 1/(|s|2 — 2)* — 3 abo obupa

aiiieni, a6o komrutexcni 3 [Im;(s)| < /3.

2k
Orzke, Hanpukiaz, npu I’ = 1 Bukonyerbest ymosa Teopemu 1: ImA;(s) # TW,

k=41,42, ..., To6TO cucTeMa MOBHICTIO KEPOBAHA.

Teopema 2. (ymosa Hexeposarocmi)

Axwo npu 6ydo-axur snavennar o > 0 icnye s € R™ i icnye snavenna Aj(so)

2k
maxe, wo Re)j(sp) = —a ma ImA;(sg) = Tﬂ 3 dearxum yiaum k, modi cucme-

ma (1) € nexeposaroro.
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Hosenenus. lle Bumimsae 3 Toro, mo He BUKOHAHA yMoBa (2).

IIpuknan 2. Posriasgaemo cucremy

—at

Owr (21, 19, t
M:wz(:pl,m,t)—i—ul(m)e :

ot
Ows(x1,x0,1 Ows(x1, T2,
—2( L2 ) :—Aw1($1,$2,t)+2 2( 12 )+ ( )
ot 0xy
0 1
Tak sik MaTpurg st JaHOI cucreMu Mae BUDsi P(s 2 52 % TO
1

XapaKTepucTuIHe piBHAHHA Oyne Takum A2 — 2isi\ — 57 — 53 = 0.

Moro xopemi A 2(s) = is1 £ s9. Tomy y piBasani T'(is1 — s2 + ) = 2kmi 3aBxKu
e . { 51 = 2km /T,
Oyze aificHuii Kopinb . — o , & 3HAUYUTh, CUCTEMA He € KePOBAHOIO.
2 p—
B npoMy BUIIJKy KepyBaHHSI CJILJ IIYKATH B 1HIIOMY BHIJISII.
Tak, B pobori [3] Gys10 j0BejIeHO, 110 PiBHSIHHS
Own (x,t) 0
—2 > =P —=— |w(x,t) +u(z,t), z€R" tel0;T
o D) e t) + (e 0:7)

3aBXK 1M TMOBHICTIO KepoBame B mipoctopi JI. [IIBapra 3 kepyBamHsIM

u(z,t) = F; <exp(]j?./’P~(]S%)e‘lf(is))) — exP (itImP(s))) ,

ne F71 — obepuene nepersopennsa ®yp’e mo 3MiHHOT §.

Ilpuknam 2-1. Posriisnemo piBHSIHHS

Qwi(x1,9,t)  Pwi(wy,x9,t)  Pwi(w1, w2,1)

ot - 0z? ox3

owy (z1,x2,t) owi (x1,x2,1t)

_— L 7 b2 R S A
0z 0z2

B nanHOMYy piBHSTHHI:

— P(S) = —S% + S% + ’iblsl + ibQSQ,

— ReP(s) = —s2 + 53,

— ImP(s) = 6181 + 5282

+b1 . —|—u($1,$2,t), blabQ eR.

—s% + s% = —q,

Cucrema 2km  3aBXKJU Mae€ JiificHi KopeHi, TOMy He icHY€
bisi + basy = T

KepyBaHHs BUrIsALy u(x)e . Ase icnye kepyBaHHs

—s?+52) - ¢(s
u(w,t) = F;1 <e£(p71’(+ E)S;)O( )1 ~exp(it (bys1 + b2$2)> =

2 2
_ - B _ s5 — 87
G1(7) x p(x1 — bit, m2 — bat), me Gi(z) = Fj (expT(s% ) —1)°
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[IpH sIKOMY Iie PIBHSHHS MTOBHICTIO KepoBane y mpoctopi JI. IlIapra.
3. Okpemi Bumaaku

3 Teopemu 1 BUILINBAE Psif BAXKIUBUX HACIIKIB.

Hacaidox 1. dxmo cucrema (1) kopekrna 3a Ilerposcbkum [6], ToGTO
Rej(s) < C, abo Re)j(s) > —C 3 gesikum C' jist 6ynp-sikux s € R™ ta j = 1,m,
TO BOHA € IIOBHICTIO KEPOBAHOIO.

2k
Hosenenns. Ilepesipumo ymoBy \j(s) + a # Tﬂ- mpu k # 0.

dAxmo Re)j(s) < C, 1o icaye o > C npu sikuit Re)j(s) # «, 10610 HepiBHIiCTH
noBesieHa. TaKMM 9MHOM, TBEDJIZKEHHS! JIOBEJIEHO.

IIpuknan 3. (piBHAHHS 3BYKY y B’SI3KOMY CEepeJOBMIIL])

POED) — o, 1)+ wa (e,
ot
ana(:’t) = 2Aws(x,t) + Awy (z,t) + ug(x)e .

Xapakrepuctuine pisnsaEe Mae Burasag A2 + 2|s|?A + |s|? = 0.
Moro wopeni A1 2(s) = —|s]? = /Is|* — |s]2 = —|s|> & |s] /|52 — 1.

Ilpu |s| > 1 kopewni aiiicui 1 max Re);(s) < 0, a npu |s| < 1 xopeni komIiekcHi
J
ta max Re);(s) = 0. To6ro cucrema kopekrHa 3a IleTpoBchKIM.
J

Hacwidox 2. fxkmo x € R, 1o cucrema (1) 3aBK/¢ HOBHICTIO KepoBaHA 3
JeSKIM (.
HoBenenns. 3amepedeHHst yMOBH (2) eKBiBaJIe€HTHO CHCTEMI

ReXj(so) = —a,
2km
ImA](SO) == T

3 JIeIKUM j Ta JIHCHUM S().
Bumaiok ziiicHix BiacHuX 3HaYeHb OyB po3risHyTHii B poboti [3]. Tomy posriis-
HeMO TilbKN BHIAJOK, Ko ImA;(sg) # 0.

Jlpyre piBHSHHS CHCTeMH Ma€ KiHrenBe abo 3/lideHy KiabKicTh HymiB mpu ¢i-
KCOBaHOMY k, a BChOT'O ITUX KOPEHIB — 3jliueHHa MHOXKUHA S € R. Tosi MHOXKMHA
sHadeHb Re\j(sy) Tex 3iiiueHHa i TOMY 3aBK/H 3HAIETBCS Take «, IPU SKOMY
Re)j(sk) # —a. Buaunts icnye a € R Take, 10 BUKOHYETbCA yMOBa (2), & OTKe
CUCTEMa KEPOBAHA.

3. Bucuosku

VYV nauiit pobOTi I0Be/IEHO 3araJbHUI KpUTEPiit KEPOBAHOCTI /IJIsT CUCTEM JIHIiH-
HUX JudepeHIliaJbHuX PiBHIHb 3 YaCTUHHUMU HoxijgHuMu y npocropi JI. [IBapia

3 KepyBaHHsIM BUTIs Ty u(x)e” L.
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Takoxk 3HalIeH] YMOBU HEKEPOBAHOI CHCTEMU Ta HABEJEH IIPUKJIA] TAKOI Ch-
CTEMU.

Kpim Toro posrisinyTi Baxk/ MBI OKpeMi BUIIAIKN KEPOBAHUX CUCTEM: KOPEKTHI
3a [lerpoBchbkuMm cucremu Ta Oy/Iib-Ki CUCTEMU 3 OJIHIEIO ITPOCTOPOBOIO 3MIHHOIO.

Jutst BCix BUIIAIKIB HaBEIEHI TPUKJIAIN.
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KepoBanicTh cucrem JginifiHux audepeHniaabHIX
PiBHSHBb 3 YACTUHHUMMU TMOX1THUMMU
Maxkapos O. A.
Xapxiscorut naytonasvrul ynisepcumem im. B. H. Kapasina

Mm. Ceobodu, 4, Xapxie, Yxpaina, 61022
OcranHiM 9acoM Teopisi KEPOBAHOCTI BUBYAJIAcAd B baraTbox poborax. Ajie duMasio 3
HUX IIPUCBSYEHO KEPOBAHMM CHCTEMaM, siKi OIUCYIOThCSI 3BUYAMHUME JIMpepPeHIialbHI-
MU PIBHSHHSMU. Y BUIAJKY CHCTEM, sIKi ONUCYIOTHCS JU(EPEHIIAIBHUMY PIBHIHHSIMI
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3 YACTUHHUMHU TOXITHUMHU, BOHU BUBYAJIUCA 3/1€01IbINOTO /I KJIACHIHAX PiBHIHDL Ma-
TemaTudHOl disuku. Hanpukiamn, y podorax I'. Ckisipa i JI. @apaurosu 6yj0 BUBYEHO
IpobJIeMI KEPOBAHOCTI /I XBUJILOBOTO PIBHSIHHS Ha IIiB OCi.

V wniit poboTi npobiieMy TOBHOI KEPOBAHOCTI BUBYEHO JIJIsi CUCTEM JIHIHHUX Jndepen-
IiaJIbHUX PiBHsIHB 31 crajgmmu KoedirienTamu B mpocropax [IIBapria mBHUIKO CIIaIHUAX
dyukmiit. OpepkaHo HEOOXiHI 1 JOCTATHI YMOBU IIOBHOI KEPOBAHOCTI IIUX CUCTEM 3 PO3-
HOJIJIEHUM KepyBaHHAM ClelliajbHoro BUrasty: u(z,t) = e~ *u(x).

Jutst ToBeieHHs X YMOB OyJI0 BUKOPUCTAHO iHII HEOOXi IHi 1 TocTaTHi yMOBH, OJ1€p-
»kaHi aBTopoM pamximie (nus. pobory “Keposanicrs esosmoniiinoro qudepeHiajbHoro pis-
HfHHS B YaCTHMHHUX moXimunx . Bicamk XapKiBChKOrO HAIIOHAJBLHOTO YHIBEPCUTETY iM.
B.H. Kapagina. Cepis “Maremarnka, npukjaana Matremaruka i mexanika”. 2016. T. 83,
c. 47-56 [3]).

Tak cucrema

dw(,t)

_ 3 —at n
5 _P(zﬁx) w(z,t) + e u(x), te€[0,T], x€R", (1)

€ TIOBHICTIO KepoBaHoio B ripoctopi IlIBapra, skio icaye o > 0 Take, 1mo

det (/Texp(t(P(s) + aFE)) dt) #0, scRY.
0

Ila ymoBa exkBiBasieHTHA HACTYIHIN yMOBi: icnye o > 0 Take, 1Mo

exp (= T(\j(s)+a)) #1, saxmo (\;(s)+a) #0, seR" j=1,m,

ne \;j(s), j = 1,m, e Bracuumu 3nadenusvu Marpuni P(s), s € R™.

Takox mocmigxeHo oxkpemmii Bumanok cucremu (1), mas axol Re);(s), s € R,
j = 1,m, € obmexkeHuMu 3Bepxy abo 3uuzy. Hanpukia, cucremu (1), ki € KOpeKTHUMI
3a [leTpoBchbKuM, € MOBHICTIO KEPOBAHIMU.

OzepkaHO TAKOXK YMOBHU iCHyBaHHs cucTeMu Buriismy (1), sika He € MOBHICTIO Kepo-
Banow. Haseneno mpukian takol cucremu. [Ipore, sIKmo KepyBaHHS 33/IaHOTO BULJISLY
He ICHy€, TO MOXKE€ iCHyBaTH KEepyBaHHS iHIIIOrO BUTVISIYy. IIpukimam, 1Mo igocTpye meit
edeKT, TaKOXK HABEIEHO B POOOTI.

KirrodoBi csioBa: moBHa KepoBaHICTh; 3ama4da Kori; mepersopenns Oyp’e.

