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Îá ýêâèâàëåíòíîñòè K-ôóíêöèîíàëîâ è

àïïðîêñèìàöèîííûõ ìåòîäîâ, ïîðîæäåííûõ

îáîáùåííûìè ÿäðàìè Áîõíåðà-Ðèññà

Â.À. Ãåðàñèìåíêî, Þ.Ñ. Êîëîìîéöåâ

Ñóìñêîé íàöèîíàëüíûé àãðàðíûé óíèâåðñèòåò, Óêðàèíà

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è ìåõàíèêè ÍÀÍ Óêðàèíû

Â ðàáîòå èçó÷àþòñÿ ñðåäíèå è ñåìåéñòâà îïåðàòîðîâ, ïîðîæäåííûå
îáîáùåííûìè ñðåäíèìè Áîõíåðà-Ðèññà. Äîêàçàíî, ÷òî ïðè óñëîâèè
ñõîäèìîñòè ñðåäíèõ èëè ñåìåéñòâà îïåðàòîðîâ, ïîðîæäåííûõ
îáîáùåííûìè ÿäðàìè Áîõíåðà-Ðèññà, ñêîðîñòü ïðèáëèæåíèÿ ôóíêöèé
ýòèìè ìåòîäàìè áóäåò ýêâèâàëåíòíà K-ôóíêöèîíàëàì èëè èõ àíàëîãàì
â ñëó÷àå 0 < p < 1.

Ãåðàñèìåíêî Â.Î., Êîëîìîéöåâ Þ.Ñ., Ïðî åêâiâàëåíòíiñòü K-

ôóíêöiîíàëiâ òà àïðîêñèìàöiéíèõ ìåòîäiâ, ÿêi ïîðîäæåíi

óçàãàëüíåíèìè ÿäðàìè Áîõíåðà-Ðèñà. Ó ðîáîòi âèâ÷àþòüñÿ
ñåðåäíi òà ñiìåéñòâà îïåðàòîðiâ, ÿêi ïîðîäæåíi óçàãàëüíåíèìè ÿäðàìè
Áîõíåðà-Ðèñà. Äîâåäåíî, ùî ïðè óìîâi çáiæíîñòi ñåðåäíiõ àáî ñiìåéñòâ
îïåðàòîðiâ, ÿêi ïîðîäæåíi óçàãàëüíåíèìè ÿäðàìè Áîõíåðà-Ðèñà,
øâèäêiñòü íàáëèæåííÿ ôóíêöié òàêèìè ìåòîäàìè áóäå åêâiâàëåíòíà
K-ôóíêöiîíàëàì àáî ¨õ àíàëîãàì ó âèïàäêó 0 < p < 1.

V.À. Gerasimenko, Iu.S. Kolomoitsev, On equivalence of K-functionals

and approximation methods generated by generalized Bochner-

Riesz kernels. In the paper the means and families of operators generated
by generalized Bochner-Riesz kernels are studied. It is proved that under
condition of convergence of means or families of operators generated by
generalized Bochner-Riesz kernels the rate of approximation of functions
by these methods is equivalent to K-functional or their realization in the
case 0 < p < 1.

2000 Mathematics Subject Classi�cation 42A10, 42A15.
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1. Ââåäåíèå

Ðàññìîòðèì ñåìåéñòâî îïåðàòîðîâ

S
(r,α)
n,λ (f ;x) = (2n+ 1)−d

2n∑
k=0

f(tkn + λ)K(r,α)
n (x− tkn − λ), n ∈ N, (1)

ãäå

K(r,α)
n (h) =

∑
|k|≤n

(
1− |k|2r

n2r

)α

· eikh (2)

� îáîáùåííîå ÿäðî Áîõíåðà-Ðèññà.
Â ôîðìóëàõ (1) è (2) âåëè÷èíû x, k è λ ÿâëÿþòñÿ d-ðàçìåðíûìè

âåêòîðàìè, |k| = (k21 + · · ·+ k2d)
1/2, kh = k1h1 + · · ·+ kdhd è

tkn =
2πk

2n+ 1
, k ∈ Zd;

2n∑
k=0

=
2n∑

k1=0

· · ·
2n∑

kd=0

.

