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It is considered the mathematical model which describes the processes of
liver regeneration with homogeneous approximation. Numerical calculations
revealed that the mathematical model corresponds to biological processes for
dierent strategies of liver regeneration. Based on the calculations in the case
of partial hapatectomy it is concluded that the mixed strategy of regeneration
should be used for regeneration process.
Keywords: mathematical model; liver regeneration; numerical experiment.

Ðiçíi ñòðàòåãi¨ â ïðîöåñàõ
ðåãåíåðàöi¨ ïå÷iíêè. ×èñåëüíi åêñïåðèìåíòè íà ìàòåìàòè÷íié ìîäåëi. Ó ðîáîòi ðîçãëÿíóòî ìàòåìàòè÷íà ìîäåëü, ÿêà îïèñó¹ ïðîöåñè ðåãå-

Êàð¹âà Â. Â., Ëüâîâ Ñ. Â., Àðòþõîâà Ë. Ï.

íåðàöi¨ ïå÷iíêè â îäíîðiäíîìó íàáëèæåííi. Ïîêàçàíî, ùî äàíà ìîäåëü ïðè
ðiçíèõ ñòðàòåãiÿõ ðåãåíåðàöi¨ ïå÷iíêè âiäïîâiäà¹ áiîëîãi÷íèì ïðîöåñàì. Íà
îñíîâi âèêîíàíèõ îá÷èñëåíü ó âèïàäêó ÷àñòêîâî¨ ãàïàòåêòîìi¨ çðîáëåíî âèñíîâîê, ùî ïðè ðåãåíåðàöi¨ ïå÷iíêè ïîâèííà âèêîðèñòîâóâàòèñÿ çìiøàíà
ñòðàòåãiÿ ðåãåíåðàöi¨.
Êëþ÷îâi ñëîâà: ìàòåìàòè÷íà ìîäåëü; ðåãåíåðàöiÿ ïå÷iíêè; ÷èñåëüíèé åêñïåðèìåíò.

Ðàçëè÷íûå ñòðàòåãèè â
ïðîöåññàõ ðåãåíåðàöèè ïå÷åíè. ×èñëåííûå ýêñïåðèìåíòû íà ìàòåìàòè÷åñêîé ìîäåëè. Â ðàáîòå ðàññìîòðåíà ìàòåìàòè÷åñêàÿ ìîäåëü,
Êàðåâà Â. Â., Ëüâîâ Ñ. Â., Àðòþõîâà Ë. Ï.

îïèñûâàþùàÿ ïðîöåññû ðåãåíåðàöèè ïå÷åíè â îäíîðîäíîì ïðèáëèæåíèè.
Ïîêàçàíî, ÷òî äàííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïðè ðàçëè÷íûõ ñòðàòåãèÿõ
ðåãåíåðàöèè ïå÷åíè ñîîòâåòñòâóåò áèîëîãè÷åñêèì ïðîöåññàì. Ïðîäåëàííûå
âû÷èñëåíèÿ â ñëó÷àå ÷àñòè÷íîé ãàïàòýêòîìèè äåìîíñòðèðóþò, ÷òî ïðè ðåãåíåðàöèè ïå÷åíè äîëæíà èñïîëüçîâàòüñÿ ñìåøàííàÿ ñòðàòåãèÿ ðåãåíåðàöèè.
Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü; ðåãåíåðàöèÿ ïå÷åíè; ÷èñëåííûé
ýêñïåðèìåíò.
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1. Introduction

In biology and medicine mathematical methods and models are emerging as
one of the main tools for obtaining new data on biological systems, their analysis
and explanation of the phenomena observed in the experiment. In some cases
mathematical methods and models make it possible to nd new functions and
new phenomena in biological systems as well as to predict their behavior.
Liver regeneration is one of the most captivating phenomena in medicine
that has fascinated clinicians, surgeons, and scientists who have observed this
apparently supernatural process and studied its mechanisms for many years. The
liver is a large, meaty organ and possesses multiple substantial functions in the
human body. The identication of the main dependencies and relationships that
determine the strategy of liver regeneration is one of the main problems in the
regenerative medicine. One way to solve this problem is to develop adequate
mathematical models that describe the processes of liver regeneration [1, 2, 3].
The article deals with the mathematical model that qualitatively describes the
processes of liver regeneration in explicit dependence on the control parameters
[4]. Developed "toy model"represents the processes of replication, polyploidization and the formation of binuclear cells, hyperplasia, and eects of toxic factors,
apoptosis, cell death and the eects of secondary toxicity, the protective reaction of cells and process of detoxication for cells of a generalized parenchymal
type. Numerical calculations conrm that the mathematical model corresponds
to biological processes for dierent strategies of liver regeneration.

