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Íà îñíîâi ìåòîäó ãàðìîíiéíîãî àíàëiçó, ðîçðîáëåíîãî À. Íåéäæåëîì
òà Ó. Ðóäiíèì äëÿ òåîði¨ óíiòàðíî iíâàðiàíòíèõ ïðîñòîðiâ ôóíêöié,
çíàéäåíî ðîçâèíåííÿ ïëþðiñóáãàðìîíiéíèõ â Cn (n ≥ 2) ôóíêöié
â ðÿä ïî îäíîðiäíèõ ãîëîìîðôíèõ òà àíòèãîëîìîðôíèõ ïîëiíîìàõ.
Çàïðîïîíîâàíèé íàìè ïiäõiä ïðèðîäíî îá'¹äíó¹ äîáðå âiäîìi ìåòîäè
ãàðìîíiéíîãî àíàëiçó, ðîçðîáëåíi Ë. Ðóáåëîì i Á. Òåéëîðîì äëÿ
ôóíêöié îäíi¹¨ êîìïëåêñíî¨ çìiííî¨ òà À. Êíåçåðîì, Â. Øòîëëåì,
Ð. Êóþëîì i Ï. Íîâåðàçîì äëÿ ôóíêöié áàãàòüîõ êîìïëåêñíèõ çìiííèõ.

Áðîäÿê Î. ß., Âàñèëüêèâ ß. Â., Òàðàñþê Ñ. È., H(p, q)-ðàçëîæåíèÿ

ïëþðèñóáãàðìîíè÷åñêèõ â Cn ôóíêöèé. Íà îñíîâàíèè
ìåòîäà ãàðìîíè÷åñêîãî àíàëèçà, ðàçðàáîòàííîãî À. Íýéäæåëîì
è Ó. Ðóäèíûì äëÿ òåîðèè óíèòàðíî èíâàðèàíòíûõ ïðîñòðàíñòâ
ôóíêöèé, íàéäåíî ðàçëîæåíèå ïëþðèñóáãàðìîíè÷åñêèõ â Cn (n ≥ 2)
ôóíêöèé â ðÿä ïî îäíîðîäíûì ãîëîìîðôíûì è àíòèãîëîìîðôíûì
ïîëèíîìàì. Ïðåäëîæåííûé íàìè ïîäõîä åñòåñòâåííî îáúåäèíÿåò
õîðîøî èçâåñòíûå ìåòîäû ãàðìîíè÷åñêîãî àíàëèçà, ðàçðàáîòàííûå
Ë. Ðóáåëîì è Á. Òåéëîðîì äëÿ ôóíêöèé îäíîé êîìïëåêñíîé ïåðåìåííîé
è À. Êíåçåðîì, Â. Øòîëëåì, Ð. Êóþëîì è Ï. Íîâåðàçîì äëÿ ôóíêöèé
ìíîãèõ êîìïëåêñíûõ ïåðåìåííûõ.

O. Ya. Brodyak, Ya. V. Vasyl'kiv, S. I. Tarasyuk, H(p, q)-expansion of

plurisubharmonic on Cn functions. Based on the method of harmonic
analysis, developed by A. Nagel and W. Rudin for the theory of unitarily
invariant function spaces, the expansion of plurisubharmonic functions on
Cn (n ≥ 2) into series of homogeneous holomorphic and anti-holomorphic
polynomials is �nded. Proposed approach naturally combines well known
methods of harmonic analysis, developed by L. A. Rubel and B. A. Taylor
for functions of one complex variable and by A. Nagel, W. Rudin, W. Stoll,
R. Kujala and P. Noverraz for functions of several complex variables.
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1. Âñòóï. Ó 1899 ð. I¹íñåí [1] îòðèìàâ òî÷íå ñïiââiäíîøåííÿ
ìiæ ñåðåäíiì çíà÷åííÿì íà êîëi {z ∈ C : |z| = r} ëîãàðèôìà ìîäóëÿ
ãîëîìîðôíî¨ â êðóçi {z ∈ C : |z| < R} ôóíêöi¨ f (f(0) = 1) i óñåðåäíåíîþ
ëi÷èëüíîþ ôóíêöi¹þ N(r, 0, f) ïîñëiäîâíîñòi ¨¨ íóëiâ {aj} ó çàìèêàííi êðóãà
{z ∈ C : |z| ≤ r}:

N(r, 0, f) =
∑

|aj |≤r

log
r

|aj |
=

1

2π

∫ 2π

0
log |f(reiθ)| d θ, 0 < r < R.

Î÷åâèäíî, ùî ôîðìóëà I¹íñåíà � öå ôîðìóëà äëÿ íóëüîâîãî êîåôiöi¹íòà Ôóð'¹
ôóíêöi¨ log |f(reiθ)|. Ôîðìóëè äëÿ óñiõ iíøèõ êîåôiöi¹íòiâ

ck(r, log |f |) =
1

2π

∫ 2π

0
e−ikθ log |f(reiθ)| d θ, k ∈ Z,

ïðèðîäíî ðîçãëÿäàòè, ÿê óçàãàëüíåííÿ öi¹¨ ôîðìóëè. Òàêi óçàãàëüíåííÿ,
íàñïðàâäi, âñòàíîâèâ ùå ñàì I¹íñåí [1].

Â 1923 � 1925 ð.ð. Ôðiòòüîô i Ðîëüô Íåâàíëiííè [2], [3] (äèâ. òàêîæ [4,
c. 15-16]) âñòàíîâèëè íèçêó iíòåãðàëüíèõ çîáðàæåíü ëîãàðèôìà ìåðîìîðôíî¨
ôóíêöi¨ (çîêðåìà, i âiäîìó ôîðìóëó Ïóàññîíà-I¹íñåíà), ÿêi ñòàëè ïiäâàëèíàìè
ñòâîðåíî¨ íèìè òåîði¨ ðîçïîäiëó çíà÷åíü àíàëiòè÷íèõ òà ìåðîìîðôíèõ
ôóíêöié. Ç öèõ çîáðàæåíü ìîæíà îòðèìàòè ñïiââiäíîøåííÿ äëÿ êîåôiöi¹íòiâ
ck(r, log |f |) (k ∈ Z) ìåðîìîðôíî¨ ôóíêöi¨ f , ùî çîáðàæàþòü ¨õ ÷åðåç
ïîñëiäîâíîñòi íóëiâ, ïîëþñiâ òà êîåôiöi¹íòiâ òåéëîðîâîãî ðîçâèíåííÿ log f â
äåÿêîìó îêîëi íóëÿ. Ó 1927 ð. öå çðîáèâ Í. I. Àõi¹çåð [5] (äèâ. òàêîæ [4, ñ. 85�
88]) i äàâ ¨õ ïåðøå ïðèíöèïîâå çàñòîñóâàííÿ äî íîâîãî äîâåäåííÿ òåîðåìè
Ëiíäåëüîôà ïðî òèï öiëî¨ ôóíêöi¨ öiëîãî ïîðÿäêó. Ïðèíàãiäíî çàóâàæèìî,
ùî ÿê ñïiââiäíîøåííÿ äëÿ ck(r, log |f |), òàê i ôîðìóëó Ïóàññîíà-I¹íñåíà,
íåîäíîðàçîâî ïåðåâiäêðèâàëè áàãàòî ìàòåìàòèêiâ, çîêðåìà, Ì. Êàðòðàéò [6],
Ã. Êíåçåð [7], À. Ïôëþãåð [8], À. Åäðåé i Â. Ôóêñ [9]. Ïðîòå, öi ðîáîòè
íîñèëè ðîçðiçíåíèé õàðàêòåð i íå ïðèçâåëè äî øèðîêèõ çàñòîñóâàíü ìåòîäó
ðÿäiâ Ôóð'¹. Ñâîãî æ ñèñòåìàòè÷íîãî ðîçâèòêó òà øèðîêèõ çàñòîñóâàíü (äèâ.
îãëÿäè [10] � [12] òà ìîíîãðàôi¨ [13], [14]) ìåòîä ðÿäiâ Ôóð'¹ äëÿ ëîãàðèôìà
ìîäóëÿ öiëèõ òà ìåðîìîðôíèõ ôóíêöié íàáóâ ëèøå ïiñëÿ äîñëiäæåíü
Ë. Ðóáåëà i Á. Òåéëîðà, àíîíñîâàíèõ â 1963�66 ð.ð. [15] � [18] i âèêëàäåíèõ â
ðîáîòi [19]. Ìåòîä ðÿäiâ Ôóð'¹ Ðóáåëà-Òåéëîðà iñòîòíî äîïîâíèëè Ä. Ìàéëç
òà Ä. Øåé (äèâ. îãëÿäè [10] � [12] òà ìîíîãðàôi¨ [13], [14]).