Controllability of systems of
linear partial differential equations
A. A. Makarov
V. N. Karazin Kharkiv National University,
4 Svobody sqr., Kharkiv, 61022, Ukraine
In a number of papers, the controllability theory was recently studied. But quite a few
of them were devoted to control systems described by ordinary differential equations. In
the case of systems described by partial differential equations, they were studied mostly
for classical equations of mathematical physics. For example, in papers by G. Sklyar and
L. Fardigola, controllability problems were studied for the wave equation on a half-axis.
In the present paper, the complete controllability problem is studied for systems
of linear partial differential equations with constant coefficients in the Schwartz space of
rapidly decreasing functions. Necessary and sufficient conditions for complete controllabi-
lity are obtained for these systems with distributed control of the special form:
u(z,t) = e *tu(x).
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To prove these conditions, other necessary and sufficient conditions obtained earlier
by the author are applied (see “Controllability of evolution partial differential equati-
on”. Visnyk of V. N. Karasin Kharkiv National University. Ser. “Mathematics, Applied
Mathematics and Mechanics”. 2016. Vol. 83, p. 47-56 [3]).

Thus, the system

ow(z,t)

B 5, —at n
(‘3tp<i8x>w(x’t)+e u(z), te€l0,T], z€R", (1)

is completely controllable in the Schwartz space if there exists a > 0 such that

det (/OTexp (—t(P(s) + aFE)) dt) #£0, scRY.

This condition is equivalent to the following one: there exists a > 0 such that

exp(*T(AJ(8)+a))7ﬁl if ()\](S)+0[)7£0, SGR”, ]Zlama

where \;(s), j = 1,m, are eigenvalues of the matrix P(s), s € R".

The particular case of system (1) where Re);(s), s € R, j = 1,m, are bounded
above or below is studied. These systems are completely controllable. For instance,
if the Petrovsky well-posedness condition holds for system (1), then it is completely
controllable.

Conditions for the existence of a system of the form (1) which is not completely
controllable are also obtained. An example of a such kind system is given. However, if
a control of the considered form does not exists, then a control of other form solving
complete controllability problem may exist. An example illustrating this effect is also
given in the paper.

Keywords: complete controllability; Cauchy problem; Fourier transform.

Article history: Received: 17 March 2021; Final form: 25 May 2021;
Accepted: 30 May 2021.
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Speed of convergence of complementary
probabilities on finite group

A. L. Vyshnevetskiy

Kharkiv National Automobile and Highway University,
25 Yaroslava Mudrogo str., Kharkiv, 61002, Ukraine.
E-mail: alexwish50@gmajil.com

Let RG be a group algebra of a finite group G over the field R of real
numbers. A probability P(g) on the group G corresponds to an element

p =Y. P(g9)g € RG; we call it probability on the algebra RG. For a natural
9

number n, n-fold convolution of probability P on G corresponds to p™ € RG.
Let e € RG be the probability that corresponds to the uniform probability
E(g) = |G|7%(g € G). Two probabilities p, p; € RG are called complementary,
if their convex linear combination equals to e, i.e. ap + (1 — a)p; = e for some
a, 0 < o < 1. We find condition for existence of such « and compare || p™ —e ||
and || p1™ — e || for arbitrary norm |.||.

Keywords: probability; finite group; convergence; convolution; group algebra.

Bummnepenpkuit O. JI. IIIBuakicTs 36i>kHOCTiI JoaAaTKOBUX TMOBipHOCTEH
Ha ckinvenniii rpymni. Hexait RG — rpynosa anrebpa ckindennol rpymu G
uaj, nojeM R pificnux uwuces. Imosipuicts P(g) Ha rpymi G Bignosinae ese-

st HAaTypaJIbHOIO YHCJIa 71, M-KpaTHa 3ropTka iiMosipHocti P Ha G Bimmo-
Bimae p" € RG. Hexait e € RG — fiMOBIpHICTB, IO BiAIOBiTae piBHOMIpHIH
timosiprocti E(g) = |G|™Y(g € G). HBi iimosiprocti p,p1 € RG nazusaio-
THCsI JOJATKOBUMHU, SIKIMO 1X OIyKJIa JIiHIHA KOMOIHAIS MOPIBHIOE €, TOOTO
ap+ (1—a)p1 = e g geskoro «, 0 < o < 1. Mu 3HaX0MMO yMOBHU iCHYBaHHS
Takoro « i mopieatoenmo || p" —e || 1 || p1™ — e || st posiabHOT HOpMU .|

Karwwo6i cao6a: IMOBIPHICTE; CKIHYEHHA, IPYyIa; 301KHICTh; TPYIIOBa ajredpa.

Bumnesenkuit A. JI. CKOpOCTh CXOAMMOCTH IOTIOJIHUTEIBHBIX BEpOsi-
THOCTell Ha KoHe4dHOoii rpymie. [lycrs RG — rpymmoBas ajrebpa KOHETHON
rpyumnsl G zHaz nosteM R BemecrBeHHbIX unces. Bepostaocts P(g) Ha rpyumne G
COOTBeTCTBYET 3ymeMenTy p = » . P(g)g € RG; Mbl Ha3bIBaeM €€ BEPOSITHOCTHIO

g
Ha asjredbpe RG. [t HATYpaIbHOrO YUCIa N, N-KPATHAS CBEPTKA BEPOSITHOCTH

P wa G coorBercrByer p" € RG. Ilycth e € RG — BEpOSITHOCTH, COOTBET-
cTBytomas pasHomepHoit BepositHoctn E(g) = |G| (g € G). Jse BeposiTHO-
cTH p, p1 € RG HA3BIBAIOTCA JONOJHATEILHBIMHI, €CJIM UX BBITYKJIas JUHeHHas
KoMOWHAIWs paBHa €, T.e. ap+(l—a)p; = e muas mexoroporo a, 0 < a < 1.

© A.L. Vyshnevetskiy, 2021
12


https://doi.org/10.26565/2221-5646-2021-93-02

Bicuuk XHY, Cep. «MaTemaruka, IpuK/IaJHa MaTeMaTUKa 1 MexaHikay, Tom 93 (2021) 13

MbI HaXOAUM YCJIOBHsI CYIECTBOBAHUS TAKOro (v U cpaBHHBaeM | p" —e | u
|| p1™ — e || mast npoussosbHON HOPMEL |||

Knouesvie ca06a: BEPOATHOCTD; KOHEUHAs! IPYIIIIA; CXOAUMOCTD; IPYIIIOBAsl aJl-
rebpa.

2010 Mathematics Subject Classification: prim. 60B15, 60B10; sec. 20D99.

1. Introduction

Let G be a finite group of order |G|, RG the group algebra of the group G over
the field R of real numbers. Each real function F(g) on the group G corresponds

to an element f = > F(g)g € RG (we write > instead of > ). We denote a
g g geG

function on the group G with a capital letter and the corresponding element of

RG with the same (but small) letter, and call the latter a probability on RG. For

1

instance, the trivial (uniform) probability E(g) = 1€l (9 € G) corresponds to the

element

1
e:@deRG.
g

Exploring probabilities on group algebras is sometimes more convenient than on
groups (see e.g. [4])
Convolution of two functions P, Q on G

(PxQ)(h) =Y _Pl9)Q(g™'h) (heq)

corresponds to product pg of corresponding elements p, ¢ € RG.
Let function P(g) be a probability on a group G, i.e.

P(g)>0(ge @), Y Plg) =1 (1)

and P = P« ...x P (n times) an n-fold convolution of function P. There is a
lot of works devoted to evaluation of speed of convergence of P to the uniform
probability E(g) on G at n — oo (see e.g. review [2]|). In other words, a norm
of || p" — e || is evaluated (for different norms) at n — oo. The case when p" = e
for some finite n was studied in [4]. Conditions for convergence p" to e are well
known, some refinements are in [3].

For any element b =) byg € RG we denote |b| = )" |by| € R. We write b >0

g

g
if by > 0 for all g € G. Now for any probability

p=> ag (2)
g
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on RG conditions (1) can be written as follows:

p>0, [p|=1 (3)

Since hY g = > g for any h € G, then he = e and by linearity, we get
9 g
be = |ble for any element b= )" byg € RG. So
g

pe=ce (4)
for any probability p € RG.

2. Theorem

We study the case when a linear combination of two probabilities on RG
equals to e. Since |a| + |b| = |a + b| for any a,b € RG, then from (3) this linear
combination must be convex.

Convex linear combinations of idempotent distributions on countable groups
were studied in [1])

Definition 1. Probabilities p, p1 € RG are called complementary, if their convex
linear combination equals to e, i.e.

ap+(1—a)pr=e (5)
for some number a, 0 < o < 1.

We find out when for a given probability p € RG a complementary probability
p1 € RG exists, i.e.

e—ap

(6)

is a probability for a number a, 0 < a < 1. By (3) we have to check if p; > 0 and
Ip1| = 1. We also compare ||p" — 1| and |[p} — 1|| (n is a natural number) for any
norm ||.]|.

p1 = 1—a

Theorem 1. Let p = ) aqzg be a probability in algebra RG, a = maéc ag. Then
g 9€

1
for any a, 0 < a < W there exist a probability p1 € RG such that (5) holds.
a
Moreover,

7 1 T
[T —ell = mﬂp —e. (7)

Proof. Let p; be as defined in (6). p; > 0 if and only if (1 — a)p; > 0. By (5)

(1—a)p Ze—apZZ(Kl”—aag)g.
g
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So p; > 0 if and only if

Z(é‘ ~aay)g >0,
g

ie.
1
@ — aag Z 0
for any g € G. It is equivalent to
1
< — 8
o< g (8)

where a = maé( ag. This necessary condition for two complementary probabilities
ge

to exist is equivalent to the condition p; > 0. Now we prove that |[p;| = 1:
1 1
(1 —a)p1] = |e — ap :Z(@ —aag) :Z@—az% =l—-alpl=1—-«
g g g

ie. p1| =1 (as @ # 1). So under condition (8) py is a probability.

Now we compare |p" — 1|| and ||p}" — 1|| (n is a natural number) for any norm
||.|l. As well known, e is an idempotent of the algebra RG: e¥ = e for any natural
number k. Taking into account the binomial formula, (4) and (6), we obtain:

(1 —a)"pf = (e —ap)" =
— e C%en—lap + 07216”_20[2]?2 — (_1)nc77ll—1ean—1pn—1 + (_1)nanpn —
— 6(1 _ C%Oé 44 (_1)71—1077;—10/1—1 + (—1)”04” _ (—1)”0&”) + (_1)nanpn —

=e(l—a)"+ (=1)"a"(p" —e).
We divide by (1 — a)™:

= Lo C0n o9 g
Then
I8 el = [ 2 0" = )| = 87 = ell = (ol = el

The theorem is proved. It can be formulated as follows.
If ap+ (1 — a)p1 = e for probabilities p, p1 € RG and some number «,

0 <a<1,then a < alGl where a = I;leagx ag and equality (7) holds.

2
Corollary 1. Ifa = ek then ||pf —e|| = ||p™ — ]l
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1
Indeed, if a = —-, one can put o = B in (2.3).

2
|G

Corollary 2. p" converges to e iff p} converges to e.