Ìû áóäåì òàêæå ðàññìàòðèâàòü îáîáùåííûå ñðåäíèå Áîõíåðà-Ðèññà

S(r,α)
n (f ;x) = (2π)−d

∫
Td

f(x+ h)K(r,α)
n (h)dh, n ∈ N. (3)

Çäåñü è äàëåå Td = [0, 2π)d îáîçíà÷àåò d-ìåðíûé òîð. Ïðè r = 1
ñðåäíèå (3) íàçûâàþò ñðåäíèìè Áîõíåðà-Ðèññà. Ñðåäíèå Áîõíåðà-Ðèññà
ÿâëÿþòñÿ êëàññè÷åñêèì ìåòîäîì òðèãîíîìåòðè÷åñêîé àïïðîêñèìàöèè, îíè
èíòåíñèâíî èçó÷àëèñü ìíîãèìè ìàòåìàòèêàìè (ñì., íàïð., [1]). Èçó÷åíèþ
îáîáùåííûõ ñðåäíèõ Áîõíåðà-Ðèññà ïðè r ∈ N òàêæå ïîñâÿùåíî öåëûé
ðÿä ðàáîò (cì., íàïð., [2]-[5]). Â ÷àñòíîñòè, â [2]-[4] ïîêàçàíî, ÷òî ñêîðîñòü
ïðèáëèæåíèÿ ôóíêöèé îáîáùåííûìè ñðåäíèìè Áîõíåðà-Ðèññà èìååò áîëåå
âûñîêèé ïîðÿäîê â îòëè÷èå îò ïðèáëèæåíèÿ êëàññè÷åñêèìè ñðåäíèìè
Áîõíåðà-Ðèññà.

Îòìåòèì, ÷òî ìåòîä ñóììèðîâàíèÿ ðÿäîâ Ôóðüå (3) óæå íå ïðèìåíèì äëÿ
àïïðîêñèìàöèè ôóíêöèé â ïðîñòðàíñòâàõ Lp ñ 0 < p < 1. Â îòëè÷èå îò
ìåòîäà (3) ïðèáëèæåíèå ñåìåéñòâîì îïåðàòîðîâ (1) èìååò ñìûñë äëÿ ëþáûõ
0 < p ≤ ∞ (ñì. [6]).

Äàëåå íàì ïîíàäîáèòñÿ ïîíÿòèå K-ôóíêöèîíàëà:

K2r(f, t)p = inf
g
(∥f − g∥p + t2r∥∆rg∥p), (4)

ãäå ∆ � îïåðàòîð Ëàïëàñà.
Îòìåòèì, ÷òî ïðè 0 < p < 1 K-ôóíêöèîíàë, îïðåäåëåííûé ïî ôîðìóëå

(4), òîæäåñòâåííî ðàâåí 0 (ñì. [7]). Îäíàêî, êàê áûëî ïîêàçàíî â ðàáîòå [7],
â ýòîì ñëó÷àå K-ôóíêöèîíàë ìîæíî çàìåíèòü ñëåäóþùèì îáúåêòîì

K̃2r(f, δ)p = inf
t∈T1/δ

{∥f − t∥p + δ2r∥∆rt∥p}, (5)
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ãäå

Tσ =

{
t(x) =

∑
k∈Zd

cke
ikx : c−k = ck, |k| = (k21 + · · ·+ k2d)

1
2 ≤ σ

}
.

Èçâåñòíî (ñì. [8]), ÷òî ïðè p ∈ [1,∞] è r = 1

K2r(f, t)p ≍ K̃2r(f, t)p, f ∈ Lp, t > 0. (6)

ãäå ≍ � äâóñòîðîííåå íåðàâåíñòâî ñ ïîëîæèòåëüíûìè êîíñòàíòàìè, çàâèñÿ-
ùèìè òîëüêî îò p è r.

Â íàñòîÿùåé ñòàòüå ìû ïîêàæåì, ÷òî ñîîòíîøåíèå (6) ñïðàâåäëèâî òàêæå
ïðè ëþáîì r ≥ 2 (ñì. äîêàçàòåëüñòâî òåîðåìû 4).