Â ðîáîòàõ Ï. Íîâåðàçà [20], [21] âèõiäíi ïîëîæåííÿ ìåòîäó ðÿäiâ Ôóð'¹
Ðóáåëà-Òåéëîðà ïîøèðåíî íà ñóáãàðìîíiéíi òà δ-ñóáãàðìîíiéíi â C, à òàêîæ
ïëþðiñóáãàðìîíiéíi â Cn (n ≥ 2) ôóíêöi¨. Äëÿ ñóáãàðìîíiéíèõ â Rm (m ≥ 3)
ôóíêöié, áëèçüêèé äî ìåòîäó Ðóáåëà-Òåéëîðà, ìåòîä ñôåðè÷íèõ ãàðìîíiê
(ìåòîä ðÿäiâ Ôóð'¹-Ëàïëàñà) âïåðøå ðîçðîáèâ À. Êîíäðàòþê [22] � [24].
Ïèòàííÿ ìîæëèâîñòi ðîçðîáêè òàêîãî ìåòîäó äëÿ ñóáãàðìîíiéíèõ â ïðîñòîði
ôóíêöié áóëî ïîñòàâëåíå Ë. Ðóáåëîì â îãëÿäi [10]. Ïîäàëüøîãî ñâîãî
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ðîçâèòêó ìåòîä ðÿäiâ Ôóð'¹ äëÿ ñóáãàðìîíiéíèõ i δ-ñóáãàðìîíiéíèõ â C
ôóíêöié íàáóâ â êàíäèäàòñüêié äèñåðòàöi¨ ß. Âàñèëüêiâà [25].

Òåîðåìó Ëiíäåëüîôà íà âèïàäîê öiëèõ òà ìåðîìîðôíèõ â Cn ôóíêöié
åêñïîíåíöiéíîãî òèïó óçàãàëüíåíî â ðîáîòi Â. Øòîëëÿ [26]. Â îñíîâó
öi¹¨ ðîáîòè ïîêëàäåíî îäèí âàðiàíò ôîðìóëè Ïóàññîíà-I¹íñåíà [27] äëÿ
ìåðîìîðôíèõ ôóíêöié áàãàòüîõ êîìïëåêñíèõ çìiííèõ i ¨¨ åêâiâàëåíò �
ðîçâèíåííÿ ëîãàðèôìà öi¹¨ ìåðîìîðôíî¨ ôóíêöi¨ â ðÿä ïî îäíîðiäíèõ
ïîëiíîìàõ ïåâíîãî âèãëÿäó (äåòàëi äèâ. â [26]). Ð. Êóþëà [28] ðîçðîáèâ
àíàëîã òåîði¨ Ðóáåëà-Òåéëîðà äëÿ öiëèõ i ìåðîìîðôíèõ â Cn (n ≥ 2) ôóíêöié,
óçàãàëüíèâøè ïðè öüîìó íà áiëüø çàãàëüíèé âèïàäîê îñíîâíi ðåçóëüòàòè ç
[26].

Çàçíà÷èìî, ÿê i â ðîáîòi Ï. Íîâåðàçà [21], òàê i â ðîáîòi Ð. Êóþëè [28],
äëÿ âiäïîâiäíèõ îá'¹êòiâ â Cn (ïëþðiñóáãàðìîíiéíèõ ôóíêöié òà ëîãàðèôìiâ
ìîäóëiâ ìåðîìîðôíèõ ôóíêöié) âèêîðèñòîâó¹òüñÿ òåõíiêà çðiç-ôóíêöié, ÿêà
äîçâîëÿ¹ çâîäèòè áàãàòîâèìiðíi çàäà÷i äî îäíîâèìiðíîãî âèïàäêó. Îñíîâíà
ìåòà öi¹¨ ðîáîòè, íà îñíîâi ìåòîäiâ ãàðìîíiéíîãî àíàëiçó, ðîçðîáëåíîãî
À. Íåéäæåëîì òà Ó. Ðóäiíèì äëÿ òåîði¨ óíiòàðíî iíâàðiàíòíèõ ïðîñòîðiâ
ôóíêöié [29] (äèâ. òàêîæ [30], [31]), îá'¹äíàòè ïiäõîäè, çàïðîïîíîâàíi â
ðîáîòàõ Ë. Ðóáåëà òà Á. Òåéëîðà [19], À. Êíåçåðà [7], Â. Øòîëëÿ [26],
Ð. Êóþëè [28] i Ï. Íîâåðàçà [21]. À ñàìå, äëÿ ïëþðiñóáãàðìîíiéíèõ â
Cn (n ≥ 2) ôóíêöié âñòàíîâèòè àíàëîã ôîðìóëè Ïóàññîíà-I¹íñåíà-Øòîëëÿ
(äèâ. òåîðåìó 1 òà çàóâàæåííÿ 1) i, íà öié îñíîâi, çäiéñíèòè ðîçâèíåííÿ òàêèõ
ôóíêöié â ðÿä ïî îäíîðiäíèõ ãîëîìîðôíèõ òà àíòèãîëîìîðôíèõ ïîëiíîìàõ
(äèâ. òåîðåìó 2 òà çàóâàæåííÿ 3). Êðiì òîãî, ó ÿêîñòi çàñòîñóâàííÿ, äàòè äëÿ
ïëþðiñóáãàðìîíiéíèõ â Cn ôóíêöié àíàëîãè òà óòî÷íåííÿ äåÿêèõ ðåçóëüòàòiâ
Ä. Ìàéëçà i Ä. Øåÿ ç ðîáîòè [32] (äèâ. òåîðåìó 3 òà íàñëiäîê 4).

2. Îçíà÷åííÿ òà ôîðìóëþâàííÿ ðåçóëüòàòiâ. Íàãàäà¹ìî (äèâ.,
íàïðèêëàä, [30, c. 134]), ùî äiéñíîçíà÷íà íàïiâíåïåðåðâíà çâåðõó ôóíêöiÿ
u(ζ), u(ζ) ̸≡ −∞, ζ ∈ Cn, íàçèâà¹òüñÿ ïëþðiñóáãàðìîíiéíîþ â Cn, ÿêùî äëÿ
äîâiëüíî¨ êîìïëåêñíî¨ ïðÿìî¨ ζ := a+b z, a ∈ Cn, b ∈ Cn, z ∈ C, çðiç-ôóíêöiÿ
ua,b(z) := u(a+ b z) ¹ ñóáãàðìîíiéíîþ ôóíêöi¹þ îäíi¹¨ êîìïëåêñíî¨ çìiííî¨ z.

Îïåðàòîðè çîâíiøíüîãî äèôåðåíöiþâàííÿ ∂ i ∂ â Cn âèçíà÷àþòüñÿ
ñïiââiäíîøåííÿìè (äèâ., íàïðèêëàä, [33, Ãëàâà 1])

∂ =

n∑
k=1

∂

∂ zk
d zk, ∂ =

n∑
k=1

∂

∂ zk
d zk,

äå zk = xk + i yk, zk = xk − i yk, {xk, yk} ⊂ R, k = 1, 2, . . . , n, à

∂

∂ zk
=

1

2

(
∂

∂ xk
− i

∂

∂ yk

)
,

∂

∂ zk
=

1

2

(
∂

∂ xk
+ i

∂

∂ yk

)
� îïåðàòîðè ôîðìàëüíèõ ïîõiäíèõ. Ïîêëàäåìî

d := ∂ + ∂ =

n∑
k=1

(
∂

∂ xk
d xk +

∂

∂ yk
d yk

)
,
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d⊥ := i(∂ − ∂) =
n∑

k=1

(
∂

∂ yk
d xk −

∂

∂ xk
d yk

)
.

