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Öåëüþ ðàáîòû ÿâëÿòñÿ ïîñòðîåíèå çàâèñèìîñòåé äëÿ íàèëó÷øåé â
ñðåäíåêâàäðàòè÷åñêîì ñìûñëå îöåíêè m̄γ(u, v) âèíåðîâñêîãî ïîëÿ
w(u, v) ïî åãî ðåàëèçàöèÿì íà ó÷àñòêàõ äâóõ ìîíîòîííî íåóáûâàþùèõ
êðèâûõ w(x, y), (x, y) ∈ γ1

∪
γ2, (u, v) /∈ γ è åå îøèáêè dγ(u, v).

Äàííûå çàâèñèìîñòè â ðàáîòå ïîëó÷åíû äëÿ ðàçëè÷íûõ âàðèàíòîâ
ðàñïîëîæåíèÿ òî÷êè (u, v) îòíîñèòåëüíî êðèâûõ γ1 è γ2.

Íåñêîðîä¹âà Ò.Â. Âiäíîâëåííÿ âiíåðiâñüêîãî ïîëÿ íà ïëîùèíi

ïî éîãî ðåàëiçàöiÿõ íà äiëÿíêàõ äâîõ ìîíîòîííî íåñïàäàþ÷èõ

êðèâèõ. Ìåòîþ ðîáîòè ¹ ïîáóäîâà çàëåæíîñòåé äëÿ íàéêðàùî¨ ó
ñåðåäíüîêâàäðàòè÷íîìó çíà÷åííi îöiíêè m̄γ(u, v) âiíåðiâñüêîãî ïîëÿ
w(u, v) ïî éîãî ðåàëiçàöiÿõ íà äiëÿíêàõ äâîõ ìîíîòîííî íåñïàäàþ÷èõ
êðèâèõ w(x, y), (x, y) ∈ γ1

∪
γ2, (u, v) /∈ γ òà ¨¨ ïîìèëêè dγ(u, v). Äàíi

çàëåæíîñòi â ðîáîòi îòðèìàíi äëÿ ðiçíèõ âàðiàíòiâ ðîçòàøóâàííÿ òî÷êè
(u, v) âiäíîñíî êðèâèõ γ1 i γ2.

T.V. Neskorodeva, Wiener �eld restoration on the plane by its

realizations on sites of two monotonously not decreasing curves.

The purpose of this paper is to construct dependencies for the best
in mean square value of an estimation m̄γ(u, v) Wiener �elds w(u, v)
on its realizations on sites of two monotonously not decreasing curves
w(x, y), (x, y) ∈ γ1

∪
γ2,(u, v) /∈ γ and its error dγ(u, v). The given

dependencies are received in work for various variants of an arrangement
of a point (u, v) concerning curves γ1 and γ2.
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1. Ââåäåíèå.

Ïîñòàíîâêà ïðîáëåìû. Â çàäà÷àõ îáðàáîòêè èçîáðàæåíèé ïîñëåäíèå
èíòåðïðåòèðóþòñÿ êàê ñëó÷àéíûå (÷àùå âñåãî âèíåðîâñêèå) ïîëÿ è êàê
ñëåäñòâèå òàêîé èíòåðïðåòàöèè âîçíèêàåò íåîáõîäèìîñòü ðåøåíèÿ ñëåäóþùèõ
çàäà÷. Ïóñòü (Ω, σ, P ) - íåêîòîðîå âåðîÿòíîñòíîå ïðîñòðàíñòâî, íà êîòîðîì
çàäàíî âèíåðîâñêîå ïîëå w(x, y), x ≥ 0, y ≥ 0. Ïðåäïîëàãàåòñÿ, ÷òî ìû
íàáëþäàåì âèíåðîâñêîå ïîëå w(x, y), (x, y) ∈ γ (ãäå γ - íåêîòîðàÿ êðèâàÿ
íà ïëîñêîñòè) è íåîáõîäèìî âîññòàíîâèòü ïîëå â òî÷êå (u, v) /∈ γ. Ïîä
âîññòàíîâëåíèåì ïîíèìàåòñÿ ïîñòðîåíèå íàèëó÷øåé â ñðåäíåêâàäðàòè÷åñêîì
ñìûñëå îöåíêè äëÿ w(u, v), îñíîâàííîé íà çíà÷åíèÿõ w(x, y) ïðè (x, y) ∈ γ.
Èçâåñòíî, ÷òî ýòà îöåíêà çàäàåòñÿ ôîðìóëîé m̄γ(u, v) = M {w(u, v) |Fγ} è
åå îøèáêà âû÷èñëÿåòñÿ ïî ôîðìóëå dγ(u, v) = M

{
(w(u, v)− m̄γ(u, v))

2 |Fγ

}
,

ãäå Fγ = σ {w(x, y), (x, y) ∈ γ}.
Àíàëèç èññëåäîâàíèé. Â [1] ïðèâåäåíî ðåøåíèå çàäà÷ âîññòàíîâëåíèÿ

