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We study the time-optimal control problem for an unmanned aerial vehicle
(drone) moving in the plane of a constant altitude; a kinematic model is consi-
dered where the angular velocity is a control. The drone must reach a given unit
circle in the minimal possible time and stay on this circle rotating clockwise or
counterclockwise. We obtain a complete solution of this time-optimal control
problem and give a solution of the optimal synthesis problem.
Keywords: a kinematic model; time-optimal control problem; optimal synthesis

Iãíàòîâè÷ Ñ.Þ., Ñóõiíiíà Þ.Â. Çàäà÷à øâèäêîäi¨ ç äâîìà êiíöåâèìè
òî÷êàìè äëÿ êiíåìàòè÷íî¨ ìîäåëi ÁÏËÀ. Ìè äîñëiäæó¹ìî çàäà÷ó
øâèäêîäi¨ äëÿ áåçïiëîòíîãî ëiòàëüíîãî àïàðàòó (äðîíó), ùî ðóõà¹òüñÿ ó
ïëîùèíi íà ñòàëié âèñîòi; ðîçãëÿäà¹òüñÿ êiíåìàòè÷íà ìîäåëü, â ÿêié êåðó-
âàííÿì ¹ êóòîâà øâèäêiñòü. Äðîí ìà¹ äîñÿãòè çàäàíîãî îäèíè÷íîãî êîëà
çà íàéìåíøèé ìîæëèâèé ÷àñ i çàëèøèòèñü íà öüîìó êîëi, îáåðòàþ÷èñü çà
àáî ïðîòè ãîäèííèêîâî¨ ñòðiëêè. Ìè îòðèìó¹ìî ïîâíèé ðîçâ'ÿçîê öi¹¨ çà-
äà÷i øâèäêîäi¨ i äà¹ìî ðîçâ'ÿçîê çàäà÷i îïòèìàëüíîãî ñèíòåçó.
Êëþ÷îâi ñëîâà: êiíåìàòè÷íà ìîäåëü; çàäà÷à øâèäêîäi¨; îïòèìàëüíèé ñèíòåç

Èãíàòîâè÷ Ñ.Þ., Ñóõèíèíà Þ.Â. Çàäà÷à áûñòðîäåéñòâèÿ ñ äâóìÿ êî-
íå÷íûìè òî÷êàìè äëÿ êèíåìàòè÷åñêîé ìîäåëè ÁÏËÀ.Ìû èññëåäó-
åì çàäà÷ó áûñòðîäåéñòâèÿ äëÿ áåñïèëîòíîãî ëåòàòåëüíîãî àïïàðàòà (äðî-
íà), êîòîðûé äâèæåòñÿ â ïëîñêîñòè íà ïîñòîÿííîé âûñîòå; ðàññìàòðèâàå-
òñÿ êèíåìàòè÷åñêàÿ ìîäåëü, â êîòîðîé óïðàâëåíèåì ÿâëÿåòñÿ óãëîâàÿ ñêî-
ðîñòü. Äðîí äîëæåí äîñòè÷ü çàäàííîé åäèíè÷íîé îêðóæíîñòè çà íàèìåíü-
øåå âîçìîæíîå âðåìÿ è îñòàòüñÿ íà íåé, âðàùàÿñü ïî èëè ïðîòèâ ÷àñîâîé
ñòðåëêè. Ìû ïîëó÷àåì ïîëíîå ðåøåíèå ýòîé çàäà÷è áûñòðîäåéñòâèÿ è äàåì
ðåøåíèå çàäà÷è îïòèìàëüíîãî ñèíòåçà.
Êëþ÷åâûå ñëîâà: êèíåìàòè÷åñêàÿ ìîäåëü; çàäà÷à áûñòðîäåéñòâèÿ; îïòè-
ìàëüíûé ñèíòåç
2010 Mathematics Subject Classi�cation 49N35; 93C10.

Introduction

In the papers [1], [2], a kinematic model of an unmanned aerial vehicle (drone)
moving at a constant altitude was considered. In particular, for this model, the
time-optimal control problem was studied, where the angular velocity is a control
parameter.
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Though the drone moves in the space, under the condition of a constant alti-
tude its motion can be considered in a plane. Let (x, y) ∈ R2 be its coordinates
in the plane and let θ be the angle between the direction of the drone motion
and the x-axis. We assume that the drone speed is equal to 1 and that the drone
can rotate right and left with the angular velocity |u(t)| ≤ 1. From the kinematic
point of view, such a �ying is determined by the Markov-Dubins equations [3],
[4]. Taking into account the speed constraints and accepting the time optimality
requirements, we obtain the following optimal control problem:

ẋ = cos θ,

ẏ = sin θ,

θ̇ = u,

(x, y) ∈ R2, θ ∈ S1, u = u(t) ∈ [−1, 1], 0 ≤ t ≤ T,
x(0) = x0, y(0) = y0, θ(0) = θ0, x(T ) = xT , y(T ) = yT , θ(T ) = θT ,

T → min .

(1)

In the papers [1], [2], instead of �xing the �nal point (x(T ), y(T ), θ(T )), similar
problems were considered under the following �nal conditions: a drone steers to
the circle of radius 1 centered at the origin and then moves along this circle
counterclockwise (the �nal time T is the moment of hitting the circle). As shown
in [1], these �nal conditions allow reducing the problem (1); below we recall this
simpli�cation.