Íåõàé

ωn−1(η) =

(
1

4
d⊥d log |η|2

)n−1

, η ∈ Cn \ {0},

� îäíîðiäíà ìåòðè÷íà ôîðìà Ôóáiíi-Øòóäi,

σ(η) = − 1

2πn
d⊥ log |η| ∧ ωn−1(η)

� ìåòðè÷íà ôîðìà Ïóàíêàðå (òîáòî íîðìîâàíà ôîðìà îá'¹ìó íà ñôåðàõ
S(r) = {η ∈ Cn : |η| = r}, 0 < r < +∞).

Äîâiëüíié ïëþðiñóáãàðìîíiéíié â Cn ôóíêöi¨ u âçà¹ìíî-îäíîçíà÷íî
âiäïîâiäà¹ äîäàòíèé çàìêíåíèé ïîòiê (äèâ., íàïðèêëàä, [34])

tu(η) :=
1

4
d⊥d u(η) =

i

2
∂ ∂ u(η) =

i

2

n∑
j,k=1

∂2u(η)

∂ηj ∂ηk
d ηj ∧ d ηk,

äå ïîõiäíi ∂2u(η)
∂ηj ∂ηk

âèçíà÷åíi ÿê ðîçïîäiëè (ôóíêöiÿ u ∈ L1
loc

(Cn)).

Çàçíà÷èìî, ùî çâóæåííÿ ïîòîêó tu(ζ) íà êîìïëåêñíó ïðÿìó η = a z,
a ∈ S := S(1) ⊂ Cn, z ∈ C, äîðiâíþ¹

tu(η)
∣∣∣
η=a z

=
i

2

 n∑
j,k=1

∂2 u(η)

∂ηj∂ηk
ajak

 d z ∧ d z =

=

[
∂2 ua(z)

∂ z ∂ z

]
i

2
d z ∧ d z = ∆ua(z)

i

2
d z ∧ d z = 2π dµua(z),

äå ∆ � îïåðàòîð Ëàïëàñà â C, à dµua � ìiðà, àñîöiéîâàíà çà Ðiñîì ç
ñóáãàðìîíiéíîþ ôóíêöi¹þ ua(z) := u(az).

Ãîâîðÿòü (äèâ. [29], àáî [30, Ãëàâà 12], [31, Ãëàâà 1, �3]), ùî ïîëiíîìM â Cn

íàçèâà¹òüñÿ îäíîðiäíèì ñòåïåíÿ k, ÿêùî M(z ζ) = zk M(ζ), z ∈ C, ζ ∈ Cn.
Íåõàé Pk (k ∈ Z+) � ïðîñòið âñiõ îäíîðiäíèõ êîìïëåêñíîçíà÷íèõ ïîëiíîìiâ â

RN ñòåïåíÿ k, à Hk � ïiäïðîñòið âñiõ h ∈ Pk äëÿ ÿêèõ ∆h = 0, äå ∆ = ∂2

∂x2
1
+

+ · · ·+ ∂2

∂x2
N
� îïåðàòîð Ëàïëàñà â RN . ×åðåç R[w1, . . . , wm] ïîçíà÷èìî êiëüöå

âñiõ êîìïëåêñíèõ ïîëiíîìiâ âiä çìiííèõ w1, . . . , wm ∈ C. Íàãàäà¹ìî, ùî
ïðîñòið H(p, q) (p, q ∈ Z+) � öå âåêòîðíèé ïiäïðîñòið îäíîðiäíèõ ãàðìîíiéíèõ

ïîëiíîìiâ hpq(ζ) ∈ R[ζ1, . . . , ζn; ζ1, . . . , ζn] áiñòåïåíÿ (p, q), òîáòî:

à) ∀ z ∈ C : hpq(z ζ) = zp zq hpq(ζ), äå ζ = (ζ1, . . . , ζn) ∈ Cn;

á) ∀ ζ ∈ Cn : ∆hpq(ζ) = 4
n∑

k=1

∂2 hpq(ζ)

∂ ζk ∂ ζk
= 0.

Ïðè öüîìó, ïðîñòið H(p, 0) ñêëàäà¹òüñÿ iç ãîëîìîðôíèõ, à ïðîñòið H(0, p)
� iç àíòèãîëîìîðôíèõ îäíîðiäíèõ ïîëiíîìiâ ñòåïåíÿ p. Çàóâàæèìî, ùî
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Hk =
k⊕

j=0
H(j, k − j). Òàêîæ ìà¹ìî L2(S) =

⊕
p,q≥0

H(p, q), òî÷íiøå êîæíà

ôóíêöiÿ h ∈ L2(S) ¹äèíèì ÷èíîì ðîçâèâà¹òüñÿ â ðÿä h =
∑

p,q≥0
hpq, äå

hpq ∈ H(p, q), ÿêèé çáiãà¹òüñÿ äî h â òîïîëîãi¨ L2-íîðì. Êðiì òîãî, äëÿ
äîâiëüíèõ (p, q) i âñiõ ζ ∈ S iñíó¹ ¹äèíå òâiðíå ÿäðî Kpq(ζ, •) iç H(p, q) òàêå,
ùî

∀h ∈ L2(S) : πpq h(ζ) =

∫
S
h(η)Kpq(ζ, η)σ(η),

äå πpq � îðòîïðîåêòîðè ç L2(S) íà H(p, q). Ïðè öüîìó, îñêiëüêè
Kpq(ζ, •) ∈ C(S), òî öå äîçâîëÿ¹ ðîçøèðèòè îáëàñòü âèçíà÷åííÿ πpq äî L1(S).

Íåõàé u(z) � ïëþðiñóáãàðìîíiéíà â Cn i ïëþðiãàðìîíiéíà â äåÿêîìó îêîëi
òî÷êè z = 0 ôóíêöiÿ, u(0) = 0, i

hpq(r; ζ) =
1

D(p, q, n)

∫
S
ur(η)Kpq(ζ, η)σ(η), r > 0, ζ ∈ S,

� îðòîïðîåêöi¨ ôóíêöié ur(η) = u(rη) íà H(p, q)-ïðîñòîðè, äå

D(p, q, n) := dimH(p, q) = Cp
p+n−2C

q
q+n−2

p+ q + n− 1

n− 1
, n ≥ 2,

Kpq(ζ, η) = D(p, q, n) ⟨ζ, η⟩p⟨η, ζ⟩q F
(
−p,−q, n− 1; 1− |ζ|2|η|2

|⟨ζ, η⟩|2

)
� òâiðíi ÿäðà â ïðîñòîðàõ H(p, q), ⟨ζ, η⟩ = ζ1η1 + . . .+ ζnηn i

F (α, β, γ;x) =

+∞∑
k=0

k−1∏
j=0

(α+ j)(β + j)

γ + j

 xk

k!

� ãiïåðãåîìåòðè÷íà ôóíêöiÿ. Âiäìiòèìî, ùî Kp0(ζ, η) = Cp
n+p−1⟨ζ, η⟩p.

Íåõàé òàêîæ B(t) = {η ∈ Cn : |η| < t} i B(t) = {η ∈ Cn : |η| ≤ t},
p, q ∈ Z+, 0 < t < +∞, ζ ∈ S. Ïîêëàäåìî

npq(t; ζ) =
1

πn−1D(p, q, n)

∫
B(t)

Kpq

(
ζ,

η

|η|

)
dµu(η), (1)

äå dµu(η) =
1

2π
tu(η) ∧ ωn−1(η) i tu(η) � çàìêíåíèé äîäàòíèé ïîòiê,

àñîöiéîâàíèé ç u. Çàóâàæèìî, ùî n(t) := n00(t; ζ) = π1−nµu(B(t)). ×åðåç
suppµu ñêðiçü íàäàëi áóäåìî ïîçíà÷àòè íîñié ìiðè Ðiñà µu ïëþðiñóáãàðìî-
íiéíî¨ ôóíêöi¨ u.