Â ðàáîòå [2] áûëà äîêàçàíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà À. Ïóñòü 1 ≤ p ≤ ∞, r ∈ N è α > d−1
2 . Òîãäà

∥f − S(r,α)
n ∥p ≍ K2r(f ; 1/n)p, f ∈ Lp, n ∈ N. (7)

Ñëåäóþùåå óñèëåíèå òåîðåìû A äëÿ ñðåäíèõ Áîõíåðà-Ðèññà (r = 1) áûëî
ïîëó÷åíî â ðàáîòå [8]:

Òåîðåìà B. Ïóñòü 1 ≤ p ≤ ∞ è α > 0. Åñëè ïîñëåäîâàòåëüíîñòü

îïåðàòîðîâ {S(1,α)
n }n∈N ñõîäèòñÿ â Lp, òî

∥f − S(1,α)
n (f)∥p ≍ K2(f, 1/n)p, f ∈ Lp, n ∈ N.

Äëÿ ñåìåéñòâà îïåðàòîðîâ (1) ñïðàâåäëèâà àíàëîãè÷íàÿ òåîðåìà (ñì. [8]):

Òåîðåìà C. Ïóñòü 0 < p ≤ ∞ è α > 0. Åñëè ñåìåéñòâî îïåðàòîðîâ

{S(1,α)
n;λ }n∈N;λ∈Rd ñõîäèòñÿ â Lp, òî∫

Td

∥f − S
(1,α)
n;λ (f)∥pp ≍ K̃2(f, 1/n)

p
p, f ∈ Lp, n ∈ N.

Â íàñòîÿùåé ñòàòüå, èñïîëüçóÿ ìåòîäû ðàáîòû [8], ìû îáîáùèì òåîðåìû
B è C íà ñëó÷àé ñðåäíèõ è ñåìåéñòâ îïåðàòîðîâ, ïîðîæäåííûõ îáîáùåííûìè
ÿäðàìè Áîõíåðà-Ðèññà.

2. Îáîçíà÷åíèÿ è âñïîìîãàòåëüíûå ðåçóëüòàòû

Îáîçíà÷èì ÷åðåç ∥ · ∥p èëè ∥ · ∥p;x p-íîðìó (êâàçèíîðìó, åñëè 0 < p <
1) îòíîñèòåëüíî x. p-(êâàçè)íîðìà îòíîñèòåëüíî ïàðàìåòðà λ îáîçíà÷àåòñÿ
ñèìâîëîì ∥ · ∥p;λ. Äàëåå, ∥ · ∥p := ∥∥ · ∥p;x∥p;λ.
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Íîðìó ëèíåéíîãî è îãðàíè÷åííîãî îïåðàòîðà Ln, îòîáðàæàþùåãî Lp, 1 ≤
p ≤ ∞, â Tn, îáîçíà÷èì ÷åðåç

∥Ln∥(p) = sup
∥f∥p≤1

∥Ln(f)∥p.

Ïóñòü {Ln;λ}n∈N,λ∈Td � ñåìåéñòâî îïåðàòîðîâ, îòîáðàæàþùèõ Lp(Td) c
0 < p ≤ ∞ â ïðîñòðàíñòâî ïîëèíîìîâ Tn, òàêîå, ÷òî ôóíêöèÿ Ln;λ(f ;x) äâóõ
ïåðåìåííûõ x è λ ïðèíàäëåæèò ïðîñòðàíñòâó Lp(T2d) äëÿ êàæäîé ôóíêöèè
f ∈ Lp. Îïðåäåëèì íîðìó (óñðåäíåííóþ) òàêîãî ñåìåéñòâà ñëåäóþùèì
îáðàçîì

∥{Ln;λ}∥(p) = (2π)−d/p sup
∥f∥p≤1

∥Ln;λ(f ;x)∥p.