2. Review of mathematical model

There are two events in which the liver has the capability to regenerate, one
being a partial hepatectomy and the other being damage to the liver by toxins or infection [10]. Earlier, we have developed a "toy model"of controlled liver
regeneration processes in the homogeneous approximation under conditions of
mild toxicity or partial hepatectomy [4].
The model is a system of discrete controlled equations of the Lotka 
Volterra type with transitions. These equations describe the controlled competitive dynamics of liver cell populations' (hepatic lobules) various types in their
various states and controlled competitive transitions between types and states.
The liver regeneration occurs due to hyperplasia, replication, polyplodia
processes and division of binuclear hepatocytes into mononuclear.
Let us consider:
1) The dynamics of populations of liver cells is given by the equation:

x(t + 1) = f (x(t), τ (t), λ(t)),

(1)

T ox(t) = DP (t) + τ (t),

(2)
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where

x(t)

- types of functional liver cells at moment

external toxicity,

λ(t)

- control parameters,

DP (t)

t, τ (t)

- given function of

- internal toxicity due to the

toxicity of the decay products as a result of necrosis.

P
Φ(t) = m
i=0 ci (xi (t), τ (t)), where ci xi (t). 0 ≤ Φ(t) ≤ 1, where 0 denotes a

The generalized liver function index is
own index of functionality for cell type

dead organism and 1 is the most functional organism.
2) The change of the organism's functional state is described by the equation:

e + 1) = Ψ(τ (t), Φ(t)).
Φ(t

(3)

As the main functional cells we consider only various types of hepatocytes. The
functionality of the liver increases with replication, binuclear division, hyperplasia
and under the inuence of toxic factors it falls.
In the proposed model the liver structure is described by the following
parameters: normal hepatocytes; diploid hepatocytes; tetraploid hepatocytes; binuclear hepatocytes; hepatocytes in a state of hyperplasia, apoptosis and necrosis.
Toxic factors are also given: the external toxicity and the secondary toxicity due
to decay products of necrosis.
The dynamics of the system is determined by the following control parameters:

a(t)

- the number of hepatocytes which proceed to the replication;

number of hepatocytes which proceed to polyploidy;
hepatocytes which are initiated into binuclear cells;

b2j (t)
a2j (t)

hepatocytes which pass from binuclear hepatocytes per division;
of hepatocytes which proceed to hyperplasia;

ω(t)

b(t)

- the

- the number of
- the number of

g(t) - the number

- the number of hepatocytes

which proceed to controlled apoptosis.
A distinctive feature of this model is that in controlled competitive dynamics
it explicitly takes into account signicantly dierent characteristic times of the key
processes depending on the current level of toxicity. For example, the replication
time is 24-36 hours, the transition to polyploidy - 12-18 hours, hyperplasia - 6-8
hours, the division of binuclear hepatocytes - 1-2 hours. The toxic factors can
signicantly increase process times.
3. Numerical results and discussion

The liver has the capability to regenerate after a toxic injury. The pharmacological model is easier to be executed with a greater clinical relevance as it induces
a necrotic injury that simulates certain liver diseases. These properties made this
model an acceptable option to study liver regeneration. However, raising the toxin
concentration can induce acute liver injury while repeated administration of the
toxin can lead to liver cirrhosis. Moreover, the systemic and local eects of the
toxin depend on doses, animal species, etc [5, 6].
In the proposed mathematical model the process of liver regeneration occurs
due to replication process, hyperplasia, polyplodia, division of binuclear cells and
controlled apoptosis. All these processes are necessary for adequate modeling of
liver regeneration.
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For example, single and constant toxic functions show that the above processes
are not able to cope with the toxic factors that are accumulated in the body. The
process of the body's functional state restoring requires the non-trivial strategy
of liver regeneration.
Firstly consider the replication process of hepatocytes for such cases:
(A)
(B)

T ox(0) = Const, T ox(t) = 0, t = 1, 2, . . .
T ox(t) = Const, t = 0, 1, 2, . . .