âèíåðîâñêîãî ïîëÿ íà ïëîñêîñòè ïî åãî çíà÷åíèÿì íà çàìêíóòîé êðèâîé.
Â [2] ðåøåíû çàäà÷è âîññòàíîâëåíèÿ ïî ðåàëèçàöèÿì âèíåðîâñêîãî ïîëÿ
íà ó÷àñòêàõ äâóõ ìîíîòîííî íåâîçðàñòàþùèõ êðèâûõ γ1 è γ2. Ïðèìåðû
èñïîëüçîâàíèÿ äàííûõ ìîäåëåé ïðè àíàëèçå ïîêàçàòåëåé äåÿòåëüíîñòè
ïðåäïðèÿòèÿ, êîòîðûå ïðåäñòàâëåíû äâóìåðíûìè ìàññèâàìè äàííûõ îïèñàíû
â [3,4]. Â äàííûõ ðàáîòàõ ïðåäïîëàãàåòñÿ, ÷òî èìååòñÿ ñèñòåìà ñ íåïîëíîé
èíôîðìàöèåé îá îáúåêòå. Ìíîæåñòâî γ ñîîòâåòñòâóåò ïàðàìåòðàì ðàñïðåäå-
ëåíèé "íàáëþäàåìûõ" ïîêàçàòåëåé, ïåðåìåííûå (u, v) - ïàðàìåòðàì ðàñïðå-
äåëåíèé ïîêàçàòåëåé "íåäîñòóïíûõ íàáëþäåíèþ". Ïîýòîìó àêòóàëüíûì
ÿâëÿåòñÿ ïîñòðîåíèå ÿâíûõ ôîðìóë äëÿ âåëè÷èí m̄γ(u, v) è dγ(u, v) äëÿ
ðàçíûõ âèäîâ êðèâûõ ñóæåíèÿ γ.

Ïîñòàíîâêà çàäà÷è. Ôîðìàëèçàöèÿ çàâèñèìîñòåé äëÿ âåëè÷èí m̄γ(u, v)
è dγ(u, v) â ñëó÷àå, êîãäà ìíîæåñòâî γ èìååò âèä ó÷àñòêîâ äâóõ ìîíîòîííî
íåóáûâàþùèõ êðèâûõ γ1 è γ2.

2. Îïðåäåëåíèÿ è îáîçíà÷åíèÿ.

Îïðåäåëåíèå. Ñëó÷àéíàÿ ôóíêöèÿ w(x, y), x ≥ 0, y ≥ 0, ïðèíèìàþùàÿ
çíà÷åíèÿ â ïðîñòðàíñòâå R1, íàçûâàåòñÿ âèíåðîâñêèì ïîëåì, åñëè âûïîëíÿ-
þòñÿ ñëåäóþùèå óñëîâèÿ:

1) äëÿ ∀(x, y) : (x ≥ 0) ∧ (y ≥ 0) ∧ ((x = 0) ∨ (y = 0)) ⇒ w(x, y) = 0 (ñ
âåðîÿòíîñòüþ P = 1);

2) ∀x ≥ 0, y ≥ 0,∆x ≥ 0,∆y ≥ 0 ïðèðàùåíèÿ ∆w = w(x + ∆x, y + ∆y) −
w(x, y+∆y)+w(x, y)−w(x+∆x, y) âèíåðîâñêîãî ïîëÿ ïî íåïåðåñåêàþùèìñÿ
ïðÿìîóãîëüíèêàì ñî ñòîðîíàìè ïàðàëëåëüíûìè êîîðäèíàòíûì îñÿì - ñëó	÷àé-
íûå âåëè÷èíû íåçàâèñèìûå â ñîâîêóïíîñòè;

3) ∀x ≥ 0, y ≥ 0,∆x ≥ 0,∆y ≥ 0 ïðèðàùåíèÿ âèíåðîâñêîãî ïîëÿ ∆w
èìåþò íîðìàëüíîå ðàñïðåäåëåíèå N(0,∆x∆y):

P{∆w < z} =
1

2π∆x∆y

z∫
−∞

exp(−t2/(2∆x∆y))dt, t ∈ R1.



34 Ò.Â. Íåñêîðîäåâà

Çàìåòèì, ÷òî êîððåëÿöèîííàÿ ôóíêöèÿ âèíåðîâñêîãî ïîëÿ èìååò ñëåäó-
þùèé âèä:

R((x1, y1), (x2, y2)) = min(x1, x2)min(y1, y2).