ORCID ID
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IIIBuakicTs 36i>kHOCTI JOMATKOBUX MMOBipHOCTEH
Ha CKiHYeHHiil rpymi.
Bummuesenpknii O. JI.
Xapriscoruli HAUIoHAAOHUT G8MOMObIALHO-00POHCHUT YHIBEPCUMEM,
eya. HApocaasa Mydpozo 25, Xapxis, Yxpaina, 61002

Hexait ¢dynkuia P e iimosipmicTio ma ckingenniit rpymi G, tobro P(g) > 0
(9 € G), X2, P(g) =1 (vu nmmemo ) samicts ) ). 3roprka asox dynxuiit P, Q

g geaqG
na rpymi G € (P * Q)(h) = Y. P(9)Q(¢g~th) (h € G). Hexait E(g) = ﬁZg € pis-
g 9
HOMipHOIO (TpmBianBHOIO) fiMOBipHicTIO Ha rpymi G, P = Px .. x P (n pasis) - n

-kpaTHa 3ropTka P. 3a mobpe BioMOI HECKJIaIHOI yMOBHU HMOBIDHICTH P(") sGiraerbes
1o E(g) npu n — oco. Bararo pobiT npucBa9eHo OIIHII MIBUAKOCTI Mi€l 301KHOCTI JJist
pizHux HOpM. Byupb-sika iimosipuicrs (i, 3arasom, Gyub-sgka (QyHKIig 31 3HAYEHHAMH B
nosi R pificHux dmcen) Ha rpyni MoxKe OyTH IIOB’si3aHa 3 €JIEMEHTOM I'PYHOBOI ajrebpu
niel rpynu Haj nojieM R. Ile moxkHa 3pobutu HacTynHuM unHoM. Hexait RG - rpynosa
asre6pa ckingennol rpymm G mag mosmem R. VmosipricTs P(g) ma rpyui G Bignosinae

esiementy p = Y. P(g)g anrebpu RG. Mu nosnagaemo dyukniio ma rpymni G BeJUKOIO
g


https://orcid.org/0000-0003-1757-0416
https://link.springer.com/chapter/10.1007/978-3-662-09444-0_5

Bicuuk XHY, Cep. «MaTemaruka, IpuK/IaJHa MaTeMaTuKa 1 Mexanikas, rom 93 (2021) 17

jiteporo, a Bifmosimmmit erement 3 RG Tieo xk (aje Masoo) JiTeporo, i ocramuiii Ha-

suBaeMo fimosipaicTio Ha RG. Hanpukian, pisHomipra fimosipaicts FE(g) Bimnosinae

eJIeMEHTy € = I—é” >>g € RG. 3roprka apox dyskuiii P, Ha G Biguosizae nobyTKy
g

pq BigmoBimHuX ejemenTiB P, () B rpynosiit ajrebpi RG. st HaTypajbHOrO 4mcia n,
n-KpaTHa 3ropTka iMoBipHocti P Ha G Bimmosimae ejnementy p” € RG. Y crarti mMu
BUBYAEMO BUITAJOK, KOJIM JIiHiHA KOMOiHAIisT TBOX HiMoBipHOCTEH B anarebpi RG mopis-
uioe ¥imosipaocti e € RG. Taka siniiina komGinariis moBuHHa O6yTH OMyKJI00. TouHire,
MU CIIBCTaBIIEMO WMOBIpHOCTI p € RG iHmty #iMoBipHiCTh p; € RG HACTYIHUM YHHOM.
JIBi iimMoBipHOCTI p, p1 € RG Ha3uBaIOThCs JOJATKOBUMHE, SKIIO 1X OIYKJIA JIHIHA KOM-
Gimarist gopisHioe €, T06T0 ap + (1 — @)p; = e s geaxoro uuciaa «, 0 < a < 1. Mu
3HAXOJMMO YMOBH iCHyBaHHS Takoro « i mopisaioemo || p™ —e || ta | ;1™ — e || maa
noBiiabHOT HOpMU .||

Kmowosi caroea: IMOBIPHICTD; CKiHYeHHA rpyIia; 30iKHICTE; 3ropTKa; IpymoBa ajaredpa.

Speed of convergence of complementary probabilities
on finite group.
A. L. Vyshnevetskiy
Kharkiv National Automobile and Highway University,
25 Yaroslava Mudrogo str., Kharkiv, 61002, Ukraine

Let function P be a probability on a finite group G, i.e. P(g) >0 (g€ G), Y. P(g) =1
g

(we write Y instead of > ). Convolution of two functions P, @ on group G is
geG

(P+Q)(h) =Y. P(9)Q(g7th) (h € G). Let E(g) = |—(1;‘Zg be the uniform (trivial)

probability on the group G, P = P« ..% P (n times) an n-fold convolution of P.
Under well known mild condition probability P converges to E(g) at n — oo. A lot
of papers are devoted to estimation the rate of this convergence for different norms. Any
probability (and, in general, any function with values in the field R of real numbers) on
a group can be associated with an element of the group algebra of this group over the
field R. It can be done as follows. Let RG be a group algebra of a finite group G over
the field R. A probability P(g) on the group G corresponds to the element p = > P(g)g
g

of the algebra RG. We denote a function on the group G with a capital letter and

the corresponding element of RG with the same (but small) letter, and call the latter a

probability on RG. For instance, the uniform probability E(g) corresponds to the element

e= ﬁ > g € RG. The convolution of two functions P,Q on G corresponds to product
g

pq of corresponding elements p, ¢ in the group algebra RG. For a natural number n, the
n-fold convolution of the probability P on G corresponds to the element p™ € RG. In
the article we study the case when a linear combination of two probabilities in algebra
RG equals to the probability e € RG. Such a linear combination must be convex. More
exactly, we correspond to a probability p € RG another probability p; € RG in the
following way. Two probabilities p,p; € RG are called complementary if their convex
linear combination is e, i.e. ap + (1 — a)p; = e for some number «, 0 < a < 1. We find
conditions for existence of such o and compare || p" —e || and || p1™ —e || for an arbitrary
norm |||

Keywords: probability; finite group; convergence; convolution; group algebra.
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The present article gives sufficient conditions for the existence and uniqueness
of the solution of an implicit linear difference equation of an arbitrary order
over a certain class of non-Archimedean rings, in particular a ring of formal
power series. It is shown that this solution can be found using the Cramer rule.
Some results on such equations over a ring of polynomials are also given.
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Tonuapyk A. b. HesiBHi JiiHiiiui pisHuIleBi piBHsSIHHS Ha O HeapxiMeIoBH-
MU KiJIBIIIMH. Y CTATTI HABOAATHCS JOCTATHI YMOBH JIJTsT iICHYBAHHS Ta, € TIHO-
CTi pO3B’SI3KY HESIBHOTO JIHIHOTO PI3HUIIEBOTO PIBHIHHSA OYIb-sIKOTO MOPSIIKY
HaJl JIEIKUM KJIaCOM HeapXiMeJIoBUX Kijellb, 30KpeMa KiablieMm (hopMabHUAX
crereHeBux psifiiB. [lokazaHo, mo 1eif po3B’I30K MOXKHA 3HAUTH 38 JIOTIOMOTO0
npasuia Kpamepa. Takoxk HaBesneHi Jedki pe3yJbTaTU IMOJO0 TAKUX PIBHAHDL
HaJT, KiJIbIIEM TTOJIIHOMIB.

Kmovosi crosa: pisHUIEBe PIBHAHHS; HeapXiMeI0Be HOPMYBAHHS; KiJIbIE MTOJTi-
HOMIB.

Tonuapyk A. b. HesiBHBbIE JInHElHBbIEe PA3HOCTHBIE yPABHEHUS HAa Heap-
XUMEIOBBIMU KOJIbIIAaMU. B cTarbe TpUBOAATCS JOCTATOYHBIE YCJIOBUS CY-
MECTBOBAHUS W €IMHCTBEHHOCTU DPEIIeHNs] HESBHOI'O JIMHEHHOIO Pa3HOCTHOTO
yPaBHEHUS JII0OOro MOPsiJIKa HaJl HEKOTOPBIM KJIACCOM HEAPXUME/IOBBIX KOJIEIT,
B 9aCTHOCTHU Ha/ KOJIBIIOM Cl)OprIa..HbeIX CTEeII€eHHbIX PsAJIO0B. HOK&S&HO, 9TO 3TO
pelleHre MOXKeT OBITH HaiijleHo ¢ oMol mpasuiaa Kpamepa. IIpuBojsarces
TaKKe HEKOTOPbIE PE3YJIbTATDI, KACAIONNECs TAKNX YPABHEHUSX HAJl KOJIBIIOM
MHOTOYJIEHOB.

Karuesvie caoea: pPa3sHOCTHBIE yDABHEHWs; HEAPXUMEIOBO HOPMHUPOBAHUE;
KOJIBIIO MHOT'OYJIEHOB.
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1. Introduction

In the article [1] a simple interesting fact about recurrence equations is
discovered: there is shown that the infinite implicit system of linear equations
in variables xqg, z1, x2, ...
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bxn+1:a$n+fn, n:0)1)27"'5

where a, b, f,, € Z, b # 1 and a and b are coprime, which has infinitely many
solutions over Q, may have either no integer solution or exactly one.

It is proven that there exists a unique solution from the ring of p-adic integers
Zy and this solution is found explicitly as a sum of series converging in Z, with
respect to the well-known non-Archimedean valuation (see [1, Cor.2.1]).

In 2] it is shown that this unique solution can be found using the Cramer‘s
rule. In [3] both these results are generalized for the second order equation.

Let us consider the similar equation over the ring of polynomials with the
coefficients from some field K:

b(2)Znt1(2) = a(2)zn(2) + fu(2), n=0,1,2,...,

where a(z), b(2), fn(z) € K|z], degb > 1.

Since for obtaining the solution over Z we considered the equation over the
completion of Z, i.e. Zj, then for obtaining the solution over K|z] it is naturally
to consider the equation over the completion of K|[z], i.e. K[[z]]. This analogy is
described, for instance, in [4, §7].

In the present article a construction integrating these two cases is described:
the ring of p-adic integers is a particular case of the valuation ring of a field with a
non-Archimedean valuation Q,, the ring of formal power series also is a valuation
ring of a field of formal Laurent series (|5, Ch. XII, §6]).

The results for the finding a solution of such an equation over the ring of
integers are generalized to an equation of the arbitrary order and for the class of
rings, which are valuation rings of non-Archimedean field. The results obtained
in this article also clarify the previous results for integers.

In Theorems 1 and 2 of Section 2 a sufficient conditions for the uniqueness
and existence of a solution of n-th order difference equation over the valuation
ring of a field with a non-Archimedean valuation is formulated. The solution is
explicitly found as a sum of the series (see Theorem 2), converging with respect
to the non-Archimedean valuation in the field. In Section 3 it is shown that this
unique solution can be found using the Cramer‘s rule.

Section 4 is devoted to the equations over the ring of polynomials. The
results of Section 2, applied to the equations over the field of formal power series
(Corollaries 2 and 3), require some additional study to check the existence of a
polynomial solution. There is given Theorems 4, 5 and 6, facilitating this checking
in different particular situations and some specific examples of its applying.

2. Existence and uniqueness theorems

Consider a field F' with a non-Archimedean valuation | - | (see [6, 1.2]) and its
valuation ring R = {s € F': |s| < 1} (see |5, Ch. XII, §4]).
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Theorem 1. Suppose a; € R, |a;| < |ag| for all 1 < j < m, and f, € R for
n=20,1, 2, .... Then the following implicit difference equation

AWt + G 1Wnpm—1 + « . + G1Wp41 + aowy, = fn, n=0,1,2, ... (1)
has no more than one solution over R.

Proof. To prove the uniqueness of solution of the equation (1) it is enough to
proof that the homogeneous equation

A Whtm + CGm—1Wptm—1 + - .. + a1wp+1 + aow, =0, n=0,1, 2, ... (2)

has only trivial solution w, = 0 for any n over R.
Over the field F' the solution {w,} satisfies

a Am—1 aj
Wy = = Wpm — —— W] — -+ — —Wpy1, B =0,1,2, .... (3)
ao ao

Then, taking into account that the valuation is non-Archimedean, we obtain
|wy| < 11;12;%%’1“%8“\}. Therefore for any n there is ¢ such that |%§+Z| > |why-
By r denote max {\%H. Note that by assumptions of the theorem, r < 1. We

<j<m
obtain that for any n there is ¢ such that |wy| < r|wp4il.

Thus starting with wp one can construct a subsequence {w,, } such that ng =0
and |wy,| < r|wp,,,| for all i. It means that |wo| < r* - [wy,| for any 7. Since |wy|
belongs to R then |w,| < 1 for all n, then |wg| < r* for any i. Note also that by
the assumption of the theorem, r < 1. Thus wy = 0 and consequently w,, = 0 for
all n.

The proof is complete.