Ïîñëåäîâàòåëüíîñòü ëèíåéíûõ îïåðàòîðîâ {Ln}n∈N, îòîáðàæàþùèõ Lp,
1 ≤ p ≤ ∞, â ïðîñòðàíñòâî Tn, íàçûâàåòñÿ ñõîäÿùåéñÿ â Lp, åñëè

lim
n→∞

∥f − Ln(f)∥p = 0

äëÿ âñåõ f ∈ Lp(Td).
Àíàëîãè÷íî, ñåìåéñòâî ëèíåéíûõ îïåðàòîðîâ {Ln;λ}n∈N, λ∈Td , îòîáðàæà-

þùåå Lp, 0 < p ≤ ∞, â ïðîñòðàíñòâî Tn, íàçûâàåòñÿ ñõîäÿùèìñÿ â Lp, åñëè

lim
n→∞

∥f − Ln;λ(f)∥p = 0

äëÿ âñåõ f ∈ Lp(Td).

Ìíîæåñòâî òåõ çíà÷åíèé (p, α, r), äëÿ êîòîðûõ ñðåäíèå S
(r,α)
n ñõîäÿòñÿ â

Lp(Td), áóäåì îáîçíà÷àòü ÷åðåç Ω(d). Ìíîæåñòâî òåõ çíà÷åíèé (p, α, r), äëÿ

êîòîðûõ ñõîäÿòñÿ ñåìåéñòâà {S(r,α)
n;λ }, îáîçíà÷èì ÷åðåç Λ(d).

Áóêâîé C áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå êîíñòàíòû, çàâèñÿùèå îò
óêàçàííûõ ïàðàìåòðîâ. Êîíñòàíòû C ìîãóò áûòü ðàçëè÷íûìè äàæå â îäíîé
ñòðîêå.

Ñèìâîë ≍ áóäåò îáîçíà÷àòü äâóñòîðîííåå íåðàâåíñòâî ñ ïîëîæèòåëüíûìè
êîíñòàíòàìè, çàâèñÿùèìè òîëüêî îò p, r è, áûòü ìîæåò, îò α.

Ñëåäóþùèå äâå òåîðåìû âûòåêàþò èç òåîðåì 10 è 11 ðàáîòû [8].

Òåîðåìà 1. Ïóñòü r ∈ N. Ñðåäíèå S
(r,α)
n ñõîäÿòñÿ â Lp, 1 ≤ p ≤ ∞,

òîãäà è òîëüêî òîãäà, êîãäà ïîñëåäîâàòåëüíîñòü èõ íîðì {∥S(r,α)
n ∥(p)}n∈N

îãðàíè÷åíà.

Òåîðåìà 2. Ïóñòü r ∈ N. Ñåìåéñòâî {S(r,α)
n;λ } ñõîäèòñÿ â Lp, 0 <

p ≤ ∞, òîãäà è òîëüêî òîãäà, êîãäà ïîñëåäîâàòåëüíîñòü {∥S(r,α)
n;λ ∥(p)}n∈N

îãðàíè÷åíà.

Ïðåæäå ÷åì ñôîðìóëèðîâàòü ñëåäóþùóþ òåîðåìó ïðèâåäåì íåñêîëüêî
âñïîìîãàòåëüíûõ óòâåðæäåíèé, êàñàþùèõñÿ íåðàâåíñòâ äëÿ òðèãîíîìåòðè-
÷åñêèõ ïîëèíîìîâ.
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Ïóñòü g � âåùåñòâåííàÿ èëè êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ, îïðåäåëåííàÿ
íà Rd. Ýòà ôóíêöèÿ ïîðîæäàåò îïåðàòîðû {Aσ(g)}σ≥1, îïðåäåëÿåìûå ïî
ñëåäóþùåé ôîðìóëå

Aσ(g)t(x) =
∑
k∈Zd

g

(
k

σ

)
cke

ikx, t(x) =
∑
k∈Zd

cke
ikx ∈ T .