Ïðåäïîëîæèì, ÷òî ìû íàáëþäàåì âèíåðîâñêîå ïîëå íà ó÷àñòêàõ äâóõ
ìîíîòîííûõ êðèâûõ γ1 è γ2 (ðèñ.1), êîòîðûå çàäàþòñÿ ñëåäóþùèìè ïàðàìåòðè-
÷åñêèìè óðàâíåíèÿìè:

γ1 :

{
x = x(τ),
y = y(τ); τ ∈ [0, 1]

γ2 :

{
x = x̃(τ),
y = ỹ(τ); τ ∈ [0, 1],

ãäå ôóíêöèè x(τ), y(τ), x̃(τ), ỹ(τ) óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

C1) ôóíêöèè x(τ), y(τ), x̃(τ), ỹ(τ) ïîëîæèòåëüíûå, êóñî÷íî-ãëàäêèå íà
îòðåçêå [0, 1];

C2) åñëè τ1 < τ2 òî x(τ1) ≤ x(τ2), y(τ1) ≤ y(τ2), x̃(τ1) ≤ x̃(τ2), ỹ(τ1) ≤ ỹ(τ2),
x(1) < x̃(0), ỹ(1) < y(0) (âûïóêëîñòü êðèâûõ ðîëè íå èãðàåò);

C3) 1−BB̃ ̸= 0,
ãäå

B =
x(0)

y(0)
+

1∫
0

ẋ2(τ)

φ(τ)
dτ, B̃ =

ỹ(0)

x̃(0)
+

1∫
0

˙̃y2(τ)

φ̃(τ)
dτ,

φ(τ) = x(τ)ẏ(τ) + y(τ)ẋ(τ), φ̃(τ) = x̃(τ) ˙̃y(τ) + ỹ(τ) ˙̃x(τ), τ ∈ [0, 1].

Ðèñ. 1: Îáùèé âèä è âçàèìíîå ðàñïîëîæåíèå ó÷àñòêîâ êðèâûõ γ1 è γ2.
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Ðàññìîòðèì ñëåäóþùèå ñëó÷àéíûå ïðîöåññû:

w(τ) = w(x(τ), y(τ)), w̃(τ) = w(x̃(τ), ỹ(τ)), τ ∈ [0, 1]. (1)

Ýòè ïðîöåññû ÿâëÿþòñÿ ãàóññîâñêèìè ñ êîððåëÿöèîííûìè ôóíêöèÿìè

R(τ1, τ2) = min(x(τ1), x(τ2))min(y(τ1), y(τ2)),

R̃(τ1, τ2) = min(x̃(τ1), x̃(τ2))min(ỹ(τ1), ỹ(τ2))

ñîîòâåòñòâåííî.
Â íàñòîÿùåé ñòàòüå áóäåò ðàññìîòðåí ñëó÷àé, êîãäà òî÷êà (u, v) ïðèíàäëå-

æèò îáëàñòè îãðàíè÷åííîé ó÷àñòêàìè êðèâûõ γ1 è γ2 è ïðÿìûìè y = ỹ(0), y =
y(1), x = x(0), x = x̃(1). Ýòó îáëàñòü ìîæíî ïðåäñòàâèòü â âèäå îáúåäèíåíèÿ
ñëåäóþùèõ îáëàñòåé (ÿâíûé âèä ôîðìóë äëÿ m̄(u, v) è d(u, v) áóäåò çàâèñåòü
îò òîãî êàêîé èç ýòèõ îáëàñòåé ïðèíàäëåæèò òî÷êà (u, v)):

D1 = {x = x(τ), y(0) < y < y(τ), τ ∈ (0, 1)} ,

D′
1 = {x(1) < x < x̃(0), y(0) < y ≤ y(1)} ,

D′′
1 = {x(0) ≤ x < x(1), ỹ(1) < y ≤ y(0)} ,

D′′′
1 = {x(1) ≤ x < x̃(0), ỹ(1) < y ≤ y(0)} ,

D2 = {x = x(τ), ỹ(τ) < y < ỹ(1), τ ∈ (0, 1)} ,

D′
2 = {x(1) < x ≤ x̃(0), ỹ(0) ≤ y < ỹ(1)} ,

D′′
2 = {x̃(0) ≤ x < x̃(1), ỹ(1) ≤ y < y(0)} ,

D3 = {x̃(0) ≤ x ≤ x̃(1), y(0) ≤ y ≤ y(1)} ,

D4 = {x(0) ≤ x ≤ x(1), ỹ(0) ≤ y ≤ ỹ(1)} .

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

m̄1 =

w(x(0), y(0))

y(0)
+

1∫
0

ẋ(τ)

φ(τ)
dw(τ)

 ,

m̄2 =

w(x̃(0), ỹ(0))

x̃(0)
+

1∫
0

˙̃y(τ)

φ̃(τ)
dw̃(τ)

 . (2)

3. Îñíîâíûå ðåçóëüòàòû.