Remark 3.1. Suppose Ry is a factorial ring, v € Ry is a prime element ([5,

Ch.XII, 4]). Then any element z from the field of fractions Frac(Ry) has a unique

representation x = v'-c such thatt € Z and ¢ = g, where r, s € Ry and both of r,

s have not v in their factorizations. By definition, put |x|, = 27'. The valuation
||y is non-Archimedean over Frac(Ry) and Ry is a valuation ring for Frac(Ryp).
Over the ring Ry the assumption |a;|, <|agl, <1 of Theorem 1 can be rewritten
r
and both of 71, s; have not v in their factorizations, then t; > to > 0 for all
0<j<m.
In this case Theorem 1 yields, for instance, the following consequence:

in the following form: if aj = v' -c;, where t; € Z and ¢j = where rj, sj € Ry

Corollary 1. If there exists v € Ry such that v does not divide ag and v divides
aj for all 1 < j < m, then the equation (1) has no more than one solution
over Ry.

The following theorem gives a sufficient condition for the existence of solutions
of Equation (1) over the ring R.
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Suppose conditions of Theorem 1 hold and |ag| = 1. Then ag is invertible in
R. Indeed, in the field F' there is an element aal and |aal\ = 1, thus it belongs
to R. Thus the following infinite linear system

Yo = 17
aoyr + a1Yr—1 +agyr2+ ... +tagyo =0, k=1,....m—1
aoyk + ar1yk—1 + a2yYk—2 + ... + amY-m =0, k=mm+1,m+2,...
(4)
is explicit. It has a unique solution {y, }>> over R. The following theorem descri-
bes a solution of (1).

Theorem 2. Let the field F be complete. If |aj| < |ag| =1 for all 1 <j <m,
all the following series

— [
— ntk —
wanyk ao,nfO,l,Q,... (5)
k=0
converge in R with respect to the valuation | -|. This sequence {wy} is a unique

solution of (1).

Proof. The valuation || is non-Archimedean, so to prove the series (5) converge

over R it is enough to prove that ’yk fa“gk ’ tends to zero. ([6, 2.1])

Since fn, aal both belong to R, then f’(‘l—gk‘ < 1. Let us prove that

< rlml . 8, where § = 1} and r = 1.
[vn| <rimt - S, where = | max  {ly;|} and 7 = max {|a;[}
The proof is by induction on n. For the cases n < m, there is nothing to proof.

Indeed, |y,| < S = 1.
ndeed, [ya| < 5= max {ly;l}

For the case n = m = m + 0, by the system (4), we get

al a9 A,
Ym = ——Ym—-1— —Ym-2— ... — —Yo,
ag ag agp
so, keeping in mind that | - | is non-Archimedean and |ag| = 1, we can estimate
ai a2 am
= |—Ym-1+ —Ym-2+ ...+ —yo| < max {|a;ym—;|} <r-S.
|ym| aoym 1 aoym 2 a0 Yo| > 1§j§m{‘ iYm ]’} =

For the inductive step assume that the inequality holds for n < m+k —1. Let
k+
us prove that it holds also for n = m + k, i.e. |y,| < rl mol S
By the system (4), we get
a1 as Am

k = Yk -1 = 7T/ Yk -2 — -7 Yk
Yk+m aOy +m aOy +m aoyy

so, keeping in mind that | - | is non-Archimedean and |ag| = 1, we can estimate

[Yesm| < max {|ajyeem—j[} <7 max {{yprm—;]}
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] k
By the inductive assumptions, |y;| < rliml. s <rlml.Sforall k<j<k+m-—1,
. k k k+
that is max {Yrrm—j|} < rlml.S. Tt follows that |yg | < r-rlml. S =7l m .S,
<j<m

Therefore, by the principle of induction, the inequality |y, | < rlml . S is true
for any n € Npy.

Since r < 1, then |y,| tends to 0, so the series (5) converges.

To verify that (5) satisfies (1), let us substitute it into the equation. Taking
into account that {yy}>2, satisfies (4), we obtain

m

1 )
AmWpitm + Gm—1Wnim—1 + ... + G1Wpt1 + Wy = ; § Z aiykfn—‘rk:-‘ri =
1=0 k=0

1 m—1 7 1 00 m
= > firn Y i+ - > fitn > ajyij=fa. (6)
R =0 0 i—m =0

The proof is complete.

Remark 3.2. In the particular case m = 1 we have the equation
a1Wpa1 + aown = fn, n=0,1,2, ..., (7)

which has a unique solution over R if |ag| =1 and |a1| < 1. By Theorem 1, this
solution has the form of series (5). In this case (4) has a solution

ak:
yr=(-1)F—, k=0,1,2,...,
aq

so the solution of (7) can be written as

> k

a

wy =Y (=) gk n=0,1,2, .., (8)
k=0 Qo

In the particular case R = Z,, this result is obtained in [1].

Remark 3.3. The case m = 2 is described in details over the ring of integers

in [3].

3. Cramer formulas

Suppose F'is a field of characteristic zero with a non-Archimedean valuation
| - | and for the equation (1) conditions of Theorem 2 hold. Then it has a unique
solution over R, which can be found using Cramer’s rule.

Since ag is invertible, without loss of generality one can consider the following
equation instead of (1):

AWt + G 1Wptm—1 + « .. + Q1Wpt1 + Wy = fr, n=0,1,2, ... (9)
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It can be written as a system of linear equations in this way:

1 a1 as a3 -+  am 0 o - fo
0 1 a; ag - Am—1 [y 0 fl

Av=f A=119 0 1

a1 [ Qm—2 Am—1 Qm N ’ f - f2

Let A, be obtained from the matrix A by replacing the n-th column with the
vector f.

By A; (respectively, A, ;) denote the principal corner minor of the (j + 1)th
order of the matrix A (respectively, A,).

Theorem 3. Suppose the conditions of Theorem 2 hold. Then the unique solution
over R can be found using Cramer’s rule:

det A,

Wnp detA7 n 07 ) 4y ( O)
where the determinants are defined as following limits in R with the valuation |- |:
det A= lim A,,

T—00

det A,, = li_>m Apt1r, n=0,1,2,...
T oo

Proof. By Theorems 1 and 2, equation (1) has a unique solution over R in the
form (5). Let us show that this solution coincides with the Cramer formulas (10).
Note that A; =1 for all j, so det A = 1. Let us consider

fo a1 a2 a3 - ap 0 0
fi 1 a1 a2 -+ am-1 am 0O

A= f3 0 1 a1 - am—2 am-1 ap

Denote by Bj the determinant formed by the first k& columns and rows of the
matrix

aip az am 0 0

1 a1 -+ am_1 am 0

0 1 Gm—2 Am-—1 am
0 Um—-3 OAm—-2 am-—1

Add also By = 1. If 0 < k < m it is written as

ap az -+ ag-1 A
I ap - ap—2 ag1
I - ag-3 ag-o
By = . .
o 0 -+ as
o o --- 1 ai
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Considering the Ay ; and decomposing it relative to the first column, we get the
partial sums of

det Ay = fo + Z(—l)jijj
j=1

We should prove that the right-hand side of this formula coincides with > yg fi,
k=0

so we should prove that y, = (—=1)*By if k > 1.
Recurrence equations
Yk + a1yk—1tayp—2+ ... +agyo =0, k=1,...,m—1 (11)
Y+ a1yp—1 + aoyp2+ ... +amyp—m =0, k=mm+1,m+2,...

with the initial condition yo = 1 give a unique sequence {y;}2° . Thus we should
prove that {(—1)*Bj}?2, is a solution of these equations too.
Decomposing By, relative to the first row, we get

By =a1Bp_1 —aoBp_9+a3Bg_3— ...+ (—l)milamBk,m, iftk>m

By = a1Bj_1 — aaBj—2 + agBy_3 — ... + (—1)*ax By, ifk<m
Hence,

By —a1B_1 4+ agB—3 —a3B_3 — ... + (=1)"'qxBy =0, ifk<m

By —a1By_1 +a2B_2 —a3Bi_3+ ...+ (=1)"amBr_m =0, ifk>m

It follows that {(—1)*Bj}2°, is a solution of (11). Thus y, = (—1)*By, for any k,
therefore det A1 = wy.

Now consider A; and its minor of i-th order. Note that we are interested in
the limit by 4, so it is enough to consider ¢ such that ¢ > 5 and ¢ > m.

1 a1 az -+ aj—2 aj—1| fo ajt1 --- am 0
0 1 a - aj-3 aj—2| fi a -  ap-1 am

0 0 1 - aj—4 aj—3| fo aj-1 - Gn-2 Am—1

fi-1 a3 - Qm_j1 Gm—j

0 0 O 1 a1
0 O 0 0 1 fj an o Am—j5—2  Om—j—1
0 0 0 0 0 |fix1 a1 -+ Qm—j-3 Gm—j2
0 0 0 0 0 fj+2 1 ot Am—j—4 Om—j-3
0 0 O 0 0

fivs 0+ am—j5 Qm—ju

We see that its determinant equals det.A;, in which the vector
(fi+1, fi+2, fj+030, ...)T is taken instead of f. It follows that Aj; = >~} o Yk fitk
sodet Aj = 07 o Ukfith-



Bicuuk XHY, Cep. «Maremaruka, IpuKk/IaJHa MaTeMaTUKa i MexaHikay, Tom 93 (2021) 25

The proof is complete.

4. Implicit linear difference first-order equation
over the ring of polynomials

Let K be a field with the characteristic zero. For any zy € K we can consider
the ring of formal power series K [[z—zo]]. It is a factorial ring (|5, Ch.IV, Th.9.3.]),
so we can construct its field of fractions and valuation ring as in Remark 3.1. This
field of fractions is a field of Laurent series K ((z—2zp)), it is complete. By definition,
for w € K((z — 20)) put |w(z — 20)|2— = 2%, where t is the smallest integer for
that (2 — 20)" - w(z — 20) € K[[z — 20]] (see [5, Ch.XII, §6]).

Then Theorems 1 and 2 yield the following corollaries:

Corollary 2. Let us consider the equation
b(z — 20)wn+1(2 — 20) + fu(z — 20) = a(z — 20)wn(z —20), n =0, 1,2, ..., (12)

where b(z — z9), a(z — 20), fn(z —20) € K[[z — 20]]-

Suppose a(z—29) = (2 —20)*-a1(z — 20) and b(z —29) = (2 —20)™ - b1 (2 — 20),
where a1(zp) # 0, bi(20) # 0 and k,m are non-negative integers. If k < m,
then there exists at most one sequence of formal power series {wy(z — 29)} that
satisfies (12).

Corollary 3. Suppose a(zg) # 0 and b(zg) = 0. Then the sequence of series

[e.9]

b (z — 20)
wn(Z_ZO):men-i—i(z_ZO)? n:o7 17 27 AR (13)
=0

is a unique solution of (12) over K[z — zp]].

Two previous results are related to the solution in the ring of formal power
series. They imply also the following result, concerning the solution over the ring
of polynomials.

Suppose a(z), b(z), fn(z) € K[z]. Let us consider the equation

b(2)wn41(2) + fu(2) = a(z)wn(2), n=0,1,2,.... (14)

Since any polynomial can be rewritten as a formal power series from K [[z — 2]
for any zp, then this equation can be consider over K|[[z — zo]] for any z.

Corollary 4. If for some zy Equation (14), considering over K|z — 2o]], sati-
sfies the assumptions of Corollary 2, then Equation (14) has no more than one
polynomial solution. If also the conditions of Corollary 8 hold for this zy, then
either sequence of sums

Wy (2) :ZMJ“”M(Z), n=0,1,2,..., (15)

=)

is a sequence of polynomials that solves (14) or there is no polynomial solution of
(14).
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Proof. By Corollary 2, Equation (14) has no more than one formal power series
solution (15). It is only candidate for being the polynomial solution.

The following example shows that it may be no polynomial solution of Equati-
on (14).

Example 1. The equation
2Wpy1+1=wp, n=0,1,2, ...,

has no polynomial solution. Indeed, we are under the conditions of Corollary 4,
so there is unique formal power series solution wy,(z) =1+ 2z + 22 + 23 + ... for
all n, which obviously is not a polynomial.

The following theorem directly follows from Corollary 4 if K is algebraically
closed. In the general case it needs a proof.