Fig. 1. The body's functionality restoring due to the replication process
in the case of single (A) and constant (B) toxic functions.
As shown in Figure 1.A, the time of the body's functionality restoring due to
the replication of liver cells is between 32 and 48 hrs. In Figure 1.B it is shown
that the body's functionality is gradually reduced due to toxic factors. Note that
after 30-40 hours the body's functionality slows down when hepatocytes end the
replication cycle. However, as illustrated in Figure 1.B, the replication of liver
cells is not able to cope with the growing eect of toxins. In addition to external
toxic factors, the decay products of necrosis also have a negative eect on liver
cells.
Figures 2.A and 2.B display how the hyperplasia process copes with single and
constant toxic functions. Since hyperplasia lasts about 1 hour, the functionality
restoring in case (A) occurs almost instantly. But Figure 2.B shows that the
hyperplasia process does not cope with prolonged toxicity. It is based on the fact
that the cell is unable to grow indenitely. Therefore, after the liver cells have
exhausted their growth resource, it will begin to die gradually.
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Fig. 2. The body's functionality restoring due to the hyperplasia process
in the case of single (A) and constant (B) toxic functions.
Next consider the liver regeneration process due to the division of binuclear
cells. Figure 3.A shows that after 6-10 hours the body's functionality is restoring.
However the number of binuclear cells in the liver is limited; once all the binuclear
cells have separated, the liver will not be able to regenerate. Thus, the liver is
destroyed by toxins.

Fig. 3. The body's functionality restoring due to the division of binuclear cells
in the case of single (A) and constant (B) toxic functions.
The polyplodia process is similar to the replication process. So that conclusions
can be made similar. The functionality restoring due to the polyplodia process is
in Figures 4.A and 4.B.
Thus, it is shown that the process of liver regeneration is a complex component
process.
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Fig. 4. The body's functionality restoring due to the polyplodia process
in the case of single (A) and constant (B) toxic functions.
Induction of liver regeneration by two-third hepatectomy is the most common
experimental rodent model used to study this outstanding phenomenon [7]. In
order to build a mathematical model for regulation of the regenerating liver after
partial hepatectomy, some basic specications and abstractions of the biological
scenario are required.
Following resection, the remaining hepatic tissue proliferates and expands in
size to retain the original mass of ve lobes within 57 days. The peak proliferation
time is after 24 hrs in rat whereas, in mice, it is between 36 and 48 hrs [9, 11]. The
latter study indicates that liver growth is driven by lobule growth rather than by
change of lobule number [8]. At a later remodeling phase liver lobes reorganize
into lobules of normal size via restructuring [12].

Fig. 5. The body's functionality restoring after partial hepatectomy.
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We simulated the liver regeneration following 70 % hepatectomy. We modeled
three regenerating modes of response to hepatectomy (Fig. 5): delayed, suppressed
and enhanced. The obtaining calculations correspond to the biological regeneration process [14].
4. Conclusion

