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Â ñòàòüå ðàññìàòðèâàþòñÿ ïðèáëèæåíèÿ áåñêîíå÷íî
äèôôåðåíöèðóåìûõ ôóíêöèé ÷àñòè÷íûìè ñóììàìè îáîáùåííîãî
ðÿäà Òåéëîðà, ïîñòðîåííîãî íà îñíîâå àòîìàðíîé ôóíêöèè up(x).
Ïîëó÷åíû îöåíêè ñêîðîñòè ïðèáëèæåíèÿ äëÿ íåêîòîðûõ êëàññîâ
áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé.

Ò. Â. Ðâà÷îâà, Ïðî øâèäêiñòü íàáëèæåííÿ íåñêií÷åííî

äèôåðåíöiéîâíèõ ôóíêöié ÷àñòèííèìè ñóìàìè óçàãàëüíåíîãî

ðÿäó Òåéëîðà. Ó ñòàòòi ðîçãëÿíóòi íàáëèæåííÿ íåñêií÷åííî
äèôåðåíöiéîâíèõ ôóíêöié ÷àñòèííèìè ñóìàìè óçàãàëüíåíîãî ðÿäó
Òåéëîðà, ïîáóäîâàíîãî íà îñíîâi àòîìàðíî¨ ôóíêöi¨ up(x). Îäåðæàíi
îöiíêè øâèäêîñòi íàáëèæåííÿ äëÿ äåÿêèõ êëàñiâ íåñêií÷åííî
äèôåðåíöiéîâíèõ ôóíêöié.

T. V. Rvachova, On the rate of approximation of the in�nitely

di�erentiable functions by the partial sums of the generalized

Taylor series. Approximation of the in�nitely di�erentiable func-
tions by the partial sums of the based on the atomic function up(x)
generalized Taylor series is considered in the paper. The rate of approxi-
mation for some classes of the in�nitely di�erentiable functions is estimated.

2000 Mathematics Subject Classi�cation: 41A58.

1. Ââåäåíèå.

Ïóñòü H(M) � êëàññ ôóíêöèé φ ∈ C∞[a, b] òàêèõ, ÷òî

∥φ(n)(x)∥C[a, b] ≤ C(φ)Mn, n ∈ N,

c⃝ Ðâà÷åâà Ò. Â., 2010
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ãäå M = {Mn}.
Êëàññ ôóíêöèé H(M) íàçûâàåòñÿ êâàçèàíàëèòè÷åñêèì êëàññîì, åñëè

âñÿêàÿ ôóíêöèÿ φ ∈ H(M) îïðåäåëÿåòñÿ åäèíñòâåííûì îáðàçîì ïî ïîñëåäî-
âàòåëüíîñòè ÷èñåë {φ(n)(x0)}∞0 , ãäå x0 � ïðîèçâîëüíî çàäàííàÿ òî÷êà èç
[a, b]. Â ïðîòèâíîì ñëó÷àå H(M) íàçûâàåòñÿ íåêâàçèàíàëèòè÷åñêèì êëàññîì
(ñì. [1, 2]).

Åñëè êëàññ êâàçèàíàëèòè÷åí, òî îí íå ìîæåò ñîäåðæàòü ôèíèòíûõ
ôóíêöèé, òî åñòü ôóíêöèé, íîñèòåëü êîòîðûõ ñòðîãî ñîäåðæèòñÿ â [a, b].
Ñ äðóãîé ñòîðîíû, â ðàáîòå Õüþç [3] ïîêàçàíî, ÷òî åñëè êëàññ íåêâàçèàíàëè-
òè÷åí, òî îí ñîäåðæèò ôèíèòíûå ôóíêöèè ñî ñêîëü óãîäíî ìàëûì íîñèòåëåì.

Â. À. Ðâà÷åâ â 1982 ã. ïðåäëîæèë è èññëåäîâàë îáîáùåííûå ðÿäû Òåéëîðà
äëÿ êëàññîâ

Hρ = {f ∈ C∞[−1, 1] : ∥f (k)∥C[−1, 1] ≤ C(f)ρk2
k(k+1)

2 , k = 0, 1, 2, . . .}.