Òåîðåìà 1 Íåõàé u(ζ) � ïëþðiñóáãàðìîíiéíà ôóíêöiÿ ó âiäêðèòié çâ'ÿçíié

ìíîæèíi G ⊂ Cn, B(r) ⊆ G, ïëþðiãàðìîíiéíà â B(s), äå 0 < s < r
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i u(0) = 0. Íåõàé òàêîæ, F (ζ) � ãîëîìîðôíà â B(s) ôóíêöiÿ òàêà, ùî

u(ζ) = ReF (ζ), ζ ∈ B(s). ßêùî ζ ∈ B(s), òî

F (ζ) = 2

∫
S
u(rη)

[(
r

r − ⟨ζ, η⟩

)n

− 1

]
σ(η)+

+

∫ r

s

[
1

πn−1

∫
s≤|η|≤ t

(
1−

(
t|η|

t|η| − ⟨ζ, η⟩

)n)
dµu(η)

]
d t

t
+

+

∫ r

s

[
1

πn−1

∫
s≤|η|≤ t

(
1−

(
r2|η|

r2|η| − t⟨ζ, η⟩

)n)
dµu(η)

]
d t

t
, (2)

äå ïåðøèé i òðåòié iíòåãðàëè ¹ ãîëîìîðôíèìè â B(r) ôóíêöiÿìè, à äðóãèé

� ãîëîìîðôíîþ â B(s) ôóíêöi¹þ.

Çàçíà÷èìî, ùî äëÿ ôóíêöi¨ F (ζ) òàêîæ ïðàâèëüíå íàñòóïíå çîáðàæåííÿ
(äèâ. [30, ñ. 48])

F (ζ) =

∫
S
u(sη)

[
2

(
s

s− ⟨ζ, η⟩

)n

− 1

]
σ(η), ζ ∈ B(s).

Äëÿ w ∈ C, |w| < 1 i n ∈ N ïîçíà÷èìî (äèâ. [26, ñ. 403], àáî [27, ñ. 165])

L(w) := Ln(w) :=
1

(n− 1)!

dn−1

dwn−1

[
wn−1 Log (1− w)

]
,

äå ñèìâîë Log îçíà÷à¹ ãîëîâíå çíà÷åííÿ ëîãàðèôìà.

Çàóâàæåííÿ 1. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1. Òîäi äëÿ âñiõ
ζ ∈ B(s)

F (ζ) = 2

∫
S
u(rη)

[(
r

r − ⟨ζ, η⟩

)n

− 1

]
σ(η)+

+
1

πn−1

∫
B(r)

[
L

(
⟨ζ, η⟩
|η|2

)
− L

(
⟨ζ, η⟩
r2

)]
dµu(η). (3)

Ïîêàæåìî, ùî çîáðàæåííÿ (3), ïiñëÿ âiäïîâiäíèõ ïåðåòâîðåíü, íàáóäå
âèãëÿäó (2). Ñïðàâäi, ñïî÷àòêó ïîäàìî ñïiââiäíîøåííÿ (3) ó íàñòóïíîìó
âèãëÿäi

F (ζ) = 2

∫
S
u(rη)

[(
r

r − ⟨ζ, η⟩

)n

− 1

]
σ(η)+

+
1

πn−1

∫
B(r)

[
L

(
⟨ζ, η⟩
|η|2

)
− L

(
⟨ζ, η⟩
r |η|

))
dµu(η)+

+
1

πn−1

∫
B(r)

[
L

(
⟨ζ, η⟩
r |η|

)
− L

(
⟨ζ, η⟩
r2

)]
dµu(η).
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Òîäi (äèâ. [26, ñ. 405]), âðàõîâóþ÷è, ùî äëÿ w ∈ C, |w| < 1 :

L(w) = −
+∞∑
p=1

Cp
p+n−1

wp

p
òà

1

(1− w)n
=

+∞∑
p=0

Cp
p+n−1w

p,

i òîé ôàêò, ùî µu(η) = 0 äëÿ η ∈ B(s), ìà¹ìî

1

πn−1

∫
B(r)

(
L

(
⟨ζ, η⟩
|η|2

)
− L

(
⟨ζ, η⟩
r |η|

))
dµu(η) =

= − 1

πn−1

∫
B(r)

+∞∑
p=1

Cp
p+n−1

⟨ζ, η⟩p

|η|p

 dµu(η)

∫ r

|η|

d t

tp+1
=

= −
∫ r

0

 1

πn−1

∫
|η|≤t

+∞∑
p=1

Cp
p+n−1

⟨ζ, η⟩p

|η|p

 dµu(η)

 d t

tp+1
=

=

∫ r

s

[
1

πn−1

∫
s≤|η|≤ t

(
1−

(
t|η|

t|η| − ⟨ζ, η⟩

)n)
dµu(η)

]
d t

t
,

i, âiäïîâiäíî,

1

πn−1

∫
B(r)

(
L

(
⟨ζ, η⟩
r |η|

)
− L

(
⟨ζ, η⟩
r2

))
dµu(η) =

= − 1

πn−1

∫
B(r)

+∞∑
p=1

Cp
p+n−1

⟨ζ, η⟩p

r2 |η|p

 dµu(η)

∫ r

|η|
tp−1 d t =

= −
∫ r

0

 1

πn−1

∫
|η|≤t

+∞∑
p=1

Cp
p+n−1

⟨ζ, η⟩p

r2 |η|p

 dµu(η)

 tp−1 d t =

=

∫ r

s

[
1

πn−1

∫
s≤|η|≤ t

(
1−

(
r2|η|

r2|η| − t⟨ζ, η⟩

)n)
dµu(η)

]
d t

t
.

Âðàõîâóþ÷è ñêàçàíå âèùå, îäåðæó¹ìî (2).

Ïîäiáíå äî (3) çîáðàæåííÿ ó âèïàäêó u = log |f | (F = log f), äå
f � ìåðîìîðôíà â Cn ôóíêöiÿ, âïåðøå âñòàíîâèâ Â. Øòîëëü â 1949 ðîöi
(äèâ., íàïðèêëàä, òåîðåìó 1.7 ç [27]). Íàâåäåìî ¨¨ ôîðìóëþâàííÿ ëèøå äëÿ
âèïàäêó ãîëîìîðôíî¨ â îáëàñòi G ⊂ Cn ôóíêöi¨.

Íåõàé f � ãîëîìîðôíà â îáëàñòi G ⊂ Cn ôóíêöiÿ, Zf = f−1({0}) =
= {ζ ∈ G : f(ζ) = 0} � ¨¨ íóëüîâà ïîâåðõíÿ, à νf � ôóíêöiÿ êðàòíîñòi íóëüîâî¨
ïîâåðõíi Zf , òîáòî ïàðà (Zf , νf ) := Df � äèâiçîð ôóíêöi¨ f (äèâ., íàïðèêëàä,
[33, Ãëàâà 1], [35, Ãëàâà 1]).
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Òåîðåìà À (Ôîðìóëà Ïóàññîíà-I¹íñåíà-Øòîëëÿ, [27]). Íåõàé f ̸≡ 0
� ãîëîìîðôíà ó âiäêðèòié çâ'ÿçíié ìíîæèíi G ⊂ Cn. Ïðèïóñòèìî, ùî

B(r) ⊆ G i Zf ∩B(s) = ∅ ïðè äåÿêîìó 0 < s < r < +∞. Ïðèïóñòèìî òàêîæ,

ùî f(0) = 1. Â êóëi B(s) âèçíà÷èìî ôóíêöiþ log f(ζ) óìîâîþ log f(0) = 0.
ßêùî ζ ∈ B(s), òî

log f(ζ) = 2

∫
S(r)

log |f(η)|
[

r2n

(r2 − ⟨ζ, η⟩)n
− 1

]
σ(η)+

+
1

πn−1

∫
Zf∩B(r)

νf (η)

(
L

(
⟨ζ, η⟩
|η|2

)
− L

(
⟨ζ, η⟩
r2

))
ωn−1(η).