Ðàññìîòðèì íåðàâåíñòâî

∥Aσ(µ)t∥p ≤ C(d; p;µ; ν)∥Aσ(ν)t∥p, t ∈ Tσ, σ ≥ 1. (8)

Áóäåì ãîâîðèòü, ÷òî (8) âåðíî â Lp, åñëè îíî âûïîëíÿåòñÿ äëÿ âñåõ ïîëèíîìîâ
t ∈ Tσ è σ ≥ 1 ñ íåêîòîðîé ïîëîæèòåëüíîé êîíñòàíòîé, íå çàâèñÿùåé îò t è
σ.

Ïðåäïîëîæèì, ÷òî ν(ξ) ̸= 0 äëÿ ξ ̸= 0 è îïðåäåëèì ñëåäóþùóþ ôóíêöèþ

X (ξ) =
µ(ξ)

ν(ξ)
, ξ ∈ Rd \ {0}.

Áóäåì òàêæå ïðåäïîëàãàòü, ÷òî X êàêèì-ëèáî îáðàçîì îïðåäåëåíà â òî÷êå
ξ = 0. Ðàññìîòðèì íåðàâåíñòâî

∥Aσ(X )t∥p ≤ C(d; p;µ; ν)∥t∥p, t ∈ Tσ, σ ≥ 1, (9)

êîòîðîå ÿâëÿåòñÿ àññîöèèðîâàííûì ñ íåðàâåíñòâîì (8). Ñëåäóþùèå äâå
ëåììû äîêàçàíû â ðàáîòå [8].

Ëåììà 1. Ïóñòü µ(0) = ν(0) = 0. Åñëè íåðàâåíñòâî (9) âåðíî, òî

íåðàâåíñòâî (8) áóäåò òàêæå âåðíûì íåçàâèñèìî îò çíà÷åíèÿ X (0).

Îáîçíà÷èì ÷åðåç W k
1 (Rd) ïðîñòðàíñòâî Ñîáîëåâà âñåõ èíòåãðèðóåìûõ

ôóíêöèé, ÷üè ïðîèçâîäíûå äî k-ãî ïîðÿäêà âêëþ÷èòåëüíî ïðèíàäëåæàò
ïðîñòðàíñòâó L1(Rd). ×åðåç W k

1,0(Rd) áóäåì îáîçíà÷àòü ìíîæåñòâî ôóíêöèé

èç W k
1 (Rd), èìåþùèõ êîìïàêòíûé íîñèòåëü.

Ëåììà 2. Ïóñòü 0 < p ≤ ∞, k = [d/q]+1 (q = min(1, p)). Åñëè X ∈W k
1,0(Rd),

òî íåðàâåíñòâî (9) âåðíî â ïðîñòðàíñòâå Lp.

Òåîðåìà 3. Ïóñòü r ∈ N è (p, α, r) ∈ Ω(d) ∪ Λ(d). Òîãäà

∥T − S(r,α)
n (T )∥p ≍ n−2r∥∆rT∥p, T ∈ Tn, n ∈ N. (10)

Â íåðàâåíñòâàõ (10) îïåðàòîð S
(r,α)
n ìîæåò áûòü çàìåíåí íà S

(r,α)
n;λ ñ ëþáûì

λ ∈ Rd è êîíñòàíòàìè íå çàâèñÿùèìè îò n è T .
Ä î ê à ç à ò å ë ü ñ ò â î. Ïðè äîêàçàòåëüñòâå òåîðåìû ìû ïîâòîðÿåì

ñõåìó äîêàçàòåëüñòâà òåîðåìû 13 ñòàòüè [8]. Äîêàæåì îöåíêó ñâåðõó.
Íåòðóäíî ïðîâåðèòü, ÷òî äëÿ ëþáîãî ïîëèíîìà T ∈ Tn, n ∈ N è λ ∈ Rd

S(r,α)
n (T ;x) = S

(r,α)
n;λ (T ;x), x ∈ Td. (11)
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Îòêóäà ïîëó÷èì, ÷òî â íåðàâåíñòâå (10) îïåðàòîð S
(r,α)
n ìîæåò áûòü çàìåíåí

íà S
(r,α)
n;λ . Êðîìå òîãî, ïðè p ≥ 1 ñïðàâåäëèâî íåðàâåíñòâî

∥S(r,α)
n (T )∥p ≤ c∥T∥p, T ∈ Tn, n ∈ N. (12)