Theorem 4. The homogeneous equation
b(2)wnt1(2) = a(z)wn(2), n=0,1,2, ... (16)

has only zero solution if and only if b(z) does not divide a(z). Thus Equation
(14) has at most one polynomial solution if b(z) does not divide a(z).

Proof. Indeed, since b(z) does not divide a(z), there exists p(z) € K|z] such
that p(z) divides b(z) but does not divide a(z). Also, (16) means that

b"(2)

a”(z)

wp(2) =woe(z), n=0,1,2,....

We get that wq(z) is divisible by p™(z) for any degree n, which is impossible for
a non-zero element wy(z). Since wy(z) = 0, then wy(z) = 0 for any n.

If b(z) divides a(z), then the equation (14) can be rewritten in an explicit
form. It follows that there exist infinitely many solutions of this equation: one for
each initial value wy.

The proof is complete.

Example 2. Suppose f,(z) = f(z) for each n, and suppose b(z) does not
divide a(z). Suppose there exists a solution {wy,} of the difference equation

b(2)wny1(2) + f(2) = a(z)wn(2).

Consider the sequence {wy,+1}. Obviously, it also satisfies these equalities. By
the uniqueness of the solution, we get w, = wyy1 for all n. It means that if
the solution exists, it is constant. Therefore, it should satisfy the equality

b(2)w(z) + f(2) = a(z)w(2),

so we obtain that



Bicuuk XHY, Cep. «Maremaruka, IpuK/IaJHa MaTeMaTuKa 1 Mexamikas, rom 93 (2021) 27

f(z)
a(z) = b(z)
is the only candidate to be a solution, thus there exists a solution if and only if

a(z) — b(z) divides f(z).

wp(2) = w(z) =

Particularly the equation zwyp4+1 +1 =w,, n =0, 1, 2, ... from the previous
example has no polynomial solution since b(z) — a(z) = 1 — z does not divide
fz) =1

The example considered shows that the equation may have no polynomial
solution, and to check that using Corollary 4, one have to check whether the
sequence of formal power series (15) is a sequence of polynomials. The following
result gives that it is enough to check whether only the first term wg(z) is a
polynomial.

Theorem 5. Suppose a(z) = 1. If the wy from (15) is a polynomial, then wy,
from (15) is a polynomial for any n.

Proof. Let us prove this by induction. Since {wy,} satisfies the equation, then

Wni1(2) = w"(z)b(_z)f”(z) n=0,1,2 ...

Since wy(z) and f,,(z) both are polynomials, then wy, (z)— f,(z) is a polynomial
too. Let us prove that b(z) divides it. By (15), we get

W (2) = fn(2) = b(2) (fas1(2)+ b(2) fata(2)+ b*(2) fags(2)+...), n=0, 1, 2,( : )
17
Let us choose Z from the algebraic closure K of K such that z— Z divides b(z).
Then b(Z) = 0.
Let b(z — 2) = b(z) and fn(z — 2) = fy(2) for any n. Find the {wn(2)} as
a sequence of formal power series 1, (2 — Z) from K[[z — 2]]. Then for any n we
obtain an equality between two formal power series from K[z — Z]|:

~

b(z — 2)

A~

B (2 = 2) furirr(z — 2) = a2 — ) — fulz - 2).

~r

Il
=)

)

Since b(Z) = 0, then b(0) = 0. Thus wy,(2) — fu(Z) = Wn(0) — f(0) = 0, it
means that z — Z divides the polynomial w,(z) — fn(z). So we can divide this
equality by z — Z and consider the equality

O“>

-z

2 ii" (2= ) farinr(z — 2) = w"(z_g)_fn(z_g)’
i=0

where the right-hand side is a polynomial with coefficients from K.
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Repeating this for each divisor of b(z), we obtain

wn(z - 2) - fn(z - 2) _ wn(z) - fn(z)
b(z — 2) b(z)

(o]

Zb Z_Z fn-‘rz-i—l(z_z) :wn—i-l(z)v
i=0

is a polynomial with coefficients from the algebraic closure of K.

We claim that its coefficients belong to K. Indeed, polynomials wy,(z) — fn(2)
and b(z) have coefficients from K. Let k denote a degree of w,,+1(z). Then consider

k+1 pairwise different elements xg, x1, x3, ..., xx € K that are not roots of the
polynomial b(z). Elements wn(%b)(;‘)f”(%) € K, where 0 < j < k, are the values
J

of our polynomial. There is a unique polynomial of degree k that takes these k+1
values, and it has coefficients from K.
The proof is complete.

Remark 3.4. In fact, the equality (17) does not yield that b(z) divides
wp(2) — fu(z): it is possible that the polynomial does not divide the product of
this polynomial and a formal power series, for example,

1-—2)A42z+22+224+..)=1.

By Theorem 8, the formal power series considered has a special structure
fn(2) 4+ b(2) far1(2) + b2(2) farao(2) + ..., this is what allows us to carry out
further reasoning.

Example 3. Let us consider the equation

k
2Wn11(2) + Z A2 = wy(2).
j=0

In this case a(z) = 1,b(z) = z and f,(2) = Z?:o Aj2""7. Then we are under
the conditions of Corollaries 2, 3 and Theorem 5 over the ring K[[z]]. Then the
first element of the solution sequence is

00 k k o) k 00
wo(z) = ZZZZAsz = ZAJ'ZZ”J = ZAJZZZ =
i=0 ;=0 j=0 =0 Jj=0 i=j
k k 00 k k—1 k o)
= ZAJ(Zz’ + Z z') = ZAsz’ +ZA] Z 2"
7=0 i=j i=k+1 7=0 i=j 7=0 i=k+1

It is a polynomial if and only if Z?:o A; = 0. Then wy(z) ZJ 04 Zk !
Theorem 5 implies that under this condition w,(z) also are polynomlals

It is interesting to note that the condition, which is an analogue to this one,
is appeared in |7] due to the finding a rational solution of some type of difference
functional equations (|7, Theorem 2]).
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Example 4. Let us consider the equation

(z = Dwpy1(2) + Apz + By, = wp(2).

In this case a(z) = 1,b(z) = z — 1, fu(2) = Anz + B,. we are under the
conditions of Corollaries 2, 3 and Theorem 5 over the ring K[z — 1]]. Rewriting
fn(2) as a power series from K[[z — 1]], we get fn(2) = An(2 — 1)+ A, + B,

Then the first power series of the solution sequence is

wo(z) = Y (Aiz+ Bi)(z = 1)) => (Ai(z = ) 4 (A + By) (2 — 1)) =
=0 1=0
— i (z—1) —G—Z (z — 1) A0+Bo+i(x4i—1 + A + B;) (2 — 1)i

i=1
Itisa polynomlal if and only if there is j such that for any ¢ > j the condition
Ai—1+ A; + B; = 0 holds. Theorem 5 implies that in this case w,(z) also are
polynomials.
For checking whether the formal power series solution of (14) is a sequence of
polynomials, one can look at degrees.

Example 5. The equation zwp41 +1 = w, has no polynomial solution,
because degw,(z) = degwy+1(z) + 1, so the degree of wy(z) decreases, which
is impossible for a sequence of polynomials.

The following theorem provides general information about the degree of
a polynomial solution, which is useful either for finding it or for proving the
non-existence.

Theorem 6. Suppose dega < degb. If the sequence of polynomials wy,(z) is a
solution of Equation (14), then there exists some number k such that the inequality

deg wi < deg fr —degb+ dega
holds.

Proof. Assume the converse, then degwy > deg fr — degb + dega for all k.
Let us consider the following cases, keeping in mind that {wy} satisfies (14):

1. if deg fr < degwyy1 + degbd, then degwy + dega = degwi1 + degb;
2. if deg fr = degwyi1+degb, then deg wy 1 = deg fr—degb < deg wy—deg a;
3. if deg fr, > degwy41+degb, then deg wi+dega = deg fr, > degwyy1+degb.

In all these cases we conclude that degwyiii < degwy for any k. The
sequence of degrees of wg(z) decreases, which is impossible for a sequence of
polynomials’ degrees.

The proof is complete.
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Example 6. Let us consider the equation
(2 + Dwpy1 + A2" 4+ B2"T 4+ C2"2 4 D23 = w,(2).

In this case a(z) = 1,b(2) = z + 1, fo(z) = A" + B2 + C2"T2 4 D23,
We are under the conditions of Corollaries 2 and 3 over the ring K[[z + 1]], thus
we can write down the solution:

oo
wnp(2) = Z (A" + B2"T1 4+ 02" + D2"T3) (2 4 1)°
i=0

To check whether these series are polynomials directly, one needs either to
rewrite f,(z) as a power series from K[[z + 1]], or to rewrite b’(z) as a power
series from K[[z]]. It is not easy to do both.

By Theorem 6, if w,(z) is a polynomial, then for some n its degree is no more
than deg(Az" + B2"" + 022 4+ D2"3) —deg(z + 1) = n + 2. It means that if
the polynomial solution exists, all terms of this sum having a greater degree are
reduced. The terms having a less degree are only in the first three summands, we
are not interested in others.

Thus if the equation considered has a polynomial solution, it may be the sum
of terms with degree no more than n 4 2 from the first three summands:

wy(2) = A2" + (A+ B)2"" + (2A4+ B+ C)2"

Now it is left to check when this polynomial satisfies the equation:

(z+ 1) (A" 4 (A4 B)2"™? + (2A+ B+ C)2"")+
+ A" + B2 4 2" 4 DS =
= A2"+ (A+ B)2"" + (2A+ B+ 0)2""2. (18)

We get that the coefficients of 2", 2"t! and 2"*? coincide automatically,
coefficients of "3 and 2"** give us assumptions 34 + 2B 4+ C + D = 0 and
2A + B 4+ C = 0. We conclude that the equation considered has a polynomial
solution if an only if D = A+ C and 2A + B + C' = 0. The solution found is

wn(2) = A2" + (A + B)2"t
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HesiBHi ginifini pisHuiiesi piBHsHHS
HaJ HeapXiMeIOBUMH KiJbIIMU
Tonuapyx A. B.
Xapxiscokuli nauionasvrutl yrisepcumem imeni B. H. Kapasina

M. Ceobodu, 4, Xapxie, Ypaina, 61022
Han 6ynb-sikum 1osieM HesiBHE JIiHIHe pi3HUIEBE PIBHSHHS 3BOIUTHCS JI0 3BUYAli-
HOTO SIBHOTO, siK€ Ma€ HECKIHYEHHO 0AaraTo po3B’si3KiB — CBiil [JIsT KO2KHOT'O TOYATKOBOIO
sunadenns. 1[ikaBo poO3TJIsiHyTH HesiBHE DI3HUIEBE PIBHAHHA HAJ| KiJIbIIEM, OCKLIHBKU HAJL
OyIb-IKUM KiJIbIIEM BUIAI0K HESBHOI'O PiBHIHHS 3HATHO BiIPI3HAETHCS BiJl BUMTAIKY sIB-
HOrO. Pe3ynibraTu 1010 pi3HUIEBUX PiBHSIHD HaJ KLJIBISIMHE, [II0 OYJIM OTPUMAaH] paHiiie,
3/1€OLIBIIIONO CTOCYIOThCSI KiJIbIlsl IIJIMX YUCEN 1 PIBHSIHB IIEPIIOro Ta JIPYIOro IMOPSIKY.
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VY miit cTaTTi BUBYAIOTHCS HESABHI PI3HUIEBI PiBHSHHS BHCOKOIO IMOPSIIKY HAJ JCIKUMI
IHITIMY KJIaCaMU KiJlellb, 30KpeMa, HaJ KiJIbIIeM ITOJIIHOMIB.