Ç îãëÿäó íà äîáðå âiäîìó ôîðìóëó Ïóàíêàðå-Ëåëîíà (äèâ., íàïðèêëàä,

[33, ñ. 71], [35, ñ. 161]), ìà¹ìî: [Df ] =
i

4π
∂ ∂ log |f |, äå [Df ] � ïîòiê,

ïîðîäæåíèé äèâiçîðîì Df . Àëå, ôóíêöiÿ u = log |f |, äå f � ãîëîìîðôíà â
G ⊂ Cn, ¹ ïëþðiñóáãàðìîíiéíîþ â G. Îòîæ, [Df ] = tu/(2π) i ñïiââiäíîøåííÿ
(3) (àáî (2)) ¹ óçàãàëüíåííÿì íàâåäåíî¨ â òåîðåìi À ôîðìóëè Ïóàññîíà-
I¹íñåíà-Øòîëëÿ.

Òåîðåìà 2 Íåõàé u(z) � ïëþðiñóáãàðìîíiéíà â Cn ôóíêöiÿ, ïëþðiãàðìîíiéíà

â B(r0), u(0) = 0 i u(z) = Re
+∞∑
p=1

αp(z) â B(r0) , äå αp(z) � îäíîðiäíi

ãîëîìîðôíi ïîëiíîìè ñòåïåíÿ p, αp0(ζ) = αp(ζ)/C
p
p+n−1, r0 = inf{r > 0 :

suppµu ∩B(r) ̸= ∅}. Òîäi

u(rζ) =
∑
p,q≥0

hpq(r; ζ), r > 0, ζ ∈ S,

äå

h00(r; ζ) =

∫ r

0

n(t)

t
d t;

hp0(r; ζ) =
rp

2
αp0(ζ) +

1

2

∫ r

0

[(r
t

)p
+

(
t

r

)p] np0(t; ζ)

t
d t;

h0p(r; ζ) = hp0(r; ζ); hpq(r; ζ) ≡ 0 ïðè pq ̸= 0.

Ïðè 0 < r < +∞ ïîêëàäåìî (äèâ., íàïðèêëàä, [21])

N(r;u) =

∫
S
u(rη)σ(η) =

∫ r

0

n(t)

t
d t,

T (r;u) =

∫
S
u+(rη)σ(η), m2(r;u) =

(∫
S
u2(rη)σ(η)

)1/2

,
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äå u+ = max{u; 0}. Çàóâàæèìî, ùî ïðè 0 < r < +∞ ïðàâèëüíi íàñòóïíi
ñïiââiäíîøåííÿ

T (r;u) ≤ 2T (r;u)−N(r;u) =

∫
S
|u(rη)|σ(η) ≤ m2(r;u),

à òàêîæ (äèâ. [30, Òâåðäæåííÿ 1.4.7])

m2(r;u) =

(∫
S

σ(η)

2π

∫ 2π

0
u2(reiθη) d θ

)1/2

.

Òåîðåìà 3 Íåõàé u(z) � ïëþðiñóáãàðìîíiéíà â Cn i ïëþðiãàðìîíiéíà â

äåÿêîìó îêîëi òî÷êè z = 0 ôóíêöiÿ, u(0) = 0. Òîäi äëÿ äîâiëüíî¨ íåïåðåðâíî¨

ôóíêöi¨ γ : (0;+∞) −→ (1; 2] i äëÿ âñiõ p ∈ N, ζ ∈ S, 0 < r < +∞,

âèêîíóþòüñÿ íåðiâíîñòi

|hp0(r; ζ)| ≤
(
2T (γ2(r)r;u)−N(r;u)

) [( 1

γ(r)

)p

+
1− (γ(r))−2p

2 p log γ(r)

]
,

m2(r;u) ≤
(
2T (γ2(r)r;u)−N(r;u)

) [
1 +

4
√
log 2√

2 log γ(r)

]
.

Íàñëiäîê 1 Íåõàé γ(r) =
√
1 + ε(log T (r;u)), äå ε(t) � íåïåðåðâíà äîäàòíà

íåçðîñòàþ÷à ôóíêöiÿ, âèçíà÷åíà íà [t0; +∞) òàêà, ùî ε(t) → 0 ïðè t → +∞
i
∫ +∞
t0

ε(t) d t < +∞. Òîäi äëÿ âñiõ r ≥ r0 (t0 = log T (r0;u)) çîâíi, ìîæëèâî,

ìíîæèíè ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè, äëÿ âñiõ p ∈ N i ζ ∈ S âèêîíóþòüñÿ

íåðiâíîñòi

|hp0(r; ζ)| ≤ (2 e T (r;u)−N(r;u))

[(
1

γ(r)

)p

+
1− (γ(r))−2p

2 p log γ(r)

]
i

m2(r;u) ≤ (2 e T (r;u)−N(r;u))

[
1 +

4
√
log 4√

ε(log T (r;u))

]
.

3. Äîâåäåííÿ ðåçóëüòàòiâ. Ïðè äîâåäåííi òåîðåìè 1 iñòîòíî
âèêîðèñòîâóþòüñÿ íàñòóïíi äâà îïåðàòîðè:
10. iíòåãðàëüíèé îïåðàòîð �

δn[g](ζ) := (n− 1)

∫ 1

0
(1− t)n−2 g(tζ) d t,

20. äèôåðåíöiàëüíèé îïåðàòîð �

δn[g] :=
1

(n− 1)!

dn−1

d zn−1

[
zn−1 g(zζ)

] ∣∣∣
z=1

,
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à òàêîæ òàêi ¨õ âëàñòèâîñòi (äèâ. [26]�[28]).

Òâåðäæåííÿ 1 Íåõàé g ãîëîìîðôíà â B(r) ⊂ Cn (n ≥ 2) ôóíêöiÿ, ζ ∈ B(r),
0 < r < +∞. Òîäi

a) δn[g] ãîëîìîðôíà â B(r);

b) δn[g](ζ) =
∫
S

g(⟨ζ, η⟩η)σ(η);

c) ÿêùî g(0) = 0, òî δn[g](0) = 0;

d) δn[g] ãîëîìîðôíà â B(r);

e) δn ◦ δn[g] = δn ◦ δn[g] = g.
Çàóâàæåííÿ 2 (H. Kneser [7]). ßêùî P � îäíîðiäíèé ïîëiíîì ñòåïåíÿ

q ∈ Z+ â Cn, n ≥ 2, òî

P (ζ) = Cq
q+n−1

∫
S
P (⟨ζ, η⟩η)σ(η).

Äîâåäåííÿ òåîðåìè 1. Ïðè äîâåäåííi çîáðàæåííÿ (3) áóäåìî, â îñíîâíîìó,
äîòðèìóâàòèñÿ ñõåìè äîâåäåííÿ òåîðåìè 1.7 ç ðîáîòè [27].