Ïîêàæåì, ÷òî ïðè 0 < p < 1 íåðàâåíñòâî (12) òàêæå âûïîëíÿåòñÿ.
Äåéñòâèòåëüíî, èç ðàâåíñòâà (11) è óñëîâèé òåîðåìû ïîëó÷èì, ÷òî äëÿ
êàæäîãî T ∈ Tn è n ∈ N

∥S(r,α)
n (T )∥p = (2π)−d/p∥S(r,α)

n;λ (T )∥p ≤ ∥S(r,α)
n;λ ∥(p)∥T∥p ≤ c∥T∥p.

Äàëåå, îïðåäåëèì ñëåäóþùèå ôóíêöèè:

φ(ξ) =

{
1, ξ ∈ D1;
0, ξ ̸∈ D2,

φ0(ξ) =

{
1, ξ ∈ D1/2;

0, ξ ̸∈ D3/4,

φ1(ξ) = φ(ξ)− φ0(ξ),

ãäå DR = {ξ ∈ Rd : |ξ| < R}. Ìû áóäåì äîïîëíèòåëüíî ïðåäïîëàãàòü,
÷òî φ è φ0 ÿâëÿþòñÿ áåñêîíå÷íî-äèôôåðåíöèðóåìûìè íà Rd è ðàäèàëüíûìè
ôóíêöèÿìè. Ïîëîæèì òàêæå

Ψr,α(ξ) =

{
|ξ|−2r(1− ψr,α(ξ)), ξ ̸= 0;
α, ξ = 0,

Xr,α(ξ) = Ψr,α(ξ)φ(ξ),

ãäå
ψr,α(ξ) = (1− |ξ|2r)α+.

ßñíî, ÷òî
Xr,α(ξ) = Ψr,α(ξ)φ0(ξ) + Ψr,α(ξ)φ1(ξ), ξ ∈ Rd.

Ïîñêîëüêó ôóíêöèÿ y−2r(1−(1−y2r)α+) (ïðîäîëæåííàÿ ïî íåïðåðûâíîñòè â 0)
ÿâëÿåòñÿ àíàëèòè÷åñêîé â èíòåðâàëå (−1, 1) ìû ïîëó÷èì, ÷òî ôóíêöèÿ Ψr,αφ0

ÿâëÿåòñÿ áåñêîíå÷íî äèôôåðåíöèðóåìîé â Rd. Ñëåäîâàòåëüíî, ôóíêöèÿ
|ξ|−2rφ1(ξ) òàêæå îáëàäàåò ýòèì ñâîéñòâîì.

Èñïîëüçóÿ ëåììó 2 è (12), íàõîäèì

∥An(Xr,α)T∥qp ≤
≤ ∥An(Ψr,αφ0)T∥qp + ∥An(Ψr,αφ1)T∥qp =
= ∥An(Ψr,αφ0)T∥qp + ∥An(| · |−2rφ1(·)) ◦An(1− ψr,α(·))T∥qp ≤

≤ c(∥T∥qp + ∥T − S(r,α)
n (T )∥qp) ≤ c∥T∥qp,

(13)

ãäå T ∈ Tn è q = min(1, p). Âîçüìåì â ëåììå 1 µ(ξ) = (1 − ψr,α(ξ))φ(ξ) è
ν(ξ) = |ξ|2r. Òîãäà èç íåðàâåíñòâà (13) ïîëó÷èì, ÷òî

∥T − S(r,α)
n (T )∥p ≤ Cn−2r∥∆rT∥, T ∈ Tn, n ∈ N.

Òàêèì îáðàçîì, îöåíêà ñâåðõó â (10) äîêàçàíà.
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Îöåíêó ñíèçó ìîæíî àíàëîãè÷íî ïîëó÷èòü èç äîêàçàòåëüñòâà òåîðåìû 13
ñòàòüè [8].

3. Îñíîâíûå ðåçóëüòàòû

Â íàñòîÿùåì ðàçäåëå ìû îáîáùèì òåîðåìû B è C íà ñëó÷àé ñðåäíèõ è
ñåìåéñòâ îïåðàòîðîâ, ïîðîæäåííûõ îáîáùåííûìè ÿäðàìè Áîõíåðà-Ðèññà.