Let us choose new variables (x̃, ỹ) of the form(
x̃
ỹ

)
=

(
cos θ sin θ
− sin θ cos θ

)(
x
y

)
, (2)

Then
˙̃x = cos2 θ − x · u · sin θ + sin2 θ + y · u · cos θ = 1 + u · ỹ,

˙̃y = − cos θ · sin θ − x · u · cos θ + cos θ · sin θ − y · u · sin θ = −u · x̃,

hence, the initial system becomes bilinear:
˙̃x = +u · ỹ + 1,
˙̃y = −u · x̃,
θ̇ = u.

(3)

Now, let us analyze the �nal conditions. For t = T , the drone is on the unit circle,
hence, {

x(T ) = cos τ,

y(T ) = sin τ
(4)

for some τ ∈ [0, 2π). At this moment its velocity (ẋ(T ), ẏ(T )) = (cos θ(T ), sin θ(T ))
is tangent to the unit circle and it moves counterclockwise, hence, θ(T ) = τ + π

2 .
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Substituting this expression to (4) we get{
x(T ) = cos(θ(T )− π

2 ) = sin θ(T ),

y(T ) = sin(θ(T )− π
2 ) = − cos θ(T ).

(5)

Now, taking into account (2) we obtain{
x̃(T ) = sin θ(T ) · cos θ(T )− cos θ(T ) · sin θ(T ) = 0,

ỹ(T ) = − sin θ(T ) · sin θ(T )− cos θ(T ) · cos θ(T ) = −1.
(6)

Hence, the �nal condition (x̃(T ), ỹ(T )) = (0,−1) does not include θ(T ).
Thus, one simpli�es the problem and obtains the two-dimensional time-

optimal control problem in the variables (x̃(t), ỹ(t)). Below we omit the tilde
symbol; then the obtained problem is{

ẋ = u · y + 1,

ẏ = −u · x,
u = u(t) ∈ [−1, 1], 0 ≤ t ≤ T, x(0) = x0, y(0) = y0, T → min,

(7)

with the �nal conditions

x(T ) = 0, y(T ) = −1. (8)

The existence of a solution follows from the Filippov Theorem [5].
The symmetric time-optimal control problem can be considered, when a drone

moves along the unit circle clockwise; in this case the �nal conditions are

x(T ) = 0, y(T ) = 1. (9)

Such problems were thoroughly studied in [1], [2].
In the present paper we consider a natural variation of the problem. We

suppose that both directions of motion along the �nal circle are allowed. This
corresponds to the time-optimal control problem (7) with two endpoints (0,−1)
or (0, 1):

x(T ) = 0, y(T ) = ±1; (10)

the �nal point is chosen for reasons of minimizing the time of movement.

1. Optimal trajectories

Below we distinguish trajectories that are optimal in the sense of the problem
with two �nal points (7), (10) (we call them �optimal�) and trajectories that are
optimal in the sense of the problem with one �nal point (7), (8) or (7), (9) (we
call them �(0,−1)-optimal� or �(0, 1)-optimal� respectively).

Obviously, any optimal trajectory ending at (0, 1) is (0, 1)-optimal and any
optimal trajectory ending at (0,−1) is (0,−1)-optimal, however, in general, the
converse is not true.
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First, we study properties of (0, 1)-optimal and (0,−1)-optimal trajectories.
In essence, these results are obtained in [1], [2]; we discuss them for the sake of
completeness.

Let us make use of the Pontryagin Maximum Principle [6]. In our case the
Hamilton-Pontryagin function has the form

H = ψ1 · (u · y + 1) + ψ2 · (−u · x) = u · (ψ1 · y − ψ2 · x) + ψ1. (11)

Let us consider a (0, 1)-optimal or a (0,−1)-optimal control û(t); let T be the
optimal time. Denote by (x̂(t), ŷ(t)) the corresponding optimal trajectory. Due to
the Pontryagin Maximum Principle, there exists a number λ ≥ 0 and a nontrivial
solution of the dual system {

ψ̇1 = û(t) · ψ2

ψ̇2 = −û(t) · ψ1

(12)

such that

û(t) = sign(φ(t)) for t ∈ [0, T ] such that φ(t) 6= 0, (13)

|φ(t)|+ ψ1(t)− λ = 0, t ∈ [0, T ], (14)

where φ(t) is a switching function,

φ(t) = ψ1(t) · ŷ(t)− ψ2(t) · x̂(t). (15)

In particular, (14) implies

ψ1(t) ≤ λ, t ∈ [0, T ]. (16)

Let us note that

φ̇ = ψ̇1 · ŷ + ψ1 · ˙̂y − ψ̇2 · x̂− ψ2 · ˙̂x =

= u · ψ2 · ŷ − ψ1 · u · x̂+ u · ψ1 · x̂− ψ2 · u · ŷ − ψ2 = −ψ2,

that is,

φ̇(t) = −ψ2(t). (17)

Concerning the dual system (12), we notice that it includes the optimal control
û(t), so, it cannot be solved without knowing û(t). However, let us consider, how

the variables ψ1 and ψ2 depend on each other. We easily get
d

dt
(ψ2

1 + ψ2
2) = 0,

hence, ψ2
1(t)+ψ2

2(t) is a (nonzero) constant. Without loss of generality we assume

ψ2
1(t) + ψ2

2(t) ≡ 1, (18)

that is, a point (ψ1(t), ψ2(t)) moves along the unit circle.
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2. Singular and nonsingular optimal trajectories

First, we assume that λ > 0.

If φ(t) 6= 0, then the optimal control û(t) takes the values 1 or −1. If û(t) = 1,
then the trajectory (x̂(t), ŷ(t)) goes clockwise along a circle centered at (0,−1),
while if û(t) = −1, then the trajectory (x̂(t), ŷ(t)) goes counterclockwise along
a circle centered at (0, 1) (Fig. 1). In particular, if the �nal point is (0, 1), then
û(t) = 1 on the last piece of the trajectory and if the �nal point is (0,−1), then
û(t) = −1 on the last piece of the trajectory.