15 BUBYEHHS PI3HUIIEBOIO PIBHSHHA HAJ KiJIbIEM IINX YACEJ KOPUCHOIO OyJa imest
POBIVIHYTH I p-aJIn9HI 9UCJIa — MOMOBHEHHS KIJIBIIA IIJIMX YHCEN IO/I0 HeapXiMme io-
BOl p-ajuvHol HOpMU. 1106 3HAXOMUTH PO3B’S30K HESBHOI'O DI3HUIIEBOIO DIBHSHHS HAJL
KLUIBIIEM TIOJTIHOMIB, IPUPOTHUM OyIe PO3TIAHYTH TaKy K KOHCTPYKIIIIO JIJIsT IHOTO KiTb-
1Is1: Kijibite (DOpMAaJIbHUX CTEIIeHEBUX PSIJIB, K€ € TOMOBHEHHSIM KLJIBI(S [TOJIHOMIB OO
HeapXiMeJI0BOI HOPMU.

Kinbie popMaibHUX cTelreHeBUX PSAJIIB Ta KiIbIE IIINX P-aJdIHIX YUCEJT — 1€ OKPEeMi
BUIA/IKU KLUIbIST HOPMYBAHHS IOJIO0 HEAPXiMEJOBOI HOPMU JIESKOTO TIOJISA: TOJIS PSIiB
Jlopana Ta 1oJisi p-a/IMIHUX palliOHAJIbHUX YUCEJ BiAMOBIAHO. ¥ IIilf CTATTI BUBYAETHCS
HesIBHE JIHIITHe Pi3HUIEBE PIBHIHHS HAJI KiJIBIIEM HOPMYBAaHHS JIOBIJIBHOTO TOJIS HYJTHOBOT
XapaKTEePUCTUKU 3 HeapxiMenoBuM HOpMyBaHHAM. ChOpMYIbOBAHO JOCTATHI YMOBHU JIJIs
€JIMHOCTI Ta icHyBaHHS po3B’sa3Ky. HaBeieHo siBHY (hOpMYITy It €IMHOTO PO3B’SI3KY, SIKa
Mag€ BUTJISIT CYMU PsIILY, IO CXOJUTHCS 33 HEAPXiMeI0BOIO HOPMOIO.

Pizmrurnese piBHsgHHS BiMOBigae HecKindenniit cucremi giniitnnx piBHgHb. /loBeaenHo,
[0 Y BUIIAJKY, KOJIM HEsSBHE PI3HMIIEBE PIBHAHHA Ma€ €IMHUN PO3B'A30K, HOT0 MOXKHA
3HafiTH, BUKOpHUCTOBYIoUN mpaBmio Kpamepa. TakoxK y cTarTi HaBeJIeHI JiesdKi pe3yiib-
TATHU, IO MOJIErIIyIOTh TOIMIYK PO3B’si3Ky HEsIBHOI'O PI3HUIEBOTO PIBHSHHS HAJI KiJIBIIEM
HOJIIHOMIB.

Kmowosi caosa: pisHuIeBe PiBHSIHHS; HeapXiMe 0Be HOPMYBAHHS; KiJbIle MTOTiHOMIB.

Implicit linear difference equations
over a non-Archimedean ring
A. B. Goncharuk
V. N. Karazin Kharkiv National University
4 Svobody sqr., Kharkiv, 61022, Ukraine

Over any field an implicit linear difference equation one can reduce to the usual expli-
cit one, which has infinitely many solutions — one for each initial value. It is interesting
to consider an implicit difference equation over any ring, because the case of implicit
equation over a ring is a significantly different from the case of explicit one. The previous
results on the difference equations over rings mostly concern to the ring of integers and to
the low order equations. In the present article the high order implicit difference equations
over some other classes of rings, particularly, ring of polynomials, are studied.

To study the difference equation over the ring of integer the idea of considering p-adic
integers — the completion of the ring of integers with respect to the non-Archimedean
p-adic valuation was useful. To find a solution of such an equation over the ring of
polynomials it is naturally to consider the same construction for this ring: the ring of
formal power series is a completion of the ring of polynomials with respect to a non-
Archimedean valuation.

The ring of formal power series and the ring of p-adic integers both are the particular
cases of the valuation rings with respect to the non-Archimedean valuations of some
fields: field of Laurent series and field of p-adic rational numbers respectively. In this
article the implicit linear difference equation over a valuation ring of an arbitrary field
with the characteristic zero and non-Archimedean valuation are studied. The sufficient
conditions for the uniqueness and existence of a solution are formulated. The explicit
formula for the unique solution is given, it has a form of sum of the series, converging
with respect to the non-Archimedean valuation.
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Difference equation corresponds to an infinite system of linear equations. It is proved
that in a case the implicit difference equation has a unique solution, it can be found
using Cramer rules. Also in the article some results facilitating the finding the polynomial
solution of the equation are given.

Keywords: difference equations; non-Archimedean valuation; ring of polynomials.

Article history: Received: 23 December 2020; Final form: 10 June 2021;
Accepted: 13 June 2021.
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Mo 75-piuus akagemika HAH ¥Ykpaiau
O. A. Bopucenka

24 rtpaBug 2021 poky BHIOBHUJIOCA 75
POKIB 3 JHS HAPO/KEHHSI BiJJOMOro Marema-
Tuka, GaxiBig B rajgysi reomerpil i Tormo-
Jioril 6araTOBUMIPDHUX ITOBEPXOHB y PIMaHO-
BUX, IICEBJOPIMAHOBUX 1 (biHC/IEPOBUX IIPO-
cTopax, jaypearta [lep:xaBHOI mpemil YKpa-
iHu B rasysi Hayku i Texuikm (2005), mpe-
miit HAH Vkpainn imeni M. M. Kpunosa
(2003) Ta imeni O. B. IToropesosa (2010),
[TOYECHOI Bif3HaKU "3a MiJArOTOBKY HAYyKOBOI
sminn"(2020), sigsrnaku HAH Vkpaian "3a
HaykoBi fgocsruenns(2021), maropoKenmii
opzpernom "3a 3zacayru 111 crynens"(2005),
JoKTOpa (hiznko-mareMarnaHux Hayk (1983),
npodecopa (1984), akagemika HAH Vkpainu
Ourekcansipa AnjpiiioBuua Bopucenka. lyxe
CUMBOJIIYHUM € TOU hakT, IO camMe B JICHb
Oro FOBiJIEI0 BiIiIeHHS MaTeMaTUKH obpa-
g0 Onekcanypa AuapifioBrda KaHIUIATOM Y
miiicui unern Hamioranbaol Akagemii Hayk Yipainu, a 26 TpaBHsT Ha 3arajbHUX
306opax ioro 6ysmo ocrarouno obpano. Illupo BiTaeMo 0BiIsIpa 3 BHCOKOIO OITiH-
KOIO #ioro Gararopiunol camoBijgmanol npari B maremaruii. lasx OJsiekcammapa
AmnppiitoBuda 110 11i€l BepmmHu OyB HEIPOCTUM, MOYATKOBI yMOBH (BUKOPHCTO-
BYIOUYM TepMiH 3 judepeHIiajibHuX piBHsIHb) Oy/iu HecupusgTausuMu. Hapopusest
Ha okosuIi micra Jlebenun y CyMmcbKiit obacti. ByB zeB’sitoro quTuHOIO B ciM’1.
Bareko momep y 1954 pori i Bci TypOOTH PO POJAUHY JISTJIA HA ILJIEYl MaTepi —
ITapacku ITumumisan. Poku nurtwaCTBa Oy/iu 3alOBHEHI MOBCAKIECHHOIO MIPAIEIO:
BHIIAC KOPiB, 30ip s0JIyK y KOJITOCITHOMY CaJKy, poboTa Ha IereibHOMY 3aBo/ii. Ta-
Kuil crocib »KUTTS OTHAK He 3aBaINB HABYATHCS B IIKOJI Ha «BiaMminHO». [laBasa
B3HAKM 3BUYKA CYMJIIHHO i HAITOJIETTIMBO ITPAIIOBATH.

L

Y 1964 pori BcTynmB Ha MeXaHIKO-MaTeMaTHIHUI (pakyabrer XapKiBChKO-
ro JepxkaBHOrO yHiBepcuTeTy. He Bosomiroun TOCKOHAIO HA TON 9ac POCICHKOIO
MOBOIO (& BUKJIQJIAHHSI BEJIOCsI caMe POCIHCBhKOIO), 6araro dacy mposiB y 6i6io-
Tell CaMOCTIHO onaHoBylounm MareMmarnudHi ijgei. Cueriasizyrodunck mo kademapi
reoMeTrpii, Ha YeTBePTOMY Kypci BizBiayBas ceminap «Omnykii 6araTorpaHHUKI»,
akuii BiB €Bren Ilonikapnosud CeHbKIH — JIIOJMHA, IO IEPIIOK0 MOMITHIA Ta-

(© Alexander Rezounenko, 2021
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JIAaHT MOJIOJOro jJociaigauka i Beesa Ouiekcanapa AHIpifioBuYa 10 CBITY BHCOKOI
reoMeTpii, 3aIIPOCUBIIN HOTO Ha MiChbKU reoMeTpudnuii ceminap. Kepisuukom ce-
Minapy 6yB BumaTHuii maremaruk — Ourekciit Bacunbosuu Iloropesios. Came Ha
ceminapax lloropesioBa Bopucenko HaBYMBCS PO3yMiTH, IO TaKe CIIPaBXKHINl BU-
COKOKJIACHUI MaTeMaTuIHuil pe3yabrar. Y nogabinomy Osiekcanap AHapiifioBud
3BIpsB K CBOI pe3yJIbTaTH, TaK 1 pe3yJIbTaTU 1HIMINUX JIOCTITHUKIB 3 «E€TaJIOHOM»
Biz IToropesnosa.

Bocenu 1969 p. BcTynus 5o acripanTtypu Ha kadeapy reomerpil XapKiBCbKO-
ro yuiBepcureTy. MosooMy HOCTIIHUKY HTPHUHAIIIOCH caMOMY IIIYKATH CBili Bja-
CHUI NIJITX B reoMeTpil y BiAmoBinHOCTI 10 BiaacHuX iHTepeciB. Bin 3alikaBuBcs
I AMHOTOBUIAMU JIOBLIBHOI KOBUMIPHOCTI B piMaHOBHUX IpocTopax. Orpumani pe-
3yJIBTATU CKJIAJM OCHOBY JIOKTOPCHLKOI JucepTariiil, 3axurenol B MocKOBCEKOMY
yHuiBepcuTeri y 1983 porii. 3a BUCIOBIIOBAHHSIM OJIHOTO 3 OIOHEHTIB JIUCEpPTAIlil,
Outekcansip AHIPIfiOBUY BUKOHAB PODOTY «I103a IIIKOJIOK0», 10 6€3 CyMHIBY € O3Ha-
KOIO TAJIAHTY i Bipu B IPABUJIHHICTH OOPAHOTO NMIIAXY B HAYIII.

Ousexkcanap AHAPIHOBUY ILJITHO HPAIIOBAB Y JIy>Ke PI3HUX HAIIPAMKAX TOCJIi-
JKeHb B reoMeTpil. Bparkae i mmpoTa iHTepeciB, i rmbrHa OTPUMAHUX PE3yJIbTa-
TiB.