Òåîðåìà 4. Ïóñòü 1 ≤ p ≤ ∞, α > 0 è r ∈ N. Åñëè ïîñëåäîâàòåëüíîñòü

îïåðàòîðîâ {S(r,α)
n }n∈N ñõîäèòñÿ â Lp, òî

∥f − S(r,α)
n (f)∥p ≍ K2r(f, 1/n)p, f ∈ Lp, n ∈ N.

Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàæåì ñíà÷àëà, ÷òî ïðè (p, α, r) ∈ Ω(d)
ñïðàâåäëèâî ñîîòíîøåíèå

∥f − S(r,α)
n (f)∥p ≍ K̃2r(f, 1/n)p, f ∈ Lp, n ∈ N. (14)

Èç òåîðåìû 1 ñëåäóåò, ÷òî ïðè (p, α, r) ∈ Ω(d) ïîñëåäîâàòåëüíîñòü {S(r,α)
n }

îãðàíè÷åíà â Lp. Èñïîëüçóÿ òåîðåìó 3 äëÿ ôóíêöèè f ∈ Lp è ïðîèçâîëüíîãî
ïîëèíîìà T ∈ Tn, íàõîäèì

∥f − S(r,α)
n ∥p ≤ ∥f − T∥p + ∥f − S(r,α)

n (f)∥p + ∥S(r,α)
n (f − T )∥p ≤

≤ (1 + ∥S(r,α)
n ∥(p))∥f − T∥p + Cn−2r∥∆rT∥p ≤

≤ C(∥f − T∥p + n−2r∥∆rT∥p).

Îòêóäà ñëåäóåò îöåíêà ñâåðõó â (14).
Èñïîëüçóÿ îöåíêó ñíèçó â ñîîòíîøåíèè (10), íàõîäèì

K̃2r(f, 1/n)p ≤ ∥f − S(r,α)
n (f)∥p + n−2r∥∆rS(r,α)

n (f)∥p ≤
≤ ∥f − S(r,α)

n (f)∥p + C∥S(r,α)
n (f − S(r,α)

n (f))∥p ≤
≤ C∥f − S(r,α)

n (f)∥p.

(15)

Òàêèì îáðàçîì, ñîîòíîøåíèå (14) äîêàçàíî.
Äàëåå, èñïîëüçóÿ ñîîòíîøåíèå (14) è òåîðåìó A, ïîëó÷èì, ÷òî ïðè 1 ≤

p ≤ ∞ è âñåõ r ∈ N
K2r(f, t)p ≍ K̃2r(f, t)p.

Èç ïîñëåäíåãî ñîîòíîøåíèÿ è ýêâèâàëåíòíîñòè (14) âûòåêàåò ñïðàâåäëèâîñòü
äîêàçûâàåìîé òåîðåìû.

Òåîðåìà 5. Ïóñòü 0 < p ≤ ∞, α > 0 è r ∈ N. Åñëè ñåìåéñòâî îïåðàòîðîâ

{S(r,α)
n;λ }n∈N;λ∈Rd ñõîäèòñÿ â Lp, òî

∥f − S
(r,α)
n;λ (f)∥p ≍ K̃2r(f, 1/n)p, f ∈ Lp, n ∈ N. (16)
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Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü 1 ≤ p ≤ ∞ è (p, α, r) ∈ Ω(d) ∪ Λ(d). Òîãäà
ñïðàâåäëèâà ýêâèâàëåíòíîñòü

∥f − S
(r,α)
n;λ (f)∥p ≍ ∥f − S(r,α)

n (f)∥p. (17)

Ñîîòíîøåíèå (17) ïðè r = 1 äîêàçàíî â ðàáîòå [8]. Ïðè r ≥ 2 äîêàçàòåëüñòâî
àíàëîãè÷íî ñëó÷àþ r = 1. Òàêèì îáðàçîì, èç òåîðåìû 4 è ñîîòíîøåíèÿ (17)
ïîëó÷èì ýêâèâàëåíòíîñòü (16) ïðè p ≥ 1.