Íåõàé z ∈ C, |z| < r i a ∈ S. Çà ôîðìóëîþ Ïóàññîíà-I¹íñåíà (äèâ. [37,
ñ. 139] äëÿ çðiç-ôóíêöi¨ ua(z) = u(za) îòðèìó¹ìî

ua(z) =
1

2π

∫ 2π

0
ua(re

iθ) Re
reiθ + z

reiθ − z
d θ −

∫
|b|≤r

log

∣∣∣∣ r2 − bz

r(z − b)

∣∣∣∣ dµua(b), (4)

äå µua � ìiðà Ðiñà ñóáãàðìîíiéíî¨ ôóíêöi¨ ua(z). Íàãàäà¹ìî, ùî çâóæåííÿ
ïîòîêó tu(ζ) íà êîìïëåêñíó ïðÿìó ζ = a z, z ∈ C, a ∈ S, äîðiâíþ¹ tu(ζ)

∣∣
ζ=az

=

= 2π dµua(z).
Ïiäñòàâëÿþ÷è z = 0 â (4), îòðèìó¹ìî

0 = ua(0) =
1

2π

∫ 2π

0
ua(re

iθ) d θ −
∫
|b|≤r

log
r

|b|
dµua(b). (5)

Âðàõîâóþ÷è, ùî
reiθ + z

reiθ − z
= 1 +

2z

reiθ − z
i (5), çîáðàçèìî (4) ó âèãëÿäi

Re F (az) =
2

2π

∫ 2π

0
ua(re

iθ) Re
z

reiθ − z
d θ+

+

∫
|b|≤r

log
∣∣∣1− z

b

∣∣∣ dµua(b)−
∫
|b|≤r

log

∣∣∣∣1− z b

r2

∣∣∣∣ dµua(b), |z| < s. (6)

Âîäíî÷àñ, iç (6) âèïëèâà¹, ùî

F (az) =
2

2π

∫ 2π

0
ua(re

iθ)
z

reiθ − z
dθ +

∫
|b|≤r

Log
(
1− z

b

)
dµua(b)−
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−
∫
|b|≤r

Log

(
1− z b

r2

)
dµua(b), |z| < s. (7)

Âiçüìåìî ζ ∈ B(s) i a ∈ S. Çàìiíèìî â (7) z íà ⟨ζ, a⟩ i çàóâàæèìî, ùî
|⟨ζ, a⟩| < s. Òîäi

F (⟨ζ, a⟩a) = 2

2π

∫ 2π

0
u(reiθa)

⟨ζ, eiθa⟩
r − ⟨ζ, eiθa⟩

d θ+

+

∫
|b|≤r

Log

(
1− ⟨ζ, b a⟩

⟨b a, b a⟩

)
dµua(b)−

∫
|b|≤r

Log

(
1− ⟨ζ, b a⟩

r2

)
dµua(b). (8)

Ïîêëàäåìî (b ∈ C, a ∈ S, ζ ∈ B(s), 0 < s < r)

J1(r; a) :=

∫
|b|≤r

Log

(
1− ⟨ζ, b a⟩

⟨b a, b a⟩

)
dµua(b),

J2(r; a) :=

∫
|b|≤r

Log

(
1− ⟨ζ, b a⟩

r2

)
dµua(b).

Çàóâàæèìî, ùî ∀θ ∈ [0, 2π]:

J1(r; ae
iθ) =

∫
|b|≤r

Log

(
1− ⟨ζ, b a eiθ⟩

⟨b a eiθ, b a eiθ⟩

)
dµu

aeiθ
(b) =

=

∫
|beiθ|≤r

Log

(
1− ⟨ζ, b a eiθ⟩

⟨b a eiθ, b a eiθ⟩

)
dµua(be

iθ) = J1(r; a), (9)

J2(r; ae
iθ) =

∫
|b|≤r

Log

(
1− ⟨ζ, b a eiθ⟩

r2

)
dµu

aeiθ
(b) =

=

∫
|beiθ|≤r

Log

(
1− ⟨ζ, b a eiθ⟩

r2

)
dµua(be

iθ) = J2(r; a).

Êðiì òîãî,

J1(r; a) = J1(1; r a), J2(r; a) = J2(1; r a). (10)

Ñïðàâäi, ìà¹ìî

J1(r; a) =

∫
|b|≤r

Log

(
1− ⟨ζ, b a⟩

⟨b a, b a⟩

)
tu(b a)

2π
=

=

∫
|z|≤1

Log

(
1− ⟨ζ, z r a⟩

⟨z r a, z r a⟩

)
tu(z r a)

2π
= J1(1; r a)

i

J2(r; a) =

∫
|b|≤r

Log

(
1− ⟨ζ, b a⟩

r2

)
tu(b a)

2π
=
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=

∫
|z|≤1

Log

(
1− ⟨ζ, z r a⟩

r2

)
tu(z r a)

2π
= J2(1; r a).

Òåïåð óñåðåäíåìî âñi ñêëàäîâi ðiâíîñòi (8) çà ïàðàìåòðîì a ∈ S.
Âðàõîâóþ÷è ï. b) òâåðäæåííÿ 5, ìà¹ìî∫

S
F (⟨ζ, a⟩a)σ(a) = δn[F ](ζ).

Êðiì òîãî, ïîçàÿê ìåòðè÷íà ôîðìà Ïóàíêàðå σ(•) iíâàðiàíòíà âiäíîñíî
îáåðòàíü, òî∫

S

σ(a)

2π

∫ 2π

0
u(reiθa)

⟨ζ, eiθa⟩
r − ⟨ζ, eiθa⟩

d θ =

∫
S
u(rη)

⟨ζ, η⟩
r − ⟨ζ, η⟩

σ(η).

Äàëi, ç îãëÿäó íà ñïiââiäíîøåííÿ (10), ìà¹ìî∫
S
J1(r; a)σ(a) =

∫
S(r)

(∫
|z|≤1

Log

(
1− ⟨ζ, z ξ⟩

|z ξ|2

)
tu(z ξ)

2π

)
σ(ξ).

Iíòåãðóâàííÿ ïî S(r) ìîæíà çäiéñíèòè ñïî÷àòêó ïî ïåðåòèíó S(r) ç êîìïëåêñ-
íîþ ïðÿìîþ la := {ξ = λa}, λ ∈ C, a ∈ S, òîáòî ïî êîëó {|λ| = r}, à ïîòiì
ïî ñóêóïíîñòi {la} òàêèõ ïðÿìèõ (äèâ., íàïðèêëàä, [35, Ãëàâà 3], [36, ñ. 254-

255]). Îñêiëüêè íà êîìïëåêñíié ïðÿìié la ôîðìà − 1

2π
d⊥ log |ξ| = d θ

2π
, äå

θ = argλ, òî âðàõîâóþ÷è, ùî σ(ξ) = − 1

2πn
d⊥ log |ξ| ∧ ωn−1(ξ) i òi ôàêòè,

ùî ìåòðè÷íà ôîðìà ωn−1(ξ) iíâàðiàíòíà âiäíîñíî ðîçòÿãiâ òà îáåðòàíü i

dµu(ξ) =
1

2π
tu(ξ) ∧ ωn−1(ξ), à òàêîæ ñïiââiäíîøåííÿ (9) i (10), îäåðæèìî

∫
S(r)

(∫
|z|≤1

Log

(
1− ⟨ζ, z ξ⟩

|z ξ|2

)
tu(z ξ)

2π

)
σ(ξ) =

=

∫
{la}

 2π∫
0

 ∫
|z ei θ|≤r

Log

(
1− ⟨ζ, z a r ei θ⟩

|z a r ei θ|2

)
tu(z a r ei θ)

2π

 d θ

2π

 ωn−1(ξ)

πn−1
=

=
1

πn−1

∫
B(r)

Log

(
1− ⟨ζ, η⟩

|η|2

)
dµu(η)

òîáòî, ∫
S
J1(r; a)σ(a) =

1

πn−1

∫
B(r)

Log

(
1− ⟨ζ, η⟩

|η|2

)
dµu(η).