Fig. 1. Nonsingular trajectories

Let us consider the time moment t0 when the control switches from u = 1 to
u = −1 or vice versa (�switching point�). Then φ(t0) = 0, therefore, (14) gives
ψ1(t0) = λ ≥ 0. If the optimal trajectory contains several switching points, ψ1

takes the same value at any of them. On the other hand, if |û(t)| = 1, then the
point (ψ1(t), ψ2(t)) goes along the unit circle with the unit speed in the positive
direction if û(t) = −1 and in the negative direction if û(t) = 1. Hence, the time
intervals between switchings are of the same duration. Moreover, it follows from
(16) that the point (ψ1(t), ψ2(t)) moves within the longer arc between the switchi-
ng points (λ,

√
1− λ2) and (λ,−

√
1− λ2), hence, the duration between switching

moments is greater than π (Fig. 2). Hence, any optimal trajectory contains a �nite
number of switchings.

Fig. 2. Dual variable
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If λ = 1, then the duration between two switchings should equal 2π. This
means that the optimal trajectory (x̂(t), ŷ(t)) contains a whole circle, what
contradicts the time optimality of this trajectory. Hence, if a trajectory has at
least two switching points, then λ < 1.

It follows from (15) that, at the end time moment, |φ(T )| = |ψ1(T )|; hence,
(14) implies |ψ1(T )| + ψ1(T ) = λ. Since λ > 0, we get ψ1(T ) > 0 and then
ψ1(T ) = 1

2λ. This implies that the duration of the last piece of the optimal
trajectory is less than the duration between two switchings.

Now let us suppose that the optimal trajectory has a singular piece, that is,
there exists an interval (t1, t2) where φ(t) ≡ 0, t ∈ (t1, t2). Then (17) implies that
ψ2(t) ≡ 0, t ∈ (t1, t2). Therefore, (14) and (18) give ψ1(t) ≡ λ on (t1, t2) and
therefore λ = 1. Then from (15) it follows that ŷ(t) ≡ 0. Finally, from (7) we get
˙̂x(t) ≡ 1, i.e., the trajectory goes along the line y = 0 in the positive direction
with the unit speed (Fig. 3).

Fig. 3. Singular trajectories

Thus, λ = 1. Taking into account the previous arguments we see that if the
trajectory has a singular piece, then it has neither other singular pieces nor swi-
tchings from u = 1 to u = −1 or vice versa. Therefore, such a trajectory has one
or two switchings: one from u = ±1 to u = 0 (possibly) and one from u = 0 to
u = ±1 (necessarily).

Finally, consider the case λ = 0.
Suppose that such a trajectory has a singular piece, i.e., φ(t) ≡ 0, t ∈ (t1, t2),

then (14) and (17) imply ψ1(t) ≡ 0 and ψ2(t) ≡ 0, t ∈ (t1, t2), what is impossible.
Hence, a trajectory has no singular pieces. Suppose it has at least one switching

point. For example, let the �nal point be (0, 1) (the case (0,−1) can be treated
analogously). If t0 is the moment of the last switching, then φ(t0) = 0. Then (14),
(15), (18) imply x̂(t0) = 0. This means that the last switching (from u = −1 to
u = 1) is at the point (0,−3). Let us consider a piece of this trajectory preceding
this switching; this is an arc of the circle of radius 4 centered at (0, 1). Let us
consider a point (x1, y1) on this arc (which di�ers from (0,−3)); then

x1 = −4 sin ξ, y1 = 1− 4 cos ξ,

for some ξ > 0. The time of motion from the point (x1, y1) to the �nal point (0, 1)
equals T (ξ) = ξ + π.

Now let us consider a trajectory from (x1, y1) having a singular piece. Namely,
u(t) = 1 until the trajectory reaches the line y = 0; then u(t) = 0 until x(t)
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becomes −
√

3; �nally u(t) = 1. The �rst piece of such a trajectory is an arc of
the circle centered at (0,−1) of radius

r =
√
x21 + (y1 + 1)2 =

√
20− 16 cos ξ.

Then
x1 = −r sin τ, y1 = −1− r cos τ,

where τ = arcsin(−x1
r ) = arcsin(4 sin ξr ) > 0. Suppose this trajectory reaches the

line y = 0 at the point (x2, y2) = (x2, 0), then

x2 = −r sinϕ, y2 = 0 = −1− r cosϕ

for some ϕ > 0. Hence, ϕ = arccos(−1
r ) and x2 = −r sinϕ = −

√
r2 − 1, and

the time of motion from (x1, y1) to (x2, 0) equals ϕ − τ . Obviously, the times of
motion from (x2, 0) to (−

√
3, 0) (with u = 0) and from (−

√
3, 0) to (0, 1) (with

u = 1) equal −
√

3 − x2 and π
3 respectively. Therefore, the time of motion from

the point (x1, y1) to the �nal point (0, 1) along this trajectory equals

T1(ξ) = (ϕ− τ) + (−
√

3− x2) + π
3 =

= arccos

(
− 1√

20− 16 cos ξ

)
−arcsin

(
4 sin ξ√

20− 16 cos ξ

)
−
√

3+
√

19− 16 cos ξ+π
3 .