Â åãî ðàáîòàõ [4, 5] äîêàçàí ñëåäóþùèé ôàêò: åñëè

f ∈ Hρ, ãäå ρ ∈ [1, 2), (1)

òî f ðàñêëàäûâàåòñÿ â ðÿä

f(x) =
∞∑
n=0

∑
k∈Nn

f (n)(xn,k)φ̃n,k(x), (2)

ãäå

Nn = {−2n−1, −2n−1 + 1, . . . , 2n−1 − 1, 2n−1}, n ̸= 0;N0 = {−1, 0, 1};

xn,k =

{
k

2n−1

}
, n ̸= 0, k ∈ Nn; x0,k = {k}, k ∈ N0,

à ôóíêöèè φ̃n,k(x) ∈ H1 � òàê íàçûâàåìûå áàçèñíûå ôóíêöèè îáîáùåííîãî
ðÿäà Òåéëîðà � îäíîçíà÷íî îïðåäåëÿþòñÿ èç óñëîâèé

(φ̃n,k(xm,s))
(m) = δmn δks .

Îíè ïðåäñòàâëÿþò ñîáîé êîíå÷íûå ëèíåéíûå êîìáèíàöèè ñäâèãîâ ôóíê-
öèé up(x):

φ̃n,k(x) =
∑
l

c
(n,k)
l up(x− l2−n)

è èãðàþò ðîëü ôóíêöèé xn â îáû÷íûõ ðÿäàõ Òåéëîðà.
Ôóíêöèÿ

up(x) =
1

2π

∫ ∞

−∞
eitx

∞∏
k=1

sin t2−k

t2−k
dt

ÿâëÿåòñÿ ðåøåíèåì ñ êîìïàêòíûì íîñèòåëåì ÔÄÓ

y′(x) = 2y(2x+ 1)− 2y(2x− 1).
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Ðÿä (2) ñõîäèòñÿ íà ïðîìåæóòêå [−1, 1] ðàâíîìåðíî.
Â ðàáîòàõ [6, 7] àâòîðîì áûëà èññëåäîâàíà ñâÿçü ìåæäó êîýôôèöèåíòàìè

è ñóììîé îáîáùåííîãî ðÿäà Òåéëîðà.
Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîëó÷åíèþ ðåçóëüòàòîâ î ïðèáëèæåíèè

áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé ÷àñòè÷íûìè ñóììàìè îáîáùåííîãî
ðÿäà Òåéëîðà.

2. Òåîðåìû î ïðèáëèæåíèè.

Äëÿ äîêàçàòåëüñòâà òåîðåì î ïðèáëèæåíèè ÷àñòè÷íûìè ñóììàìè îáîáùåí-
íîãî ðÿäà Òåéëîðà ñôîðìóëèðóåì ñëåäóþùóþ ëåììó, ïðèíàäëåæàùóþ
Â. À. Ðâà÷åâó (ëåììà 6 èç [5]):

Ëåììà 1 Ïóñòü

φ(x) =
∑
k∈Nn

ckφ̃n,k(x),

ãäå |ck| ≤ M2
n(n+1)

2 .

Òîãäà

∥φ(r)∥C[−1,1] ≤

{
ĈM2

r(r+1)
2 , r > n,

ĈM2
r(r+1)

2
+r−n, r ≤ n,

ãäå Ĉ � àáñîëþòíàÿ êîíñòàíòà.

Àâòîðîì ïîëó÷åíû ñëåäóþùèå òåîðåìû î ïðèáëèæåíèè áåñêîíå÷íî
äèôôåðåíöèðóåìûõ ôóíêöèé ÷àñòè÷íûìè ñóììàìè îáîáùåííîãî ðÿäà Òåé-
ëîðà:

Òåîðåìà 1 Ïóñòü f(x) óäîâëåòâîðÿåò (1) è

∃C : |f (n)(xn,k)| ≤ Crnnαn ∀n ∈ N, ∀k ∈ Nn (3)

äëÿ íåêîòîðîãî r > 0, α ≥ 1. Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà äëÿ

ñêîðîñòè ïðèáëèæåíèÿ f(x) ÷àñòè÷íîé ñóììîé ðÿäà (2):

∥Rm(x)∥C[−1, 1] ≤
Ĉ(r, α)

2
m(m+1)

2
−αm log2(m+1)−m log2 r

,

ãäå

Rm(x) = f(x)−
m∑

n=0

∑
k∈Nn

f (n)(xn,k)φ̃n,k(x). (4)

Äîêàçàòåëüñòâî. Ïîñêîëüêó f(x) óäîâëåòâîðÿåò (1),

Rm(x) = f(x)−
m∑

n=0

∑
k∈Nn

f (n)(xn,k)φ̃n,k(x) =

∞∑
n=m+1

Pn(x),
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ãäå
Pn(x) =

∑
k∈Nn

f (n)(xn,k)φ̃n,k(x).