Òåîðåìà 1. Ïóñòü òî÷êà (u, v) ïðèíàäëåæèò îáëàñòè D1
∪

D′
1

∪
D′′

1

∪
D′′′

1

òîãäà (ñ âåðîÿòíîñòüþ P = 1):

m̄(u, v) = K1(u, v)m̄1 +K2(u, v)m̄2 + αw(x(τ(v)), v) + v

τ(u)∫
τ(v)

ẋ(τ)

φ(τ)
dw(τ), (3)
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d(u, v) = uv − (v +K1(u, v)) [αx(τ(v)) + vC]−

−K2(u, v)

[
ỹ(0)

x̃(0)
(x̃(0)− u) + uB̃

]
, (4)

ãäå

K1(u, v) = − [u− x(τ(v))− vC]B̃

1−BB̃
, K2(u, v) =

u− x(τ(v))− vC

1−BB̃
,

τ(v) =

{
min

y(τ)=v
τ, y(0) ≤ v ≤ y(1),

0, ỹ(0) < v ≤ y(0);
τ(u) =

{
min

x(τ)=u
τ, x(0) ≤ u ≤ x(1),

1, x(1) < u ≤ x̃(1);

C =

τ(u)∫
τ(v)

ẋ2(τ)

φ(τ)
dτ, α =

{
1, ïðè y(0) ≤ v ≤ y(1);
v

y(0) , ïðè 0 < v < y(0);

ïðîöåññû w(τ) è w̃(τ), τ ∈ [0, 1] è ñëó÷àéíûå ôóíêöèè m̄1 è m̄2 -
îïðåäåëÿþòñÿ çàâèñèìîñòÿìè (1) - (2).

Òåîðåìà 2. Ïóñòü òî÷êà (u, v) ïðèíàäëåæèò îáëàñòè D2
∪

D′
2

∪
D′′

2 òîãäà
(ñ âåðîÿòíîñòüþ P = 1):

m̄(u, v) = βw(u, ỹ(τ̃(u))) + u

τ̃(v)∫
τ̃(u)

˙̃y(τ)

φ̃(τ)
dw̃(τ) + ˜̃K1(u, v)m̄1 +

˜̃K2(u, v)m̄2, (5)

d(u, v) = uv −
(
u+ ˜̃K2(u, v)

)
[βỹ(τ̃(u)) + uC̃ ]−

− ˜̃K1(u, v)

[
x(0)− vx(0)

y(0)
+ vB

]
, (6)

ãäå β =

{
1, ïðè x̃(0) ≤ v ≤ x̃(1);
u

x̃(0) , ïðè x(1) < u ≤ x̃(0);
,

τ̃(v) =

{
min

ỹ(τ)=v
τ, ỹ(0) ≤ v ≤ ỹ(1),

1, ỹ(1) < v ≤ y(1);
τ̃(u) =

{
min

x̃(τ)=u
τ, x̃(0) ≤ u ≤ x̃(1),

0, x(0) ≤ u < x̃(0);

˜̃K1(u, v) =
v − ỹ(τ̃(u))− uC̃

1−BB̃
, ˜̃K2(u, v) = − ˜̃K1(u, v)B, C̃ =

τ̃(v)∫
τ̃(u)

˙̃y2(τ)

φ̃(τ)
dτ.

ïðîöåññû w(τ) è w̃(τ), τ ∈ [0, 1] è ñëó÷àéíûå âåëè÷èíû m̄1 è m̄2 -
îïðåäåëÿþòñÿ çàâèñèìîñòÿìè (1) - (2).

Òåîðåìà 3. Ïóñòü òî÷êà (u, v) ïðèíàäëåæèò îáëàñòè D3
∪

D4 òîãäà (ñ
âåðîÿòíîñòüþ P = 1):

m̄(u, v) = K̃1(u, v)m̄1 + K̃2(u, v)m̄2+
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+αw(x(τ(v)), v) + v

1∫
τ(v)

ẋ(τ)

φ(τ)
dw(τ) + βw(u, ỹ(τ̃(u))) + u

1∫
τ̃(u)

˙̃y(τ)

φ̃(τ)
dw̃(τ), (7)

d(u, v) = uv−
(
v + K̃1(u, v)

)
[αx(τ(v)) + vC]−(u+K̃2(u, v))[βỹ(τ̃(u))+C̃], (8)

ãäå

K̃1(u, v) =
[αx(τ(v)) + vC]B̃ − [βỹ(τ̃(u)) + uC̃]

1−BB̃
,

K̃2(u, v) =
[βỹ(τ̃(u)) + C̃]B − [αx(τ(v)) + vC]

1−BB̃
,

ïðîöåññû w(τ) è w̃(τ), τ ∈ [0, 1] è ñëó÷àéíûå ôóíêöèè m̄1 è m̄2 -
îïðåäåëÿþòñÿ çàâèñèìîñòÿìè (1)-(2).

4. Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ.

Äîêàçàòåëüñòâî òåîðåìû 1. Ïóñòü 0 = τ0k(n) < τ1k(n) < ... < τ
k(n)
k(n) = 1, n ≥ 1,

íåêîòîðîå ðàçáèåíèå îòðåçêà [0,1] òàêîå, ÷òî: 1 ≤ k(1) < k(2) < ... < k(n) <
... ; lim

n→∞
max

1≤j≤k(n)
(τ jk(n) − τ j−1

k(n)) = 0 è äëÿ ëþáîãî j = 1, k(n) ñóùåñòâóåò

r = 1 , k(n+ 1) òàêîå, ÷òî τ jk(n) = τ rk(n+1). Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

xj = xjk(n), yj = yjk(n), x̃j = x̃jk(n), ỹj = ỹjk(n), wj = w(xj , yj), w̃j =

w(x̃j , ỹj), Fk(n) = σ
{
wj , w̃j , j = 0 , k(n)

}
, m̄k(n)(u, v) = M

{
w(u, v)

∣∣Fk(n)

}
,

d(u, v)k(n) = M
{
(w(u, v)− m̄(u, v))2

∣∣Fk(n)

}
.