Ç òèõ ñàìèõ ìiðêóâàíü∫
S
J2(r; a)σ(a) =

1

πn−1

∫
B(r)

Log

(
1− ⟨ζ, η⟩

r2

)
dµu(η).
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Îòæå,

δn[F ](ζ) = 2

∫
S
u(rη)

⟨ζ, η⟩
r − ⟨ζ, η⟩

σ(η) +
1

πn−1

∫
B(r)

Log

(
1− ⟨ζ, η⟩

|η|2

)
dµu(η)−

− 1

πn−1

∫
B(r)

Log

(
1− ⟨ζ, η⟩

r2

)
dµu(η), ∀ζ ∈ B(s). (11)

Çàñòîñîâóþ÷è òåïåð îïåðàòîð δn äî ñïiââiäíîøåííÿ (11) i âðàõîâóþ÷è, ùî

δn ◦ δn[F ] = F, δn

[
⟨ζ, •⟩

r − ⟨ζ, •⟩

]
=

rn

(r − ⟨ζ, •⟩)n
− 1,

δn

[
Log

(
1− ⟨ζ, •⟩

⟨•, •⟩

)]
= L

(
⟨ζ, •⟩
⟨•, •⟩

)
i

δn

[
Log

(
1− ⟨ζ, •⟩

r2

)]
= L

(
⟨ζ, •⟩
r2

)
,

îòðèìó¹ìî (3), ùî, ç îãëÿäó íà çàóâàæåííÿ 1, çàâåðøó¹ äîâåäåííÿ òåîðåìè 1.
Íåõàé

C(ζ, η) =
1

(1− ⟨ζ, η⟩)n

� ÿäðî Êîøi äëÿ B := B(1). Êîðîòêî íàãàäà¹ìî íåîáõiäíi íàì â ïîäàëüøîìó
ôàêòè (äèâ., íàïðèêëàä, [30, Ãëàâà 12]):

10. C(ζ, η) =

+∞∑
p=0

Cp
p+n−1 ⟨ζ, η⟩

p =

+∞∑
p=0

Kp 0(ζ, η), |⟨ζ, η⟩| < 1;

20. Îïåðàòîð (Cf)(ζ) =
∫
S

f(ζ)C(ζ, η)σ(η) ¹ îðòîïðîåêòîðîì ç L2(S) íà

H2(B), äå H2(B) � êëàñ Ãàðäi, òîáòî ïðîñòið âñiõ ãîëîìîðôíèõ ôóíêöié
f(ζ), ζ ∈ B òàêèõ, ùî

∥f∥2H2 = sup
0<r<1

∫
S
|f(rη)|2 σ(η) < +∞.

Äîâåäåííÿ òåîðåìè 2. Íåõàé 0 < s < r0, äå r0 = inf{r > 0 : suppµu ∩
B(r) ̸= ∅}. Äîâåäåìî, ùî äëÿ âñiõ ζ ∈ B(s) ïðàâèëüíå çîáðàæåííÿ

F (ζ) =

+∞∑
p=1

Cp
p+n−1

[
2hp 0

(
r;

ζ

|ζ|

)
−

−
∫ r

0

((r
t

)p
+

(
t

r

)p) np 0(t; ζ/|ζ|)
t

d t

](
|ζ|
r

)p

, s < r < +∞, (12)

äå np 0(t; ζ/|ζ|) îçíà÷åíi ñïiââiäíîøåííÿìè (1). Ïðè öüîìó, ðÿä (12) ðiâíîìiðíî
çáiãà¹òüñÿ íà êîìïàêòàõ ç B(s).
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Ñïðàâäi, çãiäíî ç òåîðåìîþ 1 ìà¹ìî

F (ζ) = 2

∫
S(r)

u(η)

[(
r2

r2 − ⟨ζ, η⟩

)n

− 1

]
σ(η)+

+

∫ r

s

[
1

πn−1

∫
s≤|η|≤t

(
1−

(
t|η|

t|η| − ⟨ζ, η⟩

)n)
dµu(η)

]
d t

t
+

+

∫ r

s

[
1

πn−1

∫
s≤|η|≤t

(
1−

(
r2|η|

r2|η| − t⟨ζ, η⟩

)n)
dµu(η)

]
d t

t
.

Âðàõîâóþ÷è òîé ôàêò, ùî

r2n

(r2 − ⟨ζ, η⟩)n
− 1 =

+∞∑
p=1

Cp
p+n−1

⟨ζ, η⟩p

r2 p

i ðÿä çáiãà¹òüñÿ ðiâíîìiðíî ïðè (ζ, η) ∈ K×S(r), äå K � äîâiëüíèé êîìïàêò ç
B(s), îòðèìó¹ìî

2

∫
S(r)

u(η)

[
r2n

(r2 − ⟨ζ, η⟩)n
− 1

]
σ(η) =

= 2

+∞∑
p=1

Cp
p+n−1 hp 0

(
r;

ζ

|ζ|

)(
|ζ|
r

)p

, ζ ∈ B(s), s < r < +∞. (13)

Çàçíà÷èìî, ùî Kp0(ζ, η) = Cp
p+n−1 ⟨ζ, η⟩p i òîìó∣∣∣∣hp 0(r; ζ

|ζ|

)∣∣∣∣ ≤ 1

Cp
p+n−1

∫
S
|u(rη)|

∣∣∣∣Kp 0

(
ζ

|ζ|
, η

)∣∣∣∣ σ(η) ≤
≤
∫
S
|u(rη)|σ(η) = 2T (r;u)−N(r;u) ≤ 2T (r;u)

äëÿ âñiõ ζ ∈ B(s), p ∈ N, s < r < +∞. Îòæå, ðÿä (13) ðiâíîìiðíî çáiãà¹òüñÿ
íà êîìïàêòàõ K ⊂ B(s).

Íàäàëi ââàæàòèìåìî, ùî r0 ≤ r < +∞, îñêiëüêè∫ r

0

(r
t

)p np 0(t; ζ/|ζ|)
t

d t = 0,

∫ r

0

(
t

r

)p np 0(t; ζ/|ζ|)
t

d t = 0

ïðè r < r0.

Ìà¹ìî

1− tn|η|n

(t|η| − ⟨ζ, η⟩)n
= −

+∞∑
p=1

Cp
p+n−1

⟨ζ, η⟩p

tp|η|p
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i ðÿä ðiâíîìiðíî çáiãà¹òüñÿ ïðè (t, ζ, η) ∈ [r0, r]×K × {suppµu ∩ R(r0, r)}, äå
K � êîìïàêòíà ïiäìíîæèíà ç B(s), R(r0, r) := B(r) \B(r0). Òîäi∫ r

s

[
1

πn−1

∫
s≤|η|≤t

(
1−

(
t|η|

t|η| − ⟨ζ, η⟩

)n)
dµu(η)

]
d t

t
=

= −
+∞∑
p=1

Cp
p+n−1

∫ r

0

(r
t

)p np 0(t; ζ/|ζ|)
t

d t

(
|ζ|
r

)p

, (14)

äå r0 ≤ r < +∞, ζ ∈ B(s). Ïðè öüîìó, îñêiëüêè |np0(t; ζ/|ζ|)| ≤ n(t), òî∣∣∣∣∫ r

0

(r
t

)p np 0(t; ζ/|ζ|)
t

d t

∣∣∣∣ ≤ ∫ r

r0

(r
t

)p n(t)

t
d t ≤

(
r

r0

)p

N(r;u)

äëÿ âñiõ r0 ≤ r < +∞, ∈ N, ζ ∈ B(s), òî ðÿä (14) òàêîæ ðiâíîìiðíî çáiãà¹òüñÿ
íà êîìïàêòàõ K ∈ B(s).

Äàëi, îñêiëüêè

1− r2n|η|n

(r2|η| − t⟨ζ, η⟩)n
= −

+∞∑
p=1

Cp
p+n−1

tp⟨ζ, η⟩p

r2p|η|p

i ðÿä ðiâíîìiðíî çáiãà¹òüñÿ ïðè (t, ζ, η) ∈ [r0, r]×K × {supp µu ∩R(r0, r)), òî∫ r

s

[
1

πn−1

∫
s≤|η| t

(
1−

(
r2|η|

r2|η| − t⟨ζ, η⟩

)n)
dµu(η)

]
d t

t
=

= −
+∞∑
p=1

Cp
p+n−1

∫ r

0

(
t

r

)p np0(t; ζ/|ζ|)
t

d t

(
|ζ|
r

)p

, (15)

äå r0 ≤ r < +∞, ζ ∈ B(s). Òîäi, âðàõîâóþ÷è, ùî∣∣∣∣∫ r

0

(
t

r

)p np0(t; ζ/|ζ|)
t

d t

∣∣∣∣ ≤ N(r;u)

äëÿ âñiõ p ∈ N, r0 ≤ r < +∞, ζ ∈ B(s), îòðèìó¹ìî ðiâíîìiðíó çáiæíiñòü ðÿäó
(15) íà êîìïàêòàõ K ⊂ B(s).