Y reomerpil 11 AMHOTOBHU/IiB BUOKPEMHUB KJIAC (CUJIBHO-) HapabOIiaHIX M-
MHOTOBH/IIB, BUBYAB 1X METPHUYHI 1 TOMOJJOTIYHI BJACTUBOCTI; 3HAMITIOB YMOBH, 3a
SAKAMU T TIIMHOTOBUIN € IIJTKOM T'e€0JIE3NTHIMU B CHUMETPUIHUX IIPOCTOPAX paH-
Iy OJIMH, ¥ PIMAHOBUX ITPOCTOPAaX; HAJIAB OIKUC PIMAHOBUX MPOCTOPIB, SKI MICTATH
KOMMAKTHI TiJIMHOTOBH/IY HEJIOJATHOI 30BHINTHBOT KpUBUHU. ZIK pe3yIbTaT po3BU-
TKY Teopil miIMHOrOBU/IIiB, PO3B’d3aB KiJlbKa MpodjieM: OaraToBUMIpHY IIPOOIeMy
lNinpbepra 1715 I30METPUIHOTO 3aHYPEHHS KOMIIAKTHOTO PIMAHOBOT'O IIPOCTOPY 110~
CTIHOT KPUBUHM B PIMaHOBHUI mpocTip OLIBINOI KpuBWHE, Tpobemy BepHIreii-
Ha JJIsI JIBOBUMIPHUX MiHIMA/JIbHUX [MOBEPXOHL Yy C(EPUIHOMY ITPOCTOPI JTOBL/Ib-
HOI BUMIpHOCTI. ¥ TOMOJIOTII JOC/I/PKyBaB 3B’s30K 30BHIITHBOIC€OMETPUIHUX 1
TOTOJIOTIYHAX BJIACTUBOCTEH OaraToOBUMIpHUX IIiIMHOTOBHIIB i O/lepKapB TeOpeMu
PO eiiJIepOBY XapaKTEPUCTUKY, TPYIU TOMOJIOTiH, KOTOMOJIOTIH, XapaKTePUCTUIHI
kiaacu llorTpsirina migMaOroBuAiB. OTpUMaB Pe3ysIbTaTH 3 TOIMOJIONII0 CiIJIOBUX
i IMHOTOBHJIIB Y PIMAHOBOMY IIpOCTOpPi. ¥ reoMeTpil KOMIIJIEKCHUX MHOTOBU-
JIiB MIOBHICTIO OmucaB r7106aabHy OYI0BY KOMILICKCHUX Till€PIIOBEPXOHb Xotda B
KOMILJIEKCHUX ITPOCTOPAX CTAJIOl rosioMopdHOI KPUBUHHU 1 B 1X HEAPHUX AHAJIOTaX
(y CacakieBux MHOroBHIaX). ¥ OILYKJIili reomMeTpil 06’€KTOM JI0C/TiIzKeHb OyJn
OIYKJIi TIOBHI rimeprnoBepxHi y MHOroBuax Azamapa (B OIHO3B sI3HUX MOBHUX Pi-
MaHOBHX IIPOCTOPAX HEJOJATHOI CeKIIHOT KpuBUHM). Y IBOMY HAIIPsiMi OYJI0 BBe-
JI€HO HOBI KJIACH I'iIIepIIOBEPXOHb, OJeP>KaHO HOBI TeopeMu HOPIBHAHHS, 3HAIIEHO
sIKICHO HOBI €KCTPEMaJIbHI BJIACTUBOCTI OaraTroBUMIpHOro npocTopy JlobadeBchKo-
ro cepeJi MHOroBHIiB A mamapa. Lle jajo 3Mory JaTu aCHMITOTHYHI TOYHI OIIHKY
Ha 00’eM, TIOBHY KPUBUHY, Pa/IiyC BIIMCAHOI KYJIi KOMIIAKTHOI OILYKJIOI TiIIepIoBepX-
Hi. Y reomerpii HeperyJsipHUX MHOTOBHUJIB OTPUMAaB €KCTPEMAJIHHI OIliHKH
B IpocTopax AJieKcaHapoBa, JOBiB 00EpPHEHY 130IepUMETPUYIHY HEPIBHICTHL y He-
PeryJIsipHUX JIBOBHMIPHUX IpOCTOpaxX AJieKcaHIpoBa Ta 3HAMIIOB €KCTPEMAJIBHI
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BUITAIKM, KOJIU JOCSTafoThest piBHOCT. Y PiHcjeposiii reomerpii mocitigus
r106aJIbHI BJIACTHBOCTI MiIMHOTOBHJIB y (PIHCJIEPOBOMY IIPOCTOPI Ta ¥ IIPOCTOPI
MinkoBcbkoro. Tak, HaAIPUKIIAI, 3HANIIOB YMOBU IMIIIHAPUIHOCTI TTOBHUX IIiIM-
HOT'OBHUJIIB y mpocTopi MiHKOBCHKOro. ¥ reoMeTrpil po3iiapoBaHUX HPOCTOPIB
nepenic o3HaveHHsi MeTpuku Cacaki 3 JOTUIHONO Ha HOPMAJIBHE PO3IIapyBaHHSI
iIMHOTOBHTY, & (DAKTUIHO, HA 3arajbHUN BUIIAJO0K BEKTOPHOrO i cdepuaHoro
pOo3IIapyBaHb HAJI PIMAHOBUM MHOTOBHUJIOM; Oy/Iu 3Hail/IeHi 3aCTOCYBAHHSA METPHU-
9HOI Teopil posmapyBaHb JJjisi BUBYEHHI OyI0BM 0AraTOBUMIPHUX ITiIMHOTOBHU/IIB
y piMAaHOBHX i IICEBIOPIMAHOBUX IPOCTOpax. ¥ reoMeTpii rpacMaHOBa oOpa-
3y pO3B’sI3aB MPOOJIEMY PO OJHO3HATHY BU3HAYEHICTH OAraTOBHMIPHUX IOBEP-
XOHBb 3a I'PACMaHOBUM 00pa3oM. ¥ JIOC/Ii?KEHH] IIOTOKIB cepeIHbOI KPUBUHU
OTPUMaB OPUTIiHAJIbHI PE3YJIBTATU IIOJI0 IMOTOKIB CEPEIHBOI KPUBUHHU 3 I'ayCOBOIO
misbHicTIO. JlocaikyBaB reoqe3nyHi MOTOKU HA HEPETYISPHUX TOBEPXHSIX 3
KOHIYHUME ocobimBocTsiMu. Hampukita, 3HaiieHo BCi IpocTi 3aMKHEHI reoqe3u-
YHI Ha TPABWJILHUX TeTPae/ipax y MPOCTOpaxX CTajol KPUBUHU.

Hayxogi nocsiraennst Ostekcanapa AHpiitoBrya BU3HAHI JAJIEKO 38 KOPIOHOM.
Bin 6yB 3anpomenum npodecopom B yHiBepcuTerax Typeuauwnnu, [cnanii, Bpasu-
qi1, Ispaimo, Himeaaunn.

3 1980 mo 2012 pix Onekcamap AnapifioBud 6yB 3aBigyBadeM Kadeapu reome-
Tpil B XapKiBChbKOMY yHiBepcuTeTi. 3a Ieit yac 6y10 po3pob/IeHO HOBI IIporpaMu
dyHIaMEeHTAIBHUX Ta CIEIiaJIbHUX KyPCiB, BUJIAHO MiJIPYIYHUKU YKPATHCHKOIO MO-
BoIO: «AHajiTudHa reomerpisiy Ta «/ludepenrianspaa reomerpis i Tomosiorisi». Ha
1elt Jac i miApyIHUKE CKJIaIal0Th OCHOBY BiIITOBITHUX KypPCiB (PaKyIbTETy MaTe-
MaTuKH i iHpOPMATUKHY, [0 BUHUK IICJIs PeopraHizalii MexaHiKo-MaTeMaTHIHOTO
daxymprery v 2015 pori.

Y pobori 3 acnipantamu Ojiekcanap AHIPIHOBAY JTOTPUMYBABCS TPUHIIUAITY:
HOBOMY aCIIPaHTy - HOBHI HAIPSMOK J10CiiKenb. Bei fioro 13 yunis (B. T. JIu-
curg, O. JI. Amvnonscbkmit, FO. A. Hikomaescwkuii, B. B. Ymakos, C. I. Oxpyr,
H. K. ®apadonora, /1. B. Bosoros, 1. I. Biacenko, O. B. Jleiibina (JIukosa),
B. B. Kpyrios, €. B. Ilerpos, €. A. Ouin, K. /1. Ipad) 3axucruiu KaHAuAaTCbKI
Jucepraliil 3 abcooTHO pisHux Temaruk. JIpoe 3 iforo yuwnis (. B. Bomoros,
O. JI. fImMnonbebKmit) cramm JOKTOPAMU HAyK.

[Mupo Bitaemo Osekcangpa AmnipiiioBuda 3 [oBljieeM i oOpaHHAM y HiicHI
wienn Hamionanbaol Akagemil HayK YKpalHu i 3MYMMO [TOAAJIBIINX YCIIIXiB B Ma-
TEMAaTHUIll, HOBUX TAJAHOBUTHUX YUHIB i JI0OPOTO 3/10pOB’sI.
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IBAH IMUTPOBIY BOPUCOB (uekpoJior)
26.11.1941 — 3.12.2020

3 rpymus 2020 poKy MIIOB 3 XKUTTS CTAPIINI HAYKOBUIl CIIBpOOITHUK Kade-
JpU MPUKJIATHOI MaTeMaTUKN XapKiBCHKOIO HAITIOHAJLHOTO YHIBEPCUTETY iMeHi
B. H. Kapagzina Bopucos Isan /ImMmurpoBud, Bimomuii ¢dpaxiBerp y rajiysi cTaTuku
i TMHAMIKH PiJIUH, SKi B3a€MOJIIIOTH 3 €JIEKTPOMATrHITHUMHU TOJISIMU.

Isan dmurpoBuu mHapomuses 26 aucromana 1941 poky y cramuri IIposerap-
cbka (renep — micro IIposnerapebk) PocroBebkol obsiacti. 3i mKILHUX POKIB BiH
3aXOILIIOBABCS aBiaMOJIE/TIOBaHHSAM. 10My He IWBHO, 10 ¢Boio ocBity I. JI. mpo-
JOBXKUB y XapKiBCbKOMY aBiallilHOMy IHCTUTYTIi, gkuil 3akinuwms y 1965 porii,
OTPHMMABIIN JUIJIOM 1HyKeHepa-MexXaHiKa JiTajlbHUX anaparis (3 BiasHakow). lu-
wiomMHy pobory . /I. BUKOHYBaB I1ii KEPIBHUIITBOM BHIATHOIO MAaTEMATHUKA 1 I1e-
Jarora, npodgecopa Anarostist JImurposnya Murkica, BiToMOro ¢BOIMU i APy THH-
KaMU 1 HAyKOBUMHU IIPAISIMU 3 TeOpil JindepeHIiajbHuX PiBHsIHb, (DYHKIIIOHAJIBHO-
nudepeHIialbHIX PIBHAHD, IiapomexaHiku. Bake B ctynenTebki poku 1. /1. Baaso-
Cs 3HAMTH OCHOBHUI HAIIPSIMOK CBO€T ITOJAJIBINOI HAYKOBOI TBOpdYocTi. B #oro au-
ILJIOMHI# poboTi OyB 3aIporIoHOBaHNH ePEeKTUBHUN METO/I TOOY/IOBU PiBHOBaXKHUX
dopM KamIgpHOl piauHu, 1 mefl HayKOBUit pe3yJIbTaT Ii3Himme Oy/1e BKIIOYEHHTH 0
BiJIoMOT KoJIeKTUBHOT MOHOTpadil «['uapomexanuka HeBECOMOCTH> (3a PEJAKIIEIO
A. /1. Mumikica), sika Buiiiia B cBit y 1976 por.

[Ticsist 3axkinuennst XAl Isan JImurposua Boprcos Berynue 10 acmipanTypu, a
MIOTIiM IpAaIfoBaB y BiALI TpUKIaIHOT MaTeMaTUuKN Pi3MKO-TeXHITHOTO iIHCTUTY-
1y Hu3bkux Temueparyp AH YPCP nin kepisaunreom A. JI. Mumikica. OcHoBHA
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38 Bopucos 1. /1. (rekpoJior)

HayKOBa TeMaTHWKa Bi/Iiay Oyia 1Mo s3aHa 3 MpobieMaMu TiApOMeXaHiKd B YMO-
Bax HEBAroMocti abo 0M3bKUX JI0 HUX. Lle mosicHIoBaI0Csd TOCTPOI0 HEOOXITHICTIO
BUPIIIEHHS B Ti YaCW HU3KU MATAHb IOJI0 KEPYBAHHS MTOBEIIHKOIO PIJIMH B YMOBaX
KOCMiYHOTO TIOJTBOTY.

