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It is considered the mathematical model which describes the processes of
liver regeneration with homogeneous approximation. Numerical calculations
revealed that the mathematical model corresponds to biological processes for
different strategies of liver regeneration. Based on the calculations in the case
of partial hapatectomy it is concluded that the mixed strategy of regeneration
should be used for regeneration process.
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Kapesa B. B., JIbsos C. B., Aprioxosa JI. II. Pi3Hi cTrparerii B mpomecax
perenepaiiii nedinkn. YncelibHI €eKCIIEPUMEHTH HA MaTeMaTUIHI Mo-
aedi. Y poboTi pO3T/ISTHYTO MATEMATUIHA, MOJIE/b, sIKa OMKUCY€E MPOIECH pere-
Hepariil medinku B omHOpiaHOMYy HaOmm:xkenHi. [Tokasamo, 1Mo JaHa MOJETb TPH
PI3HEMX CTpaTerigx pereHeparii meviHKu BigmoBizae 6iomorivaum mporecam. Ha
OCHOBI BUKOHAHUX OOYHC/IEHDb Y BUIIAAKY IaCTKOBOI ramaTekToMil 3po0/ieHO Bu-
CHOBOK, IO TIPW pPereHeparlii MeYiHKW MOBWHHA BUKOPWCTOBYBATHCS 3MilIaHa,
cTpaTerisi pereHepartii.

Kaowoei caosa: MaTeMaTuIHa MOJEID; pereHepallis MeYiHKu; YUCeTbHUN eKC-
[TEPUMEHT.

Kapesa B. B., JIesos C. B., Aprioxosa JI. II. Paznuunble cTrpareruu B
mporieccax pereHepanuu nedeHu. UucjJeHHbIE 3KCIIEPUMEHTHI HA Ma-
TeMaTu4deckoii Momesin. B pabore paccMOTpeHa MaTeMaTHIecKas MOIENb,
OIMCHIBAIOIIAs IIPOIECCHI PEreHePAINy [€YEHH B OJHOPOIHOM HPUOJIMKEHUH.
[Tokazano, 4T0 maHHAA MaTEMaTUYeCKAsd MOJEJb IIPU PA3IUYHBIX CTPATErUIX
pereHepaInu mevYeHn COOTBETCTBYeT OMOIOrnYecKuM mnporeccam. Ilponenannunbie
BBIUKCJIEHUSI B CIy9ae YaCTUIHON TramaTdIKTOMUU JEMOHCTPUPYIOT, 9TO MPUA Pe-
TeHEePAINY MEeYEHN JOJIXKHA UCIIOIH30BATHCS CMEITAHHAS CTPATErUus PereHepa-
AN,

Karouesvie caosa: maremarndeckast MO/IEIb; PereHepalns Ne9eHn; YUCIAEHHbII
9KCIIEPUMEHT.
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1. Introduction

In biology and medicine mathematical methods and models are emerging as
one of the main tools for obtaining new data on biological systems, their analysis
and explanation of the phenomena observed in the experiment. In some cases
mathematical methods and models make it possible to find new functions and
new phenomena in biological systems as well as to predict their behavior.

Liver regeneration is one of the most captivating phenomena in medicine
that has fascinated clinicians, surgeons, and scientists who have observed this
apparently supernatural process and studied its mechanisms for many years. The
liver is a large, meaty organ and possesses multiple substantial functions in the
human body. The identification of the main dependencies and relationships that
determine the strategy of liver regeneration is one of the main problems in the
regenerative medicine. One way to solve this problem is to develop adequate
mathematical models that describe the processes of liver regeneration |1, 2, 3|.

The article deals with the mathematical model that qualitatively describes the
processes of liver regeneration in explicit dependence on the control parameters
[4]. Developed "toy model"represents the processes of replication, polyploidizati-
on and the formation of binuclear cells, hyperplasia, and effects of toxic factors,
apoptosis, cell death and the effects of secondary toxicity, the protective reacti-
on of cells and process of detoxification for cells of a generalized parenchymal
type. Numerical calculations confirm that the mathematical model corresponds
to biological processes for different strategies of liver regeneration.