Ïóñòü òåïåðü 0 < p < 1. Èñïîëüçóÿ òåîðåìó 3, íàõîäèì

∥f − S
(r,α)
n;λ (f)∥pp ≤ ∥f − T∥pp + ∥T − S

(r,α)
n;λ (T )∥pp + ∥S(r,α)

n;λ (f − T )∥pp ≤

≤ (2π)d
(
1 + ∥{S(r,α)

n;λ }∥p(p)
)
∥f − T∥pp + Cn−2rp∥∆rT∥pp ≤

≤ C(∥f − T∥pp + n−2rp∥∆rT∥pp) ≤
≤ C(∥f − T∥p + n−2r∥∆rT∥p)p

äëÿ âñåõ f ∈ Lp è T ∈ Tn, n ∈ N. Ñëåäîâàòåëüíî,

∥f − S
(r,α)
n;λ (f)∥p ≤ CK̃2r(f ; 1/n)p, f ∈ Lp, n ∈ N. (18)

Äîêàæåì òåïåðü îöåíêó ñíèçó â ñîîòíîøåíèè (16). Çàìåòèì, ÷òî äëÿ âñåõ
f ∈ Lp è n ∈ N

K̃2r(f ; 1/n)p ≤ 2(2π)−d/pmax
{
∥f − S

(r,α)
n;λ (f)∥p, n−2r∥∆rS

(r,α)
n;λ (f)∥p

}
. (19)

Èñïîëüçóÿ òåîðåìó 3 (íèæíþþ îöåíêó â (10)), ïîëó÷èì, ÷òî äëÿ âñåõ β, γ ∈
Rd

n−2r∥∆rS
(r,α)
n;λ (f)∥p ≤ C∥S(r,α)

n;γ (f)− S
(r,α)
n;β (S(r,α)

n;γ (f))∥p, (20)

ãäå êîíñòàíòà C íå çàâèñèò îò β, γ è n. Êðîìå òîãî, ñïðàâåäëèâî ðàâåíñòâî

S(r,α)
n;γ −S(r,α)

n;β ◦S(r,α)
n;γ = (S(r,α)

n;γ −I)+(I−S(r,α)
n;β )+S

(r,α)
n;β ◦(I−S(r,α)

n;γ ), n ∈ N, (21)

ãäå I � òîæäåñòâåííûé îïåðàòîð.

Èç (20) è (21) ïîëó÷èì, ÷òî äëÿ f ∈ Lp è âñåõ β, γ ∈ Rd

n−2rp∥∆rS(r,α)
n;γ (f)∥pp ≤C(∥f − S(r,α)

n;γ (f)∥pp + ∥f − S
(r,α)
n;β (f)∥pp+

+ ∥S(r,α)
n;β (f − S(r,α)

n;γ (f))∥pp.
(22)

Èíòåãðèðóÿ íåðàâåíñòâî (22) ïî Td îòíîñèòåëüíî ïåðåìåííîé β, ïîëó÷èì, ÷òî

n−2rp∥∆rS(r,α)
n;γ (f)∥pp ≤C((1 + ∥{S(r,α)

n;λ }∥p(p))∥f − S(r,α)
n;γ (f)∥pp+

+ (2π)−d/p∥f − S
(r,α)
n;λ (f)∥pp).

(23)
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Äàëåå, èíòåãðèðóÿ îáå ÷àñòè íåðàâåíñòâà (23) îòíîñèòåëüíî ïåðåìåííîé γ ïî
Td, íàõîäèì

n−2rp∥∆rS
(r,α)
n;λ (f)∥pp ≤ C∥f − S

(r,α)
n;λ (f)∥pp, f ∈ Lp, n ∈ N. (24)

Òàêèì îáðàçîì, èç (19) è (24) ïîëó÷èì, ÷òî

K̃2r(f, 1/n)p ≤ C∥f − S
(r,α)
n;λ (f)∥p f ∈ Lp, n ∈ N.

Òåîðåìà äîêàçàíà.
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