The results of the performed numerical experiments showed that individually regeneration processes are not able to cope with the toxic factors that
are accumulated in the body. The process of the body's functional state restoring requires the non-trivial strategy of liver regeneration. Numerical calculations
revealed that the mathematical model corresponds to biological processes for dierent strategies of liver regeneration. Based on the calculations in the case of
partial hapatectomy it is concluded that the mixed strategy of regeneration should
be used for regeneration process.
Ñurrently we are assume to expand and clarify this model. In particular, to
expand the nomenclature of the main cells types and their states, taking into
account zoning; add the processes of ductal reaction, development of brosis and
cirrhosis; clarify the processes leading to damage the liver cells and etc. This
model is the basis for the verication of the principles and criteria for optimal
regulation of liver regeneration processes.
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Ëîòêè-Âîëüòåððà, ðiâíÿííÿ Ëîòêè-Âîëüòåððà ç çàïiçíiëèìè àðãóìåíòàìè, iíòåãðîäèôåðåíöiàëüíi ðiâíÿííÿ Âîëüòåððà. Ïiä ÷àñ ðîçðîáêè öi¹¨ ìîäåëi áóëî çðîáëåíî
íàñòóïíi ïðèïóùåííÿ: îäíîðiäíå íàáëèæåííÿ, íåçàëåæíiñòü áiîëîãi÷íèõ ïðîöåñiâ,
ïîìiðíèé òîêñè÷íèé âïëèâ. Ó çàäàíié ìàòåìàòè÷íié ìîäåëi ïðîöåñ ðåãåíåðàöi¨ ïå÷iíêè çäiéñíþ¹òüñÿ çà ðàõóíîê ïðîöåñiâ ðåïëiêàöi¨, ãiïåðïëàçi¨, ïîëiïëîäi¨, äiëåííÿ
äâîÿäåðíèõ êëiòèí i êîíòðîëüîâàíîãî àïîïòîçó. Âñi öi ïðîöåñè íåîáõiäíi äëÿ àäåêâàòíîãî ìîäåëþâàííÿ ðåãåíåðàöi¨ ïå÷iíêè. Íà ïðèêëàäi îäèíè÷íîãî i ïîñòiéíîãî
òîêñè÷íîãî âïëèâó ïîêàçàíî, ùî îêðåìî âèùåâêàçàíi ïðîöåñè íå â çìîçi âïîðàòèñÿ
ç òîêñè÷íèìè ôàêòîðàìè, ÿêi íàêîïè÷óþòüñÿ â îðãàíiçìi. Ïðîöåñ âiäíîâëåííÿ ôóíêöiîíàëüíîãî ñòàíó îðãàíiçìó âèìàãà¹ çàâäàííÿ íåòðèâiàëüíî¨ ñòðàòåãi¨ ðåãåíåðàöi¨
ïå÷iíêè, ÿêà áóäå âðàõîâóâàòè óñi ìîæëèâi øëÿõè ïiäòðèìêè/âiäíîâëåííÿ äèíàìi÷íîãî ãîìåîñòàçó ïå÷iíêè. ×èñåëüíi ðîçðàõóíêè âèÿâèëè, ùî çàäàíà ìàòåìàòè÷íà
ìîäåëü ïðè ðiçíèõ ñòðàòåãiÿõ ðåãåíåðàöi¨ ïå÷iíêè âiäïîâiäà¹ áiîëîãi÷íèì ïðîöåñàì.
Íà îñíîâi âèêîíàíèõ îá÷èñëåíü ó âèïàäêó ÷àñòêîâî¨ ãàïàòåêòîìi¨ çðîáëåíî âèñíîâîê,
ùî ïðè ðåãåíåðàöi¨ ïå÷iíêè ïîâèííà âèêîðèñòîâóâàòèñÿ çìiøàíà ñòðàòåãiÿ ðåãåíåðàöi¨. Íàäàëi ïåðåäáà÷à¹òüñÿ ïîøèðèòè ìàòåìàòè÷íó ìîäåëü, ùîá âîíà âðàõîâóâàëà
ïðîöåñè ïiäòðèìêè/âiäíîâëåííÿ äèíàìi÷íîãî ãîìåîñòàçó ïå÷iíêè, ÿêi âiäáóâàþòüñÿ
ïiä âïëèâîì ñèëüíèõ òîêñèíiâ, òîáòî çà äîïîìîãîþ ñòâîëîâèõ êëiòèí i ôiáðîçó. À
òàêîæ ïëàíó¹òüñÿ îá ðóíòóâàòè ïðèíöèïè i êðèòåði¨ îïòèìàëüíîñòi ðåãóëÿöi¨ ïðîöåñiâ ïiäòðèìêè/âiäíîâëåííÿ äèíàìi÷íîãî ãîìåîñòàçó ïå÷iíêè.
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Dierent strategies in the liver
regeneration processes. Numerical experiments on the mathematical model.
V. V. Karieva, S. V. Lvov, L. P. Artyukhova.

It is considered the generalized mathematical model which describes the processes
of maintaining / restoring dynamic homeostasis (regeneration) of the liver and obviously depends on the control parameters. The model is a system of discrete controlled
equations of the Lotka  Volterra type with transitions. These equations describe the
controlled competitive dynamics of liver cell populations' (hepatic lobules) various types
in their various states and controlled competitive transitions between types and states.
To develop this model there were accepted such assumptions: homogeneous approximation; independence of biological processes; small toxic factors. In the mathematical
model the process of the liver regeneration occurs due to hyperplasia processes, replication, polyplodia and division of binuclear hepatocytes into mononuclear and controlled
apoptosis. All these processes are necessary for adequate modeling of the liver regeneration. For example, single and constant toxic functions show that the above processes are
not able to cope with the toxic factors that are accumulated in the body. The process
of restoring the body's functional state requires the non-trivial strategy of the liver
regeneration. Numerical calculations revealed that the mathematical model corresponds
to biological processes for dierent strategies of the liver regeneration. Based on the
calculations in the case of partial hapatectomy it is concluded that the mixed strategy
of regeneration should be used for the regeneration process. Henceforward it is planned
to extend the mathematical model in the case of the liver regeneration, which occurs
under the inuence of strong toxins, that is, using the stem cells and brosis. It is also
supposed to justify the principles and criteria for optimal regulation of the processes of
maintaining / restoring liver's dynamic homeostasis.
Keywords: mathematical model; liver regeneration; numerical experiment.
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