Obviously, for ξ = 0 we get T (0) = T1(0) = π.
If ξ increases, T (ξ) also increases. For T1(ξ), evaluating its derivative at ξ = 0

we get
d

dξ
T1(ξ)|ξ=0 = −2. Hence, T1(ξ) decreases as ξ increases. This means that

for (small) ξ > 0
T1(ξ) < T (ξ),

therefore, the trajectory from (x1, y1) through the point (0,−3) is not optimal.
Hence, λ = 0 can correspond to the (0, 1)-optimal or (0,−1)-optimal

trajectories without switchings entirely contained in the left semi-circles of radi-
us 2 centered at (0,−1) or at (0, 1). For all other (0, 1)-optimal and (0,−1)-optimal
trajectories we have λ > 0.

Summarizing, we obtain that there can exist two types of (0, 1)-optimal or
(0,−1)-optimal trajectories:

• Singular trajectories, which contain one singular piece û(t) ≡ 0 and have no
more than two switchings (from u = 0 to u = ±1 and, maybe, from u = ±1
to u = 0). In particular, the point of the last switching is (−

√
3, 0) and the

duration of the last piece equals π
3 .

• Nonsingular trajectories, where the control takes the values ±1. If such a
trajectory has more than one switching, then the time intervals between
switchings are of the same duration (greater than π), the �rst piece can be
the same or shorter, and the last piece is shorter.
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3. Duration of the last piece of an optimal trajectory

Now we return to the time-optimal control problem with two �nal points
(7), (10) and study properties of optimal trajectories. Recall that each optimal
trajectory is a (0, 1)-optimal or a (0,−1)-optimal trajectory, i.e., it is of the form
described above.

Let us consider a nonsingular optimal trajectory (x̂(t), ŷ(t)) ending at
(x̂(T ), ŷ(T )) = (0, 1) and suppose it has at least one switching (then λ > 0).
Denote by (x1, y1) = (x̂(t1), ŷ(t1)) the point of the last switching; it belongs to
the circle of radius 2 centered at (0,−1). Now we show that T − t1 ≤ π

3 .

Suppose the contrary, i.e., T −t1 > π
3 , then the point (x̂(t0), ŷ(t0)) = (−

√
3, 0)

lies on the trajectory, where t0 = T − π
3 , and moreover t0 > t1. Let us consider the

curve (x̂(t), |ŷ(t)|). Obviously, it is also a trajectory of the system (7). Moreover,
it ends at the point (0, 1) at the same time T and has at least one switching more
than the initial trajectory; in particular, (x1, |y1|) and (−

√
3, 0) are its switching

points.

Suppose (x̂(t), |ŷ(t)|) is (0, 1)-optimal. Since its last switching point is
(x̂(t0), |ŷ(t0)|) = (−

√
3, 0), the duration of the last piece equals π

3 . As was shown

in the previous section, ψ1(t0) = λ and ψ1(T ) = λ
2 . Therefore, T − t0 = π

3 =

arccos(λ2 ) − arccos(λ), what implies λ = 1. Hence, this trajectory has no other
switchings, what contradicts our construction.

Therefore, (x̂(t), |ŷ(t)|) is not (0, 1)-optimal. Hence, there exists a (0, 1)-
optimal trajectory (x0(t), y0(t)) starting at the point (x̂(0), |ŷ(0)|) and ending
at (0, 1) in the time T 0 < T .

If ŷ(0) ≥ 0, the obtained fact contradicts the optimality of the initial trajectory
(x̂(t), ŷ(t)).

If ŷ(0) < 0, let us consider the symmetric trajectory (x0(t),−y0(t)). It starts
at the point (x̂(0), ŷ(0)) and ends at (0,−1) in the time T 0 < T , what contradicts
the optimality of (x̂(t), ŷ(t)).

Hence, T−t1 ≤ π
3 . For an optimal trajectory ending at (x̂(T ), ŷ(T )) = (0,−1),

the arguments are the same.

Thus, in any case the duration of the last piece of the optimal trajectory is no
greater than π

3 .

4. Switching curve

Let us consider a nonsingular optimal trajectory ending at (x̂(T ), ŷ(T ) = (0, 1)
and suppose it has at least two switchings. Denote by (x1, y1) the point of the last
switching. Arguments given above yield that the duration of the last piece of the
trajectory is no greater than π

3 , hence, (x1, y1) belongs to the circle of radius 2
centered at (0,−1) and 0 ≤ y1 < 1, x1 < 0. We suppose that y1 > 0 (the case
y1 = 0 is noted below).

We are interested in the point of the preceding switching; denote it by (x, y).
Obviously, the points (x1, y1) and (x, y) are located at the same circle centered
at (0, 1).
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If y1 = y, then the point (x, y) belongs to the circle of radius 2 centered at
(0,−1); hence, the preceding piece of this trajectory goes along this circle. Let
us consider any point (x2, y2) on this piece which is located on the upper arc
of the mentioned circle between the points (x1, y1) and (x, y); without loss of
generality assume x2 > 0. Obviously, there exists a control which steers (x2, y2)
to (0, 1) faster than through the points (x, y) and (x1, y1): namely, u = −1 until
the trajectory again crosses the mentioned circle, and then u = 1. This contradicts
the optimality of the initial trajectory.

Hence, y1 6= y. The switching function φ equals zero and ψ1 equals λ at both
time moments of switching, while ψ2 equals

√
1− λ2 at one of them and −

√
1− λ2

at the other. Hence, (15) implies

x1
y1

= −x
y
.

Then we have the following relations between (x1, y1) and (x, y):
x21 + (y1 + 1)2 = 4,

x21 + (y1 − 1)2 = x2 + (y − 1)2,
x1
y1

= −x
y .