Òåïåð, äîäàþ÷è ñïiââiäíîøåííÿ (13),(14) i (15), îòðèìó¹ìî (12). Çàçíà÷è-
ìî, ùî äëÿ äîâiëüíîãî ζ ∈ B(s), 0 < s < r0

F (ζ) =

∫
S
u(sη)

[
2

(
s

s− ⟨ζ, η⟩

)n

− 1

]
σ(η).

Îêðiì òîãî, ìà¹ìî(∫
S
|F (τζ)|2σ(ζ)

)1/2

< +∞, ∀τ ∈ (0, s).
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Òîäi, âðàõîâóþ÷è ñïiââiäíîøåííÿ (12) i ðåçóëüòàòè ðîáîòè [29] (äèâ. òàêîæ
[30, Ãëàâà 12]), îòðèìó¹ìî

αp0

(
ζ

|ζ|

)
rp =

[
2hp0

(
r;

ζ

|ζ|

)
−
∫ r

0

((r
t

)p
+

(
t

r

)p) np0(t; ζ/|ζ|)
t

d t

]
,

à òàêîæ

hp q

(
r;

ζ

|ζ|

)
= 0 ïðè p · q ̸= 0.

Ñïiââiäíîøåííÿ

h0p

(
r;

ζ

|ζ|

)
= h0p

(
r;

ζ

|ζ|

)
áåçïîñåðåäíüî âèïëèâà¹ ç òîãî, ùî ur(ζ) = u(rζ) ¹ äiéñíîþ ôóíêöi¹þ.

I, íàðåøòi, îñêiëüêè K00(ζ, η) = 1, òî ñïiââiäíîøåíííÿ äëÿ h00 � öå
ôîðìóëà I¹íñåíà äëÿ ïëþðiñóáãàðìîíiéíèõ ôóíêöié (äèâ., íàïðèêëàä, [21]).

Çàóâàæåííÿ 3. Íåõàé ïëþðiñóáãàðìîíiéíà ôóíêöiÿ çàäîâîëüíÿ¹ óìîâè
òåîðåìè 2. Òîäi äëÿ äîâiëüíèõ 0 < r < +∞, ζ ∈ S ⊂ Cn, θ ∈ R ìà¹ìî

u(reiθζ) = N(r;u) +

+∞∑
p=1

hp0(r; ζ)e
i p θ +

+∞∑
p=1

h0p(r; ζ)e
−i p θ,

òîáòî

c0(r;uζ) = h00(r; ζ), cp(r;uζ) = hp0(r; ζ), c−p(r;uζ) = h0p(r; ζ),

äå

cp(r;uζ) =
1

2π

∫ 2π

0
e−i p θuζ(re

iθ) d θ

� êîåôiöi¹íòè Ôóð'¹ çðiç-ôóíêöié uζ(z) = u(zζ), z ∈ C, ζ ∈ S (ïîðiâí. ç [21]
òà [22]).

Äîâåäåííÿ òåîðåìè 3. Ïðè p ∈ N, ζ ∈ S ⊂ Cn, 0 < r < +∞, 1 < γ(r) ≤ 2,
ìà¹ìî

hp0(r; ζ)−(γ(r))−php0(rγ(r); ζ) = −1

2

∫ rγ(r)

0

[(r
t

)p
+

(
t

rγ2(r)

)p] np0(t; ζ)

t
d t+

+
1

2

(
1− (γ(r))−2p

)∫ r

0

(
t

r

)p np0(t; ζ)

t
d t,

i, òîìó

|hp0(r; ζ)| ≤
|hp0(rγ(r); ζ)|

γp(r)
+

n(r) + n(rγ(r))

2p

(
1− (γ(r))−2p

)
.

Òîäi, âðàõîâóþ÷è íåðiâíîñòi

|hp0(rγ(r); ζ)| ≤ 2T (rγ(r);u)−N(r;u) ≤ 2T (rγ2(r);u)−N(r;u),
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n(r) + n(rγ(r)) ≤ N(rγ2(r);u)−N(r;u)

log γ(r)
≤ 2T (rγ2(r);u)−N(r;u)

log γ(r)
,

îòðèìó¹ìî

|hp0(r; ζ)| ≤
(
2T (γ2(r)r;u)−N(r;u)

) [( 1

γ(r)

)p

+
1− (γ(r))−2p

2 p log γ(r)

]
.

Çâiäñè, ç îãëÿäó íà ðiâíiñòü Ïàðñåâàëÿ

1

2π

∫ 2π

0
u2(reiθζ) d θ = |h00(r; ζ)|2 + 2

+∞∑
p=1

|hp0(r; ζ)|2

i íåðiâíîñòi

N(r;u) ≤ 2T (r;u)−N(r;u) ≤ 2T (rγ2(r);u)−N(r;u),

ÿê i ïðè äîâåäåííi ëåìè 2.1 ç [32] äiñòà¹ìî

m2(r;u) ≤
(
2T (γ2(r)r;u)−N(r;u)

) [
1 +

4
√
log 2√

2 log γ(r)

]
,

ùî çàâåðøó¹ äîâåäåííÿ òåîðåìè 3.
Íàãàäà¹ìî, ùî ìíîæèíà E ⊂ [1,+∞) íàçèâà¹òüñÿ ìíîæèíîþ ñêií÷åííî¨

ëîãàðèôìi÷íî¨ ìiðè, ÿêùî iíòåãðàë
∫
E d(log t) çáiãà¹òüñÿ. Ïðè äîâåäåííi ëåìè

2 ç [38], ïî ñóòi ñïðàâè, âñòàíîâëåíî íàñòóïíå òâåðäæåííÿ.

Ëåìà 6 Íåõàé ε(t) � íåïåðåðâíà, äîäàòíà ôóíêöiÿ, çàäàíà íà [t0,+∞),
íåçðîñòàþ÷à, ε(t) → 0 ïðè t → +∞, ïðè÷îìó

∫ +∞
t0

ε(t) d t < +∞. Òîäi,

äëÿ âñiõ r ≥ r∗0, êðiì, ìîæëèâî, ìíîæèíè ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè

T ((1 + ε (log T (r, u))) r, u) < eT (r, u).

Äîâåäåííÿ íàñëiäêó 4. Ïîêëàäåìî â òâåðäæåííÿõ òåîðåìè 3 γ(r) =
=
√

1 + ε(log T (r;u)) i çàñòîñó¹ìî ëåìó 6. Òîäi äëÿ âñiõ r ≥ r0 çîâíi, ìîæëèâî,
ìíîæèíè ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè ïðàâèëüíå íàñòóïíå ñïiââiäíîøåííÿ

2T (rγ2(r);u)−N(r;u) ≤ 2 e T (r;u) −N(r;u).

Ââàæàþ÷è, ùî 0 < ε(t) ≤ 1, çâiäñè i òâåðäæåíü òåîðåìè 3, ç óðàõóâàííÿì
åëåìåíòàðíî¨ íåðiâíîñòi log(1 + x) ≥ x/2, 0 < x ≤ 1, îòðèìó¹ìî âñi
òâåðäæåííÿ öüîãî íàñëiäêó.

Ïîäÿêà. Àâòîðè âèñëîâëþþòü ùèðó ïîäÿêó ðåöåíçåíòó çà öiëó íèçêó

iñòîòíèõ çàóâàæåíü òà ïîðàä, ÿêi äîçâîëèëè óñóíóòè ç íàøî¨ ñòàòòi

äîïóùåíi â ïåðøîìó ¨¨ âàðiàíòi íåòî÷íîñòi, íåäîãëÿäè òà îïèñêè.
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