2. Review of mathematical model

There are two events in which the liver has the capability to regenerate, one
being a partial hepatectomy and the other being damage to the liver by toxi-
ns or infection [10]. Earlier, we have developed a "toy model"of controlled liver
regeneration processes in the homogeneous approximation under conditions of
mild toxicity or partial hepatectomy [4].

The model is a system of discrete controlled equations of the Lotka —
Volterra type with transitions. These equations describe the controlled competi-
tive dynamics of liver cell populations’ (hepatic lobules) various types in their
various states and controlled competitive transitions between types and states.

The liver regeneration occurs due to hyperplasia, replication, polyplodia
processes and division of binuclear hepatocytes into mononuclear.

Let us consider:

1) The dynamics of populations of liver cells is given by the equation:

T(t+1) = f(@(t), 7(t), A(2)), (1)

Tox(t) = DP(t) + 7(t), (2)
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where Z(t) - types of functional liver cells at moment ¢, 7(¢) - given function of
external toxicity, A(t) - control parameters, DP(t) - internal toxicity due to the
toxicity of the decay products as a result of necrosis.

The generalized liver function index is ®(t) = > 7" ¢i(z4(t), 7(t)), where ¢; -
own index of functionality for cell type x;(t). 0 < ®(¢) < 1, where 0 denotes a
dead organism and 1 is the most functional organism.

2) The change of the organism’s functional state is described by the equation:

O(t+1) = U(7(t), D(t)). (3)

As the main functional cells we consider only various types of hepatocytes. The
functionality of the liver increases with replication, binuclear division, hyperplasia
and under the influence of toxic factors it falls.

In the proposed model the liver structure is described by the following
parameters: normal hepatocytes; diploid hepatocytes; tetraploid hepatocytes; bi-
nuclear hepatocytes; hepatocytes in a state of hyperplasia, apoptosis and necrosis.
Toxic factors are also given: the external toxicity and the secondary toxicity due
to decay products of necrosis.

The dynamics of the system is determined by the following control parameters:
a(t) - the number of hepatocytes which proceed to the replication; b(t) - the
number of hepatocytes which proceed to polyploidy; bo;(t) - the number of
hepatocytes which are initiated into binuclear cells; ag;(t) - the number of
hepatocytes which pass from binuclear hepatocytes per division; g(t) - the number
of hepatocytes which proceed to hyperplasia; w(t) - the number of hepatocytes
which proceed to controlled apoptosis.

A distinctive feature of this model is that in controlled competitive dynamics
it explicitly takes into account significantly different characteristic times of the key
processes depending on the current level of toxicity. For example, the replication
time is 24-36 hours, the transition to polyploidy - 12-18 hours, hyperplasia - 6-8
hours, the division of binuclear hepatocytes - 1-2 hours. The toxic factors can
significantly increase process times.

3. Numerical results and discussion

The liver has the capability to regenerate after a toxic injury. The pharmacologi-
cal model is easier to be executed with a greater clinical relevance as it induces
a necrotic injury that simulates certain liver diseases. These properties made this
model an acceptable option to study liver regeneration. However, raising the toxin
concentration can induce acute liver injury while repeated administration of the
toxin can lead to liver cirrhosis. Moreover, the systemic and local effects of the
toxin depend on doses, animal species, etc [5, 6].

In the proposed mathematical model the process of liver regeneration occurs
due to replication process, hyperplasia, polyplodia, division of binuclear cells and
controlled apoptosis. All these processes are necessary for adequate modeling of
liver regeneration.
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For example, single and constant toxic functions show that the above processes
are not able to cope with the toxic factors that are accumulated in the body. The
process of the body’s functional state restoring requires the non-trivial strategy
of liver regeneration.

Firstly consider the replication process of hepatocytes for such cases:

(A) Tox(0) = Const,Tox(t) =0,t =1,2,...
(B) Tox(t) = Const,t =0,1,2,...
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Fig. 1. The body’s functionality restoring due to the replication process
in the case of single (A) and constant (B) toxic functions.

As shown in Figure 1.A; the time of the body’s functionality restoring due to
the replication of liver cells is between 32 and 48 hrs. In Figure 1.B it is shown
that the body’s functionality is gradually reduced due to toxic factors. Note that
after 30-40 hours the body’s functionality slows down when hepatocytes end the
replication cycle. However, as illustrated in Figure 1.B, the replication of liver
cells is not able to cope with the growing effect of toxins. In addition to external
toxic factors, the decay products of necrosis also have a negative effect on liver
cells.