Äàëåå äëÿ óïðîùåíèÿ çàïèñåé ïåðåîáîçíà÷èì k(n) ÷åðåç n è äëÿ
íàõîæäåíèÿ m̄n(u, v) è dn(u, v) âîñïîëüçóåìñÿ òåîðåìîé î íîðìàëüíîé
êîððåëÿöèè èç [5, ñòð.498]. Äëÿ ýòîãî íàéäåì ðåøåíèå ñèñòåìû:

cov(w̄, w̄)β̄ = cov(w(u, v), w̄), (9)

ãäå w̄ = (w, w̃), w = (w0, w1, ...., wj , ..., wn), w̃ = (w̃0, w̃1, ...., w̃j , ..., w̃n),
β̄− íåèçâåñòíûé âåêòîð, èìåþùèé ñëåäóþùóþ ñòðóêòóðó: β̄ = (β, β̃), β =
(β0, β1, ...., βj , ..., βn), β̃ = (β̃0, β̃1, ...., β̃j , ..., β̃n).

Ìàòðèöà cov(w̄, w̄) èìååò ñëåäóþùóþ ñòðóêòóðó:

cov(w̄, w̄) =

(
cov(w,w) cov(w, w̃)
cov(w̃, w) cov(w̃, w̃)

)
,

ãäå

cov(w,w) =


x0y0 x0y0 x0y0 . . . x0y0
x0y0 x1y1 x1y1 . . . x1y1
x0y0 x1y1 x2y2 . . . x2y2
. . . . . . . . . . . . . . .
x0y0 x1y1 x2y2 . . . xnyn

 ,
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cov(w̃, w̃) =


x̃0ỹ0 x̃0ỹ0 x̃0ỹ0 . . . x̃0ỹ0
x̃0ỹ0 x̃1ỹ1 x̃1ỹ1 . . . x̃1ỹ1
x̃0ỹ0 x̃1ỹ1 x̃2ỹ2 . . . x̃2ỹ2
. . . . . . . . . . . . . . .
x̃0ỹ0 x̃1ỹ1 x̃2ỹ2 . . . x̃nỹn

 ,

cov(w, w̃) =


x0ỹ0 x0ỹ1 x0ỹ2 . . . x0ỹn
x1ỹ0 x1ỹ1 x1ỹ2 . . . x1ỹn
x2ỹ0 x2ỹ1 x2ỹ2 . . . x2ỹn
. . . . . . . . . . . . . . .
xnỹ0 xnỹ1 xnỹ2 . . . xnỹn

 ,

cov(w̃, w) = covT (w, w̃).

Îïðåäåëèì êîîðäèíàòû âåêòîðà cov(w(u, v), w̄). Ðàññìîòðèì ñíà÷àëà ñëó÷àé,
êîãäà òî÷êà (u, v) ∈ D1 è óðàâíåíèå x(τ) = u èìååò åäèíñòâåííîå ðåøåíèå.
Íå óìàëÿÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî äëÿ ëþáîãî n ≥ 1 ñóùåñòâóþò τnq è
τnp òàêèå, ÷òî τ(u) = τnq è τ(v) = τnp (p < q). Ó÷èòûâàÿ ýòè îáîçíà÷åíèÿ è
óñëîâèå C2, çàïèøåì êîîðäèíàòû âåêòîðà cov(w(u, v), w̄): cov(w(u, v), w̃j) =
uỹj , j = 0, n,

cov(w(u, v), wj) =


xjyj , j = 0, p− 1,
xjv, j = p, q,
uv, j = q + 1, n;

Äàëåå, ïðîíóìåðóåì óðàâíåíèÿ ñèñòåìû (9) ïî ñëåäóþùåìó ïðàâèëó:
ïåðâûå n óðàâíåíèé áóäóò èìåòü èíäåêñ (1, j), j = 0, n, ñëåäóþùèå
- (2, j), j = 0, n. ×òîáû íàéòè ðåøåíèå ñèñòåìû (9) ñäåëàåì íàä åå
óðàâíåíèÿìè ñëåäóþùèå ïðåîáðàçîâàíèÿ. Èç óðàâíåíèé ñ èíäåêñàìè
(k, j), k = 1, 2, j = 0, n âû÷òåì óðàâíåíèÿ ñ èíäåêñàìè (k, j − 1); k = 1, 2,
j = 1, n ñîîòâåòñòâåííî. Â ðåçóëüòàòå ýòèõ ïðåîáðàçîâàíèé ñèñòåìà (9)
ïðèìåò âèä:

cov′(w̄, w̄)β̄ = cov′(w(u, v), w̄), (10)