(19)

Our goal is to express x via y. Denote x
y = c > 0. Substituting x = cy and

x1 = −cy1 to the second equation of (19) gives

(c2 + 1)y21 − 2y1 = (c2 + 1)y2 − 2y.

Denoting a = c2 + 1 and taking into account that y1 6= y we obtain

a(y1 + y) = 2, (20)

hence, y1 = 2
a − y. Substituting x1 = −cy1 and y1 = 2

a − y to the �rst equation of
(19) we get

a
(
2
a − y

)2
+ 2

(
2
a − y

)
= 3,

what gives
a2y2 − (6y + 3)a+ 8 = 0.

Solving this equation w.r.t. a, we get

a =
6y + 3−

√
4y2 + 36y + 9

2y2
=

1

y2

(
3y + 3

2 −
√
y2 + 9y + 9

4

)
(21)

(the sign �−� is chosen since ay < 2 due to (20)). However, x = cy =
√
a− 1 y.

Substituting the expression for a from (21), we obtain the description of the
switching curve:

x =

√
−y2 + 3y + 3

2 −
√
y2 + 9y + 9

4 , y ∈ (0, 1). (22)
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As a limit case, the values y = 0 and y = 1 correspond to x = 0.
Notice that for all points (x1, y1) such that x21 + (y1 − 1)2 > 1 there is no

preceding switching point in the upper semi-plane; this concerns also the point
(−
√

3, 0). In the next section we show that such optimal trajectories have only
one switching.

For all points (x1, y1) such that x21 + (y1 − 1)2 ≤ 1 there exists a unique
point (x, y) satisfying (22); if the optimal trajectory contains this point and also
contains some preceding piece, it necessarily has a switching at (x, y).

Considering analogously the case of optimal trajectories ending at (0,−1) we
obtain the complete description of the switching curve

x =

√
−y2 + 3|y|+ 3

2 −
√
y2 + 9|y|+ 9

4 , y ∈ [−1, 1]. (23)

Since a duration of any interval between two switchings is no less than π, we get
that any nonsingular optimal trajectory has no more than two switchings in the
semi-plane where the �nal point lies.

5. Optimal trajectories (may) lie entirely in one semi-plane

We now apply arguments close to those used in Section 3. Let us consider an
optimal trajectory (x̂(t), ŷ(t)); suppose it ends at (x̂(T ), ŷ(T )) = (0, 1). Suppose
(x̂(t), ŷ(t)) passes through the point (x̂(t0), ŷ(t0)) with ŷ(t0) = 0 so that ŷ(t)
changes its sign. Suppose also that this trajectory has at least one switching.

Let us consider the curve (x̂(t), |ŷ(t)|). It is a trajectory of the system (7) and
ends at the point (0, 1) in the same time T . Suppose (x̂(t), |ŷ(t)|) is (0, 1)-optimal.

First suppose x̂(t0) 6= 0, then (x̂(t0), ŷ(t0)) = (x̂(t0), 0) is a switching point
of (x̂(t), |ŷ(t)|). Since φ(t0) = 0 and ŷ(t0) = 0, (15) gives ψ2(t0)x̂(t0) = 0. Since
x̂(t0) 6= 0, we obtain ψ2(t0) = 0. Then ψ1(t0) = 1, therefore, λ = 1 and the optimal
trajectory (x̂(t), |ŷ(t)|) cannot have other switchings, what gives a contradiction.

Now suppose x̂(t0) = ŷ(t0) = 0, then the curve (x̂(t), |ŷ(t)|) for t ∈ [t0, T ]
consists of the arc of the circle of radius 1 centered at (0, 1) and the arc of the circle
of radius 2 centered at (0,−1). However, as was shown above, if this trajectory
is (0, 1)-optimal, it should have a switching at the point (0, 0) whereas the curve
(x̂(t), |ŷ(t)|) for t ∈ [t0 − ε, t0] for small ε > 0 belongs to the circle of radius 1
centered at (0, 1) and, therefore, has no switching at (0, 0).

Thus, (x̂(t), |ŷ(t)|) is not (0, 1)-optimal. Hence, there exists a (0, 1)-optimal
trajectory (x0(t), y0(t)) starting at the point (x̂(0), |ŷ(0)|) and ending at (0, 1) in
the time T 0 < T .

If ŷ(0) ≥ 0, the obtained fact contradicts the optimality of (x̂(t), ŷ(t)).
If ŷ(0) < 0, let us consider the symmetric trajectory (x0(t),−y0(t)). It starts

at the point (x̂(0), ŷ(0)) and ends at (0,−1) in the time T 0 < T , what contradicts
the optimality of (x̂(t), ŷ(t)).

For an optimal trajectory which ends at (0,−1), the arguments are the same.
Therefore, we get that any nonsingular optimal trajectory having at least one

switching lies completely in one semi-plane y ≥ 0 or y ≤ 0 and, moreover, has no
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more than two switchings.
Now let us consider an optimal trajectory without switchings; suppose it ends

at (0, 1). Then it belongs to the circle of radius 2 centered at (0,−1). If it �lls
more than a half of this circle and y(0) > 0, the arguments given above (with
the trajectory (x̂(t), |ŷ(t)|)) yield a contradiction. Hence, this trajectory crosses
over the line y = 0 no more than once. Analogous result holds for an optimal
trajectory without switchings ending at (0,−1).

Finally, notice that if an optimal trajectory (x̂(t), ŷ(t)) without switchi-
ngs passes through the line y = 0, it can be substituted by the optimal
trajectory (x̂(t), |ŷ(t)|) or (x̂(t),−|ŷ(t)|) (depending on the sign of ŷ(0)), which
lies completely in one semi-plane. The same is true for singular trajectories.