Figures 2.A and 2.B display how the hyperplasia process copes with single and
constant toxic functions. Since hyperplasia lasts about 1 hour, the functionality
restoring in case (A) occurs almost instantly. But Figure 2.B shows that the
hyperplasia process does not cope with prolonged toxicity. It is based on the fact
that the cell is unable to grow indefinitely. Therefore, after the liver cells have
exhausted their growth resource, it will begin to die gradually.
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Fig. 2. The body’s functionality restoring due to the hyperplasia process
in the case of single (A) and constant (B) toxic functions.

Next consider the liver regeneration process due to the division of binuclear
cells. Figure 3.A shows that after 6-10 hours the body’s functionality is restoring.
However the number of binuclear cells in the liver is limited; once all the binuclear
cells have separated, the liver will not be able to regenerate. Thus, the liver is
destroyed by toxins.
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Fig. 3. The body’s functionality restoring due to the division of binuclear cells
in the case of single (A) and constant (B) toxic functions.

The polyplodia process is similar to the replication process. So that conclusions
can be made similar. The functionality restoring due to the polyplodia process is
in Figures 4.A and 4.B.

Thus, it is shown that the process of liver regeneration is a complex component
process.
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Fig. 4. The body’s functionality restoring due to the polyplodia process
in the case of single (A) and constant (B) toxic functions.

Induction of liver regeneration by two-third hepatectomy is the most common
experimental rodent model used to study this outstanding phenomenon [7]. In
order to build a mathematical model for regulation of the regenerating liver after
partial hepatectomy, some basic specifications and abstractions of the biological
scenario are required.

Following resection, the remaining hepatic tissue proliferates and expands in
size to retain the original mass of five lobes within 57 days. The peak proliferation
time is after 24 hrs in rat whereas, in mice, it is between 36 and 48 hrs |9, 11]. The
latter study indicates that liver growth is driven by lobule growth rather than by
change of lobule number [8]. At a later remodeling phase liver lobes reorganize
into lobules of normal size via restructuring [12].
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Fig. 5. The body’s functionality restoring after partial hepatectomy.
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We simulated the liver regeneration following 70 % hepatectomy. We modeled
three regenerating modes of response to hepatectomy (Fig. 5): delayed, suppressed
and enhanced. The obtaining calculations correspond to the biological regenerati-
on process [14].

4. Conclusion

The results of the performed numerical experiments showed that indivi-
dually regeneration processes are not able to cope with the toxic factors that
are accumulated in the body. The process of the body’s functional state restori-
ng requires the non-trivial strategy of liver regeneration. Numerical calculations
revealed that the mathematical model corresponds to biological processes for di-
fferent strategies of liver regeneration. Based on the calculations in the case of
partial hapatectomy it is concluded that the mixed strategy of regeneration should
be used for regeneration process.