ãäå cov′(w̄, w̄) =

(
cov′(w,w) cov′(w, w̃)
cov′(w̃, w) cov′(w̃, w̃)

)
,

cov′(w,w) =


x0y0 x0y0 x0y0 . . . x0y0
0 φ1 φ1 . . . φ1

0 0 φ2 . . . φ2

. . . . . . . . . . . . . . .
0 0 0 . . . φn

 ,

cov′(w̃, w̃) =


x̃0ỹ0 x̃0ỹ0 x̃0ỹ0 . . . x̃0ỹ0
0 φ̃1 φ̃1 . . . φ̃1

0 0 φ̃2 . . . φ̃2

. . . . . . . . . . . . . . .
0 0 0 . . . φ̃n

 ,
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cov′(w, w̃) =


x0ỹ0 x0ỹ1 x0ỹ2 . . . x0ỹn
∆x1ỹ0 ∆x1ỹ1 ∆x1ỹ2 . . . ∆x1ỹn
∆x2ỹ0 ∆x2ỹ1 ∆x2ỹ2 . . . ∆x2ỹn
. . . . . . . . . . . . . . .
∆xnỹ0 ∆xnỹ1 ∆xnỹ2 . . . ∆xnỹn

 ,

cov′(w̃, w) =


x0ỹ0 x1ỹ0 x2ỹ0 . . . xnỹ0
x0∆ỹ1 x1∆ỹ1 x2∆ỹ1 . . . xn∆ỹ1
x0∆ỹ2 x1∆ỹ2 x2∆ỹ2 . . . xn∆ỹ2
. . . . . . . . . . . . . . .
x0∆ỹn x1∆ỹn x2∆ỹn . . . xn∆ỹn

 ,

cov′(w(u, v), wj) =


x0y0, j = 0,
φj , j = 1, p,
∆xjv, j = p+ 1, q,
0, j = q + 1, n;

cov′(w(u, v), w̃j) =

{
uỹ0, j = 0,
u∆ỹj , j = 1, n;

ãäå φj = xjyj − xj−1yj−1, φ̃j = x̃j ỹj − x̃j−1ỹj−1, j = 1, n.
Äàëåå, ïîëó÷åííûå óðàâíåíèÿ ñèñòåìû (10) ñ èíäåêñàìè (1, j), j = 1, n

ðàçäåëèì íà ∆xj ̸= 0, j = 1, n, óðàâíåíèå ñ èíäåêñîì (1, 0) - íà x0. Óðàâíåíèÿ
ñ èíäåêñàìè (2, j), j = 1, n ðàçäåëèì íà ∆ỹj ̸= 0, j = 1, n, óðàâíåíèå
ñ èíäåêñîì (2, 0) - íà ỹ0. È çàòåì èç ïîëó÷åííûõ óðàâíåíèé ñ èíäåêñàìè
(k, j), k = 1, 2, j = 0, n âû÷òåì óðàâíåíèÿ ñ èíäåêñàìè (k, j + 1), k =
1, 2, j = 0, n− 1 ñîîòâåòñòâåííî (ñëó÷àé, êîãäà x(τ) ≡ const èëè ỹ(τ) ≡ const
íà íåêîòîðîì îòðåçêå [τ ′, τ ′′] ⊆ [0, 1], áóäåò ðàññìîòðåí íèæå). Â ðåçóëüòàòå
ýòèõ ïðåîáðàçîâàíèé ñèñòåìà (10) ïðèìåò âèä:

cov′′(w̄, w̄)β̄ = cov′′(w(u, v), w̄), (11)

ãäå cov′′(w̄, w̄) =

(
cov′′(w,w) cov′′(w, w̃)
cov′′(w̃, w) cov′′(w̃, w̃)

)
,

cov′′(w,w) =


y0 A0 A0 . . . A0

0 φ1∆x−1
1 A1 . . . A1

0 0 φ2∆x−1
2 . . . A2

. . . . . . . . . . . . . . .
0 0 0 . . . φn∆x−1

n

 ,

cov′′(w̃, w̃) =


x̃0 Ã0 Ã0 . . . Ã0

0 φ̃1∆ỹ−1
1 Ã1 . . . Ã1

0 0 φ̃2∆y−1
2 . . . Ã2

. . . . . . . . . . . . . . .
0 0 0 . . . φ̃n∆ỹ−1

n

 ,

cov′′(w, w̃) =


0 0 0 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . 0
ỹ0 ỹ1 ỹ2 . . . ỹn

 ,
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cov′′(w̃, w) =


0 0 0 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . 0
x0 x1 x2 . . . xn

 ,

cov′′(w(u, v), wj) =


Aj , j = 0, p− 1,
φp∆x−1

p − v, j = p,

v, j = q,
0, j = p+ 1, n j ̸= q;

cov′′(w(u, v), w̃j) =

{
0, j = 0, n− 1,
u, j = n;

ãäå A0 = y0 − φ1∆x−1
1 , Ã0 = x̃0 − φ̃1∆ỹ−1

1 ,

Aj = φj∆x−1
j − φj+1∆x−1

j+1, Ãj = φ̃j∆ỹ−1
j − φ̃j+1∆ỹ−1

j+1, j = 1, n− 1.