Thus, in any case one can choose an optimal trajectory which lies completely
in one semi-plane y ≥ 0 or y ≤ 0.

6. Optimal synthesis

Now we describe the optimal control as a function of (x, y) 6= (0,±1) (Fig. 4).
(i) Let y 6= 0. Then u(x, y) = −sign(y) if

−
√
−y2 − 2|y|+ 3 ≤ x <

√
−y2 + 3|y|+ 3

2 −
√
y2 + 9|y|+ 9

4

and u(x, y) = sign(y) otherwise. (This condition implies that u(x, y) = −sign(y)
if |y| ≥ 1.)

(ii) Let y = 0. Then u(x, y) = 0 i� x < −
√

3; otherwise u(x, y) can equal 1
or −1.

Fig. 4. Optimal synthesis: u = 0 (black), u = −1 (white), u = 1 (grey)

Finally, let us summarize the solution of the optimal control problem with two
�nal points (7), (10).

First, suppose y0 6= 0. For all starting points satisfying the condition

x20 + (y0 + sign(y0))
2 > 4 (24)
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the optimal control is singular. Namely, u(t) = −sign(y0) until the trajectory
reaches the line y = 0; then u(t) = 0 until x(t) becomes −

√
3; �nally u(t) = 1 or

u(t) = −1. If
x20 + (y0 + sign(y0))

2 = 4, (25)

the optimal control has one switching: u(t) = −sign(y0) until the trajectory
reaches the line y = 0; then u(t) = 1 or u(t) = −1.

Hence, for each such starting point there exist two optimal controls which
di�ers by the sign on the last piece of the trajectory.

For all other points the control is nonsingular and has no more than two
switchings; moreover, it is unique. Namely, if (24), (25) do not hold and

−
√
−y20 − 2|y0|+ 3 < x0 <

√
−y20 + 3|y0|+ 3

2 −
√
y20 + 9|y0|+ 9

4 , (26)

then u(t) = sign(y0) until the trajectory reaches the switching curve (23); then
u(t) = −sign(y0) until the trajectory reaches the circle of radius 2 centered at
(0,−sign(y0)); �nally u(t) = sign(y0). If

x0 = −
√
−y20 − 2|y0|+ 3, (27)

then u(t) = sign(y0) has no switchings. If (24)�(27) do not hold, then
u(t) = −sign(y0) until the trajectory reaches the circle of radius 2 centered
at (0,−sign(y0)); then u(t) = sign(y0).

Now suppose y0 = 0.
If x0 < −

√
3, then u(t) = 0 until x(t) becomes −

√
3; then u(t) = 1 or

u(t) = −1. If x0 = −
√

3, then the trajectory has no switchings, u(t) = 1 or
u(t) = −1.

If −
√

3 < x0 < 0, then u(t) = u0 = ±1 until the trajectory reaches the
switching curve (23); then u(t) = −sign(u0) until the trajectory reaches the circle
of radius 2 centered at (0,−sign(u0)); �nally u(t) = sign(u0) (the �nal point is
(0, u0)).

If 0 ≤ x0 <
√

3, then u(t) = u0 = ±1 until the trajectory reaches the circle
of radius 2 centered at (0, sign(u0)); �nally u(t) = −sign(u0) (the �nal point is
(0,−u0)). If x0 =

√
3, then u(t) = u0 = ±1 until the trajectory reaches the line

y = 0; then u(t) = 1 or u(t) = −1.
If x0 >

√
3, then u(t) = ±1 until the trajectory reaches the line y = 0; then

u(t) = 0 until x(t) becomes −
√

3; then u(t) = 1 or u(t) = −1.
Hence, for all starting points satisfying y0 = 0 there exist two or four (if

x0 ≥
√

3) optimal controls.

7. Examples

Example 1. Consider the time-optimal control problem{
ẋ = u · y + 1,

ẏ = −u · x,
u ∈ [−1, 1], 0 ≤ t ≤ T, x(0) = 4, x(T ) = 0, y(0) = 4, y(T ) = ±1.
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Checking the condition (24) we get that the optimal control is singular; since
y(0) > 0 we get

u(t) =


−1, t ∈ [0, τ1),

0, t ∈ [τ1, τ2),

±1, t ∈ [τ2, T ],

(28)

where y(τ1) = 0 and T − τ2 = π
3 . Hence, for t ∈ [0, τ1] we get{

x(t) = a1 · cos t+ a2 · sin t,
y(t) = a1 · sin t− a2 · cos t+ 1.

Substituting x(0) = 4, y(0) = 4, y(τ1) = 0 we obtain a1 = 4, a2 = −3,
τ1 = π + arcsin(15) − arcsin(35) ≈ 2.6994, x(τ1) = −

√
24 ≈ −4.8990 (here and

below we keep four digits after comma). For t ∈ [τ1, τ2] we get{
x(t) = t+ x(τ1)− τ1,
y(t) = 0.