Currently we are assume to expand and clarify this model. In particular, to
expand the nomenclature of the main cells types and their states, taking into
account zoning; add the processes of ductal reaction, development of fibrosis and
cirrhosis; clarify the processes leading to damage the liver cells and etc. This
model is the basis for the verification of the principles and criteria for optimal
regulation of liver regeneration processes.
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Jlorku-Bousibreppa, piBuaaas Jlorku-Bosbreppa 3 3amiznisimvMu aprymeHTamu, iHTerpo-
nuepentianbai piBasaas Bosbreppa. Ilig gac po3pobku miei momeni 0ymo 3pobsieHo
HACTYTHI TPUNYINEHHs: OJHOPiTHEe HAOIMKEHHS, HE3AJEKHICTH OIOJOriYHUX TPOIIECIB,
TOMIpHUN TOKCUYHUI BILJIMB. ¥y 3aJaHiii MaTeMaTUIHI# MOJEJi MpOoIeC pereHeparii me-
YiHKH 3/IIfICHIOETHCA 3a PAXyHOK IPOIECIB periKaliil, rinepriasii, mominaoiil, JiieHHs
JBOSIEPHUX KJITHH i KOHTPOJTHOBAHOIO amonToly. Bcl mi mpomecn HeoOXimmi mjas ase-
KBATHOTO MOJETIOBAHHSA pereHeparii medinku. Ha mpukaami oIWHUYHOTO i TOCTIHHOTO
TOKCUYHOTO BILJIMBY TTOKA3aHO, IO OKPEMO BUINEBKA3aHi MPOIMECH HE B 3MO3i BMIOPATUCS
3 TOKCHIHUMU (DAKTOPAMHU, siKi HAKOMUIYIOThCs B opraui3mi. [Iporec BigHoBIeHHS DYH-
KIIIOHAJIBHOTO CTAaHy OpraHi3My BHUMAara€ 3aBJaHHS HETPHUBiaJIbHOI cTparerili pereHeparii
nedinku, ska Oyue BPaxOBYBaTU yCI MOXKJIMBI NUISXU HiATPUMKY /BLIHOBJIEHHS AMHAMI-
YHOI'O TOMEOCTa3y mHedinku. UucesibHI PO3PAXYHKM BHUSBUJIHU, 10 33/1aHA MATEMATUIHA
MOJIEJTb TIPY PI3HUX CTPATErisX PereHeparlii meviHKy BiAmoBiTae GiOJOTIYHUM MPOIECAM.
Ha ocHOBi BuKOHAHWX OOYHCIIEHD ¥ BUMAIKY 9aCTKOBOI ralmaTeKToMii 3p00IeHO BUCHOBOK,
IO TIPW pereHepariii MmediHKu MOBUHHA BUKOPUCTOBYBATHCS 3MillIaHA CTPATErisi pereHe-
pamii. Hagani mepeabataeThbest MOMMUPUTH MATEMATHIHY MOIE/b, 1100 BOHA BPAaXOBYBAaJIa,
LPOLECU I ATPUMKHY /BI/IHOBJIEHHS JMHAMIYHOIO rOMEOCTa3y HediHKH, Kl BiAOyBaOThCs
M BIJIMBOM CHJILHUX TOKCHHIB, TOOTO 34 JOMOMOTOI0 CTBOJIOBUX KJiTHH i (ibposy. A
TaKOXK IJIAHYETHCSI OOrPYHTYBATU MPWHIUITH i KpUTEPil ONTUMAIBHOCTI PErysIil mpo-
1ieciB MiATPUMKHY /BiTHOBIEHHS AMHAMIYHOIO TOMEOCTa3y MEeYiHKH.

Kaou06i caosa: MaTeMaTHIHa MOJETD; PEreHeparlis MediHKN; IUCeTbHUN eKCIePUMEHT.

V. V. Karieva, S. V. Lvov, L. P. Artyukhova. Different strategies in the liver
regeneration processes. Numerical experiments on the mathematical model.
It is considered the generalized mathematical model which describes the processes
of maintaining / restoring dynamic homeostasis (regeneration) of the liver and obvi-
ously depends on the control parameters. The model is a system of discrete controlled
equations of the Lotka — Volterra type with transitions. These equations describe the
controlled competitive dynamics of liver cell populations’ (hepatic lobules) various types
in their various states and controlled competitive transitions between types and states.
To develop this model there were accepted such assumptions: homogeneous approxi-
mation; independence of biological processes; small toxic factors. In the mathematical
model the process of the liver regeneration occurs due to hyperplasia processes, repli-
cation, polyplodia and division of binuclear hepatocytes into mononuclear and controlled
apoptosis. All these processes are necessary for adequate modeling of the liver regenerati-
on. For example, single and constant toxic functions show that the above processes are
not able to cope with the toxic factors that are accumulated in the body. The process
of restoring the body’s functional state requires the non-trivial strategy of the liver
regeneration. Numerical calculations revealed that the mathematical model corresponds
to biological processes for different strategies of the liver regeneration. Based on the
calculations in the case of partial hapatectomy it is concluded that the mixed strategy
of regeneration should be used for the regeneration process. Henceforward it is planned
to extend the mathematical model in the case of the liver regeneration, which occurs
under the influence of strong toxins, that is, using the stem cells and fibrosis. It is also
supposed to justify the principles and criteria for optimal regulation of the processes of
maintaining / restoring liver’s dynamic homeostasis.
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