Ïî ëåììå 1, ñôîðìóëèðîâàííîé âûøå, ñ ó÷åòîì (3) èìååì:

∥Pn(x)∥ ≤ C̃rnnαn2−
n(n+1)

2 2−n.

Ñëåäîâàòåëüíî,

|Rm(x)| ≤
∞∑

n=m+1

|Pn(x)| ≤ C̃

∞∑
n=m+1

1

2n+
n(n+1)

2
−αn log2 n−n log2 r

=

= C̃

∞∑
n=m+1

(
1

2
n
2
−α log2 n−log2 r+

3
2

)n

.

Î÷åâèäíî, ÷òî ïðè m, áîëüøèõ íåêîòîðîãî m0(α)

|Rm(x)| ≤ C̃

∞∑
n=m+1

(
1

2
m+1

2
−α log2(m+1)−log2 r

)n

=

= C̃

(
1

2
m+1

2
−α log2(m+1)−log2 r

)m ∞∑
n=m+1

(
1

2
m+1

2
−α log2(m+1)−log2 r

)n−m

= C̃

(
1

2
m(m+1)

2
−αm log2(m+1)−m log2 r

) ∞∑
l=1

(
1

2
m+1

2
−α log2(m+1)−log2 r

)l

.

Äëÿ m, áîëüøèõ íåêîòîðîãî m1(r, α)

m+ 1

2
− α log2(m+ 1)− log2 r > β > 0,

è, ñëåäîâàòåëüíî, äëÿ òàêèõ m

|Rm(x)| ≤ C̃
1

2β − 1

1

2
m(m+1)

2
−αm log2(m+1)−m log2 r

= Ĉ
1

2
m(m+1)

2
−αm log2(m+1)−m log2 r

.

Ïîëîæèâ òåïåðü

m̂(r, α) = max(m0(α),m1(r, α))

è âûáðàâ

Ĉ(r, α) = max
k=0,...,m̂(r,α)

(Ĉ, ∥Rk(x)∥ 2
k(k+1)

2
−αk log2(k+1)−k log2 r),
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ïîëó÷èì, ÷òî äëÿ ëþáîãî m = 0, 1, 2, . . .

∥Rm(x)∥C[−1, 1] ≤
Ĉ(r, α)

2
m(m+1)

2
−αm log2(m+1)−m log2 r

.

Òåîðåìà 2 Ïóñòü f(x) óäîâëåòâîðÿåò (1) è

∃C : |f (n)(xn,k)| ≤ CA(n) ∀n ∈ N, ∀k ∈ Nn,

ãäå
A(n+1)
A(n) ≤ 2n+

1
2 .

Òîãäà

∥Rm(x)∥C[−1, 1] ≤
C̃

8
m
2

,

ãäå Rm(x) îïðåäåëåíî â (4).

Äîêàçàòåëüñòâî. Rm(x) =
∑∞

n=m+1 Pn(x), ãäå

Pn(x) =
∑
k∈Nn

f (n)(xn,k)φ̃n,k(x).

Èç ëåììû 1 ñ ó÷åòîì óñëîâèé òåîðåìû, èìååì:

|Pn(x)| ≤ C̃A(n)2−
n(n+1)

2
−n.

Îòñþäà

|Rm(x)| ≤ C̃

∞∑
n=m+1

A(n)2−
n(n+1)

2
−n = C̃A(m)

∞∑
n=m+1

A(n)

A(m)
2−

n(n+1)
2

−n =

= C̃A(m)

∞∑
n=m+1

A(n)

A(n− 1)

A(n− 1)

A(n− 2)
· . . . · A(m+ 1)

A(m)
2−

n(n+1)
2

−n ≤

≤ C̃A(m)

∞∑
n=m+1

2
1
2
(n2−m2)2−

n(n+1)
2

−n = C̃
A(m)

2
m2

2

∞∑
n=m+1

(
1√
8

)n

=

= Ĉ
A(m)

2
m2

2
+ 3

2
(m+1)

≤ C1
A(m− 1)2m−1+ 1

2

2
m2

2
+ 3

2
(m+1)

≤

≤ C2
A(m− 2)2m−2+ 1

2 · 2m−1+ 1
2

2
m2

2
+ 3

2
(m+1)

≤ . . . ≤ Cm
A(1)2

1
2
(m2−1)

2
m2

2
+ 3

2
(m+1)

≤ C

2
3
2
m
.
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