YV 70-80-1 poxu I. /1. Bopucos omy0biikyBaB y KypHaai «MaraurHas THIpo-
munamukas (English translation: «Magnetohydrodynamics») ki crareii, npu-
CBAYEHUX METOJAM BU3HAYEHHS PIBHOBaKHUX (DOPM i YMOB CTIHKOCTI pIBHOBAIH
JIJIsT KaIiJIspHOl MarHiTHOI piaunu B MaraiTuoMmy noji. Yepes 6araro pokis 1. [I.
ITOBEPHYBCH JI0 i€l TeMATUKN, OTPUMABIIN OPUTIHAJLHI Pe3yJIbTaTH, OB’ sa3aHi 3
JIOBEICHHSAM TEOPeM ICHYBAHHSI Ta €IMHOCTI PO3B’A3KiB 3a/1adi PO MaJii KOJIUBa-
HHSI MarHIiTHOI PiIMHW B 30BHINTHHLOMY MArHITHOMY TOJi 1 JIOCJII?KEHHSM IXHIX
CIIEKTPAJILHUX BJIACTHUBOCTEN.

Ha pobory 510 XapkiBcekoro yHiBepcurery IBan JImurpoBud nepeiiros y 1982
porii Ha 3amnpoinenHst [Bana €Brenosuva Taparosa, siknit Toj1i 6yB peKTOpoM Xap-
KIBCBKOI'O YHIBEPCUTETY 1 OJITHOYACHO 3aBi/lyBaB Kadepoio TEOPETUIHOT MEXAHIKHI
Ha MeXaHIKO-MaTeMaTuIHOMY (akKy/abTeTi. 3 TOTO Yacy >KUTTsI, HAyKoBa 1 meja-
rorigna misabHicTh 1. J1. TicHO moB’s13amHi 3 yHiBepcuTeroM. TyT BiH MPOI0OBKYBaB
i po3BUBaB HAYKOBY TEMATHKY, IPUCBIYEHY CTATHUIN 1 JUHAMIMI piauH, 9Ki B3ae-
MOJIIOTH 3 eJIeKTPUIHUMH Ta MATHITHIMH HOJISIMU.

Teoperuk 1m0 HATYpi, BIH TUM He MEHII Iy»Ke IIKABUBCS €KCIIEPUMEHTAMA i
9acTo caM OpaB y4acTb y IPOBEJICHHI JOCIIB 3 BUBUEHHS BJIACTUBOCTEH PiJIuH B
eJIeKTPOMArHiTHuX mossx. IlokazoBum € mpuksiaz oro ydacti Hampukinm 80-x i
y 90-x pokax y HayKOBO-JOCITHUIIBKIX POOOTaX, IMOB’sI3aHUX 3 BUBUYECHHSIM XBU-
JILOBUX IIPOIIECiB B ajoMinieBux ejekTpostizepax. [. /. akTuBHO BifBinyBaB KOH-
depentiil i Hapaau (HaxiBIiB AJTIOMIHIEBOI Tajy3i, I3IUB y BiAPSIKEHHS 10 AJIIO-
minieBux kombinaris 1o Beiit Tepuropii CPCP (nizuime — CHJI). V saboparopii
Kadepn BiH OpraHi3yBaB IPOBEICHHS €KCIEPUMEHTIB 3 (DI3UIHOr0 MOJIe/TIoBa-
HHSI JIOCJIJIZKYBaHUX SIBUIN, XBUJIEYTBOPEHHS Ha IOBEPXHI PIKOrO aJIIOMIHIIO B
eJieKTpostizepax. Pe3ysbraTu ekcrepuMeHTiB 4y/0BO 30iMVIMCs 3 TEOPETHUIHUMHU
IPOTHO3aMH.

Hazeuuaitaa epynoBanicts [Bana ImurpoBuda B 06sacTi MaTeMaTuku i Me-
XaHIKU MPUTATYBaja J0 HbOTO OaraTboxX HAyKOBINB. BiH HiKOM He BiIMOBIIAB y
KOHCYJIBTAIlISIX 1 IMIPO JITUBCS CBOIMU 3HAHHAMU 3 KOJeraMHt, a TaKOXK 31 CTyIeH-
tamu i acripantamu. Ha kadenpi mexaniku 1. /1. 6yB BiamoBimaibHIM BUKOHABIIEM
f6araTboX HayKOBO-IOCIIIHUIBKAX POOIT, BiH TAKOXK BUKOHYBaB ODOB’SI3KU CEKpe-
Tapsi HAYKOBOT'O ceMiHapy Kadeapu. Horo IMPUCYTHICTh Ha ceMiHapax i3 IMiKaBUMHI
JIONOBiIMU 3aB2K 1 OyJia 1OB’S3aHa 3 IIHHUME HOPaJaMU, 3 HAPOJKEHHSIM HO-
BUX MPOJIYyKTUBHUX ineii. B Toit camwmii wac BiH aKTUBHO BiJICTOIOBAB ITPUHIIAITH
HaYKOBOI JOOPOTECHOCTI 1 TOPSITHOCTI.

[Ban JIMuTpOBHUY BUKJIA/IAB CTYAEHTAM CTApIINX KYPCIB TEOPIIO iHTerpaJibHUX
PiBHAHB, KpalloBUX 3a/ia4 /Jjid PIBHAHb 3 YACTUHHUMU IMOXIJHUMU, BaplallitHUX
OPUHITAIIB MEeXaHIKN CYIJIbHUX cepemoBuil. JList CTymneHTiB CTUIb HOro JIeKILiit
6yB moBosi Baxkkum, ajke 1. JI. 3aBxju TpumaBcs Oe310raHHOI MaTeMaTUIHOT
crporocti. Bin He oOMekyBaBCs JIMIlIe PO3LJISIOM TPAMUIIHAHUX NUTAHB, aje it
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HAIIOBHIOBAB KYPCU OPUTIHAJHLHUMA MaTepiaaMu.

Cupapxkaim 3axorieHHsiM f1j1st [Bara JImurposuya 6yiu maxu. [Iporsirom 6a-
raTboX POKiB BiH OpaB y4acTb y 3Maranusax pizHoro pisus. Ilparoroun B Xapkis-
cbKoMy yHiBepcuTeTi, 1. /1. HEOJIHOPa30BO sIK KaIliTaH OY0JII0BaB YHIBEPCUTETCHKY
KOMAH/Ty BUKJIQJIATiB Ta CIiBPOOITHUKIB, 1 15T KOMAH/a YCHIIITHO BUCTYIIAJIa B IepP-
IIOCTI MiCTa 3 MaXiB CepeJl BUINX HABYAJTLHUX 3aKIaJIB.

Csimyra mam’satb npo IBana JImurpoBuda Bopucosa, cripaBKHBOTO BYEHOIO i
qyJI0BY JIIOJUHY, HA3aBXKJIN 3aJIUIIAETHCA y CEPIAX HOr0 KOJIET, YIHIB i JIpy3iB.
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IIpaBuna nis aBTOpiB
«Bicauka XapkiBCbKOro HaI[iOHAJIBHOTO YHiIBEPCUTETY
imeni B. H. Kapasina»,
Cepia «MaremaTuka, IpUKJagHass MaTeMaTUKa i MexXaHiKa»

Penakiiist mpocuTh aBTOPIB Py HAIIPABJICHHI cTaTell KepyBaTUCS HACTYITHUMA
IpaBUJIaAMM.

1. B xypnaui my6JiKyOThCA CTaTTi, 0 MAIOTh PE3Y/IbTATH MaTeMaTUYHUX
JIOCTKeHDb (aHMTHCHKOI0 ab0 YKPATHCHKOIO MOBAMH).

2. IlomamusiM cTaTTi BBAXKaEThCAd OTPUMAHHS perakiiero daiais crarTi
odopmtennx y penakropi LATEX (Bepcist 2e), anoTariit, BitoMocTeit Ipo aBTopiB
Ta apxiBa, 1o Brirodae LATEX daitau crarti Ta daitin matroHkiB. Paiti-3pasok
odopMIteHHST CTATTI MOXKHA 3HAWTH B PEIaKIll KypHaJIy Ta Ha BeOG-CTOPIHIN
(http://vestnik-math.univer.kharkov.ua).

3. CrarTst MOBUHHA [TOYMHATHCS 3 AaHOTAIIi, B IKMX MOBUHHI OyTH IiTKO cdop-
MyJIbOBAHI MeTa Ta pe3yJabTaTu poboTu. AHorarlil MOBUHHI OYTH TPhOMa MOBAMU
(aHIIHCHKOI0, YKPATHCHKOIO Ta POCIHCKO0): HEpPIIOI MOBUHHA CTOSTH aHOTAIIist
Ti€I0 MOBOIO, SIKOIO € OCHOBHHI TEKCT CTaTTi. 3aKOP/JIOHHI aBTOPU MOXKYThb 3BEp-
HYTHCA IO PEIAKINI 3a JOIMOMOIOI0 3 IEPEKJ/JIaIOM AHOTAIN Ha yKPalHCBKY Ta
pociiicbky mMoBy. B anorariil moBuHHI OyTH MPU3BUIIA, iHIIIAIN aBTOPIB, HA3Ba PO-
60TH, K/IIOYOBI CJI0BA Ta HOMEDP 3a MiXKHAPOJHOIO MaTEMATHUIHOIO KIacuikalieo
(Mathematics Subject Classification 2010). Anoramnis He IOBUHHA MaTH IIOCHJIAHD
Ha JiiTeparypy 4un Masionku. Ha meprriit cropinmi Bkasyernhes Homep YK kiracu-
dikamii. B kinmni crarTi Tpeba sonaru posmmpeni (obcsirom He MeHI Hixk 1800
3HAKIB KOXKHA) aHOTAIlil aHIVIHICEKOIO Ta YKPATHCHKOIO MOBAM.

4. Crnmcok jiTeparypu MoBHHEH OyTr O(DOPMJIEHHH JIATHHCHKUM IIPUETOM.
[Ipukiaau odopMIIeHHS CIIMCKA JIiTepaTypu:

1. A.M. Lyapunov. A new case of integrability of differential equations of motion of

a solid body in liquid, Rep. Kharkov Math. Soc., — 1893. — 2. V.4. — P. 81-85.
2. A.M. Lyapunov. The general problem of the stability of motion. 1892. Kharkov
Mathematical Society, Kharkov, 251 p.

5. Koxnwnit MajioHOK mOBuHEH OyTH HPOHYMEpPOBAaHUN Ta IPE/CTaBICHU
okpemuM daitiom B ogaomy 3 hopmaris: EPS, BMP, JPG. B daiuri crarti maJtio-
HOK IIOBWHEH OyTH BcTaByieHuit apropoM. Ilij MalOHKOM IOBUHEH OyTH IIiJIITHC.
Haszsu daitnip MaIOHKIB TOBUHHI MOUYMHATHCEH 3 IPU3UIIA IEPIITOrO aBTOPA.

6. BimomocTi nmpo aBTOpiB MOBHHHI MicTHTH: TpPI3BUINA, iMeHA, O OATHKO-
Bi, cayk00Bi ajipecu Ta HOMepH TesaedOHIB, ajpecu eJeKTPOHHUX IMOIIT Ta iH-
dopmanito npo Haykosi npodaiiin asropis (orcid.org, www.researcherid.com,
WWW.Scopus.com) 3 BianoBiaHuMu mocuiaHsamu. [IpoxaHHsI TaKoXK MOBLIOMUTH
[pI3BHINE ABTOPA, 3 SKUM Tpeba BECTHU JIMCTYBAHHSI.

7. PexomenayeMo BUKOPHUCTOBYBAaTU B SKOCTI 3pa3ka O(MOPMJIEHHSI OCTAHHI
BuItycku Kyprauy (vestnik-math.univer.kharkov.ua/currentv.htm).

8. VY BunaKy mopyIieHHs IpaBui o(pOpMICHHS PEIAKIlis He Oy1e po3rsIaTu
CTaTTIO.

Esekrponna ckpunbka: vestnik-khnu@ukr.net
Enekrponna ajgpeca B [nrepreri: http://vestnik-math.univer.kharkov.ua
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