Since x(τ2) = τ2 + x(τ1) − τ1 = −
√

3, we get τ2 = −
√

3 +
√

24 + τ1 ≈ 5.8664.
Finally, for t ∈ [τ2, T ] where T = τ2 + π

3 ≈ 6.9136 we get{
x(t) = b1 · cos t+ b2 · sin t,
y(t) = ±(−b1 · sin t+ b2 · cos t− 1),

where the sign ± corresponds to the choice u = 1 or u = −1 for the last pi-
ece of the trajectory. Substituting x(τ2) = −

√
3, y(τ2) = 0 we �nally obtain

b1 = −2 sin(τ2 + π
3 ) ≈ −1.1789, b2 = 2 cos(τ2 + π

3 ) ≈ 1.6156.
We conclude that the optimal controls (28) with u = 1 and u = −1 on the last

piece steer the system from the initial point (4, 4) to the end-point (0, 1) or (0,−1)
respectively in the same time T = −

√
3 +
√

24 + π+ arcsin(15)− arcsin(35) + π
3 ≈

6.9136. The obtained trajectories are drawn in Fig. 5.

Fig. 5. Two optimal trajectories, (x(0), y(0)) = (4, 4)

Example 2. Consider the time optimal control problem{
ẋ = u · y + 1,

ẏ = −u · x,
u ∈ [−1, 1], 0 ≤ t ≤ T, x(0) = −0.53, x(T ) = 0, y(0) = 0.31, y(T ) = ±1.
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Checking the condition (24) we get that the optimal control is nonsingular, i.e.,
it takes the values ±1 only. Since y(0) > 0, the �nal point is (0, 1).

First, let us try to �nd an admissible control with one switching,

u(t) =

{
−1, t ∈ [0, τ),

1, t ∈ [τ, T ].
(29)

Substituting such a control to the system and using the initial and �nal conditions,
we obtain the admissible trajectory ending at (0, 1) (up to four digits after comma){

x(t) = −0.53 · cos t+ 0.69 · sin t,
y(t) = −0.53 · sin t− 0.69 · cos t+ 1,

t ∈ [0, 5.5867),

{
x = 0.5103 · cos t+ 1.9338 · sin t,
y = −0.5103 · sin t+ 1.9338 · cos t− 1,

t ∈ [5.5867, 6.0252];

i.e., the time of steering to the origin equals T ≈ 6.0252 (Fig. 6).
However, the given initial point satis�es the condition (26). Hence, the control

(29) is not optimal; the optimal control has two switchings, i.e., has the form

u(t) =


1, t ∈ [0, τ1),

−1, t ∈ [τ1, τ2),

1, t ∈ [τ2, T ].

In order to �nd τ1 we use the fact that the point (x(τ1), y(τ1)) satis�es the condi-
tion (23). For t ∈ [0, τ1] we have the trajectory{

x(t) = −0.53 cos t+ 1.31 sin t,

y(t) = 0.53 sin t+ 1.31 cos t− 1.

Then the condition (23) implies τ1 ≈ 0.5921. Hence, for t ∈ [0, τ1] we have{
x(t) = b1 · cos t+ b2 · sin t,
y(t) = b1 · sin t− b2 · cos t+ 1,

where b1 ≈ −0.1027, b2 ≈ 0.6748. Taking into account that the point (x(τ2), y(τ2))
belongs to the circle of radius 2 centered at (0,−1), we get τ2 ≈ 5.0349. Finally,
for t ∈ [τ2, T ] we obtain{

x(t) = c1 cos t+ c2 sin t,

y(t) = −c1 sin t+ c2 cos t− 1,

where c1 ≈ 1.5732, c2 ≈ 1.2349 and, therefore, the trajectory steers to the end
point (0, 1) at the time T ≈ 5.3779. The optimal trajectory is drawn in Fig. 7.
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Fig. 6. Admissible trajectory, T ≈ 6.0252 Fig. 7.Optimal trajectory, T ≈ 5.3779
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Iãíàòîâè÷Ñ.Þ., ÑóõiíiíàÞ.Â. Çàäà÷à øâèäêîäi¨ ç äâîìà êiíöåâèìè òî÷êà-