Ó÷èòûâàÿ óñëîâèå C3 è ïðåäïîëîæåíèå, ÷òî x(τ) ̸ ≡const èëè ỹ(τ) ̸ ≡const
íà îòðåçêå [0, 1], äëÿ êîýôôèöèåíòîâ βj ïîëó÷èì ñëåäóþùèå ðàâåíñòâà:

β0 =

(
1

y0
− ∆x1

φ1

)
φn

∆xn
βn, βj = Sj

φn

∆xn
βn, j = 1, p− 1, j = q + 1, n− 1, (12)

βp = 1− v∆xp+1

φp+1
+ Sp

φn

∆xn
βn, βj = Sj

(
v +

φn

∆xn
βn

)
, j = p+ 1, q − 1, (13)

βq =
v∆xq
φq

+ Sq
φn

∆xn
βn, β̃0 =

(
1

x̃0
− ∆ỹ1

φ̃1

)
φ̃n

∆ỹn
β̃n, (14)

β̃j = S̃j
φ̃n

∆ỹn
β̃n, j = 1, n− 1, (15)

ãäå Sj =
∆xj

φj
− ∆xj+1

φj+1
, S̃j =

∆ỹj
φ̃j

− ∆ỹj+1

φ̃j+1
, j = 1, n− 1.

Ïîäñòàâëÿÿ ïîëó÷åííûå ðàâåíñòâà â óðàâíåíèÿ ñèñòåìû (11) ñ èíäåêñàìè
(k, n), k = 1, 2 ïîëó÷èì åäèíñòâåííîå ðåøåíèå (â ñèëó óñëîâèÿ C3) äëÿ
âåëè÷èí φn

∆xn
βn è φ̃n

∆ỹn
β̃n:{

φn

∆xn
βn = − (u−xp−vC′)B̃′

1−B′B̃′ ;
φ̃n

∆ỹn
β̃n =

u−xp−vC

1−B′B̃′ .
(16)

ãäå B̃′ = ỹ0
x̃0

+
n∑

j=1

∆ỹ2j
φ̃j

, B′ = x0
y0

+
n∑

j=1

∆x2
j

φj
, C ′ =

q∑
j=p+1

∆x2
j

φj
.

Òàêèì îáðàçîì,

m̄n(u, v) =

n∑
j=0

βjwj +

n∑
j=0

β̃jw̃j , (17)

ãäå êîýôôèöèåíòû βj , β̃j , j = 0, n îïðåäåëÿþòñÿ ðàâåíñòâàìè (12) - (15).
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Ðàññìîòðèì ïåðâóþ ñóììó â ðàâåíñòâå (17).

n∑
j=0

βjwj =
φn

∆xn
βn

w0

y0
− ∆x1

φ1
w0 +

n−1∑
j=1

(
∆xj
φj

− ∆xj+1

φj+1

)
wj +

∆xn
φn

wn

+

+1− v∆xp+1

φp+1
wp +

q−1∑
j=p+1

(
∆xj
φj

− ∆xj+1

φj+1

)
wj +

v∆xq
φq

wq =

= −(u− xp − vC ′)B̃′

1−B′B̃′

w0

y0
+

n∑
j=1

∆xj
φj

∆wj

+ wp + v

q∑
j=p+1

∆xj
φj

∆wj . (18)

Äåëàÿ àíàëîãè÷íûå ïðåîáðàçîâàíèÿ ñî âòîðîé ñóììîé â ðàâåíñòâå (17)
ïîëó÷èì:

n∑
j=0

β̃jw̃j =
u− xp − vC ′

1−B′B̃′

 w̃0

x̃0
+

n∑
j=1

∆ỹj
φ̃j

∆w̃j

 . (19)

Äàëåå, â ñèëó óñëîâèÿ C1 äëÿ ôóíêöèé x(τ), y(τ), x̃(τ), ỹ(τ) íà îòðåçêå
[0,1] ïî òåîðåìå î ñðåäíåì èìååì:

∆xj = ẋ(ξj)∆τj , ξj ∈ [τj−1, τj ], ∆yj = ẏ(ηj)∆τj , ηj ∈ [τj−1, τj ],

∆x̃j = ˙̃x(σj)∆τj , σj ∈ [τj−1, τj ], ∆yj = ˙̃y(ζj)∆τj , ζj ∈ [τj−1, τj ],

φj = (xj ẏ(ηj)+yj−1ẋ(ξj))∆τj = φ′
j∆τj , φ̃j = (x̃j ˙̃y(ζj)+ỹj−1

˙̃x(σj))∆τj = φ̃′
j∆τj ,

B̃′ =
ỹ0
x̃0

+

n∑
j=1

˙̃y2(ζj)∆τj
φ̃′
j

, B′ =
x0
y0

+

n∑
j=1

ẋ2(ξj)∆τj
φ′
j

, C ′ =

q∑
j=p+1

ẋ2(ξj)∆τj
φ′
j

.