ìè äëÿ êiíåìàòè÷íî¨ ìîäåëi ÁÏËÀ. Ìè äîñëiäæó¹ìî çàäà÷ó øâèäêîäi¨ äëÿ
áåçïiëîòíîãî ëiòàëüíîãî àïàðàòó (äðîíó), ùî ðóõà¹òüñÿ ó ïëîùèíi íà ñòàëié âèñî-
òi. Ðîçãëÿäà¹òüñÿ êiíåìàòè÷íà ìîäåëü, â ÿêié êåðóâàííÿì ¹ êóòîâà øâèäêiñòü. Òàêà
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ñèñòåìà îïèñó¹òüñÿ ðiâíÿííÿìè Ìàðêîâà-Äóáiíñà; ðîçâ'ÿçàííþ ðiçíèõ çàäà÷ îïòè-
ìàëüíîãî i äîïóñòèìîãî êåðóâàííÿ i ñòàáiëiçàöi¨ äëÿ ïîäiáíèõ ìîäåëåé ïðèñâÿ÷åíà
âåëèêà êiëüêiñòü ðîáiò. Ó ñòàòòÿõ [T. Maillot, U. Boscain, J.-P. Gauthier, U. Serres,
Lyapunov and minimum-time path planning for drones, J. Dyn. Control Syst., V. 21
(2015)] òà [M.A. Lagache, U. Serres, V. Andrieu, Minimal time synthesis for a kinematic
drone model, Mathematical Control and Related Fields, V. 7 (2017)] ðîçâ'ÿçó¹òüñÿ çà-
äà÷à øâèäêîäi¨, â ÿêié äðîí ìà¹ äîñÿãòè çàäàíîãî îäèíè÷íîãî êîëà çà íàéìåíøèé
ìîæëèâèé ÷àñ i çàëèøèòèñü íà öüîìó êîëi, îáåðòàþ÷èñü ïðîòè ãîäèííèêîâî¨ ñòðiëêè.
Ó âêàçàíèõ ðîáîòàõ, çîêðåìà, ïîêàçàíî, ùî â öüîìó âèïàäêó çàäà÷à ñïðîùó¹òüñÿ,
à ñàìå, ñòà¹ äâîâèìiðíîþ. Ó äàíié ðîáîòi ìè ðîçãëÿäà¹ìî ïðèðîäíå óçàãàëüíåííÿ
âêàçàíî¨ ïîñòàíîâêè: â íàøié çàäà÷i äðîí ìà¹ äîñÿãòè çàäàíîãî îäèíè÷íîãî êîëà çà
íàéìåíøèé ìîæëèâèé ÷àñ i çàëèøèòèñü íà íüîìó, àëå ïðè öüîìó îáèäâà íàïðÿìêè
îáåðòàííÿ ¹ äîïóñòèìèìè. Òîáòî äðîí ìîæå îáåðòàòèñÿ çà ãîäèííèêîâîþ ñòðiëêîþ
àáî ïðîòè ãîäèííèêîâî¨ ñòðiëêè, à íàïðÿìîê îáåðòàííÿ îáèðà¹òüñÿ ç ìiðêóâàíü ìiíi-
ìiçàöi¨ ÷àñó ðóõó. Òàêå ïåðåôîðìóëþâàííÿ ïðèâîäèòü äî çàäà÷i îïòèìàëüíî¨ øâèä-
êîäi¨ ç äâîìà êiíöåâèìè òî÷êàìè. Ó ñòàòòi ìè îòðèìó¹ìî ïîâíèé ðîçâ'ÿçîê öi¹¨ çàäà÷i
øâèäêîäi¨. Çîêðåìà, ìè ïîêàçó¹ìî, ùî îïòèìàëüíå êåðóâàííÿ íàáóâà¹ çíà÷åíü ±1
àáî 0 i ìà¹ íå áiëüøå äâîõ ïåðåìèêàíü. ßêùî îïòèìàëüíå êåðóâàííÿ ¹ ñèíãóëÿðíèì,
òîáòî ìiñòèòü äiëÿíêó u = 0, òî òàêà äiëÿíêà ¹ ¹äèíîþ, à òðèâàëiñòü îñòàííüî¨ äi-
ëÿíêè äîðiâíþ¹ π/3; áiëüø òîãî, â öüîìó âèïàäêó îïòèìàëüíå êåðóâàííÿ íå¹äèíå,
à êiíöåâà òî÷êà ìîæå áóòè ÿê (0, 1), òàê i (0,−1). ßêùî æ îïòèìàëüíå êåðóâàííÿ
¹ íåñèíãóëÿðíèì, òîáòî íàáóâà¹ çíà÷åíü ±1, òî âîíî ¹äèíå (çà âèíÿòêîì âèïàäêó,
êîëè òðèâàëiñòü îñòàííüî¨ äiëÿíêè äîðiâíþ¹ π/3), à îïòèìàëüíà òðà¹êòîðiÿ öiëêîì
ìiñòèòüñÿ ó âåðõíié àáî â íèæíié ïîëóïëîùèíi. Òàêîæ ìè äà¹ìî ðîçâ'ÿçîê çàäà÷i
îïòèìàëüíîãî ñèíòåçó.
Êëþ÷îâi ñëîâà: êiíåìàòè÷íà ìîäåëü; çàäà÷à øâèäêîäi¨; îïòèìàëüíèé ñèíòåç.

S.Yu. Ignatovich, Yu.V Sukhinina. Time-optimal control problem with two �-

nal points for a kinematic model of an UAV. We study the time-optimal control
problem for an unmanned aerial vehicle (drone) moving in the plane of a constant alti-
tude. A kinematic model is considered where the angular velocity is a control. Such a
system is described by Markov-Dubins equations; a large number of works are devoted
to solving di�erent optimal and admissible control and stabilization problems for such
models. In the papers [T. Maillot, U. Boscain, J.-P. Gauthier, U. Serres, Lyapunov
and minimum-time path planning for drones, J. Dyn. Control Syst., V. 21 (2015)] and
[M.A. Lagache, U. Serres, V. Andrieu, Minimal time synthesis for a kinematic drone
model, Mathematical Control and Related Fields, V. 7 (2017)] the time optimal control
problem is solved where the drone must reach a given unit circle in the minimal possi-
ble time and stay on this circle rotating counterclockwise. In particular, in the menti-
oned works it is shown that is this case the problem is simpli�ed; namely, the problem
becomes two-dimensional. In the present paper we consider a natural generalization of
the formulation mentioned above: in our problem, the drone must reach a given unit circle
in the minimal possible time and stay on this circle, however, both rotating directions are
admissible. That is, the drone can rotate clockwise or counterclockwise; the direction is
chosen for reasons of minimizing the time of movement. Such a reformulation leads to the
time-optimal control problem with two �nal points. In the paper, we obtain a complete
solution of this time-optimal control problem. In particular, we show that the optimal
control takes the values ±1 or 0 and has no more than two switchings. If the optimal
control is singular, i.e., contains a piece u = 0, then this piece is unique and the duration
of the last piece equals π/3; moreover, in this case the optimal control ins non-unique and
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the �nal point can be (0, 1) as well as (0,−1). If the optimal control is non-singular, i.e.,
takes the values ±1, then it is unique (except the case when the duration of the last piece
equals π/3) and the optimal trajectory entirely lies in the upper or lower semi-plane.
Also, we give a solution of the optimal synthesis problem.
Keywords: a kinematic model; time-optimal control problem; optimal synthesis.
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