Ïîäñòàâëÿÿ ïîñëåäíèå ðàâåíñòâà â (18) è (19) è ñîêðàùàÿ êàæäîå
ñëàãàåìîå íà ∆τj , j = 1, n ïîëó÷èì:

m̄n(u, v) = −(u− xp − vC ′)B̃′

1−B′B̃′

w0

y0
+

n∑
j=1

ẋ(ξj)

φ′
j

∆wj

+

+wp + v

q∑
j=p+1

ẋ(ξj)

φ′
j

∆wj +
u− xp − vC ′

1−B′B̃′

 w̃0

x̃0
+

n∑
j=1

˙̃y(ζj)

φ̃′
j

∆w̃j

 .

Ïåðåõîäÿ â ïîñëåäíåì ðàâåíñòâå ê l.i.m. ïðè n → ∞ ïîëó÷èì âûðàæåíèå,
ñòîÿùåå â ïðàâîé ÷àñòè (3). Äàëåå, ó÷èòûâàÿ, ÷òî k(n) ïåðåîáîçíà÷àëè ÷åðåç
n è ó÷èòûâàÿ îïðåäåëåíèå ðàçáèåíèÿ îòðåçêà [0,1] èìååì: Fk(1) ⊆ Fk(2) ⊆

...Fk(n) ⊆ ...F , ãäå F = σ

{
∞∪

k(n)=1

Fk(n), n = 1, 2, ...

}
. Ñëåäîâàòåëüíî, ñîãëàñíî

òåîðåìå Ëåâè èç [5] ïîëó÷èì: m̄k(n)(u, v) −→
n→∞

m̄(u, v) (ñ âåðîÿòíîñòüþ P = 1).
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Òàê êàê M
{
(w(u, v)− m̄k(n)(u, v))

2 |F
}
≤ M

{
(w(u, v)− m̄k(1)(u, v))

2 |F
}
,

n = 1, 2..., òî ñëåäîâàòåëüíî l.i.m. m̄k(n)(u, v) = m̄(u, v), ÷òî è äîêàçûâàåò
ðàâåíñòâî (3). Ðàâåíñòâî (4) äîêàçûâàåòñÿ àíàëîãè÷íî.

Òàêèì îáðàçîì, óòâåðæäåíèå òåîðåìû 1 äîêàçàíî â ñëó÷àå, êîãäà íå
ñóùåñòâóåò îòðåçêà [τ ′, τ ′′] ⊆ [0, 1] íà êîòîðîì x(τ) ≡ const èëè ỹ(τ) ≡ const
è óðàâíåíèå x(τ) = u èìååò åäèíñòâåííîå ðåøåíèå. Åñëè x(τ) ≡ const èëè
ỹ(τ) ≡ const íà îòðåçêå [τ ′, τ ′′] ⊆ [0, 1], òî íå ñëîæíî ïîêàçàòü, ÷òî ôîðìóëû
(3) è (4) îñòàþòñÿ âåðíûìè â òîì æå âèäå. Åñëè òî÷êà (u, v) ∈ D′

1

∪
D′′

1

∪
D′′′

1

òî èçìåíÿòñÿ òîëüêî êîîðäèíàòû âåêòîðà cov(w(u, v), w). Ó÷èòûâàÿ ýòî è
ïîâòîðÿÿ ðàññóæäåíèÿ, ñäåëàííûå â ïåðâîì ñëó÷àå óòâåðæäåíèå òåîðåìû 1
äîêàæåì ïîëíîñòüþ. Äëÿ äîêàçàòåëüñòâà òåîðåì 2 � 4 íåîáõîäèìî ïîâòîðèòü
âñå ýòàïû äîêàçàòåëüñòâà òåîðåìû 1, ó÷èòûâàÿ, ÷òî èçìåíÿòñÿ òîëüêî
êîîðäèíàòû âåêòîðà cov(w(u, v), w̄).

Âûâîäû. Ïîëó÷åíû ÿâíûå çàâèñèìîñòè (3) - (8) äëÿ âåëè÷èí m̄γ(u, v) è
dγ(u, v) â ñëó÷àå, êîãäà ìíîæåñòâî γ èìååò âèä ó÷àñòêîâ äâóõ ìîíîòîííî
íåóáûâàþùèõ êðèâûõ γ1 è γ2 äëÿ ðàçëè÷íûõ âàðèàíòîâ âçàèìíîãî ðàñïîëî-
æåíèÿ òî÷êè âîññòàíîâëåíèÿ (u, v) îòíîñèòåëüíî êðèâîé íàáëþäåíèé γ.
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