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The problem of diffraction of a vertical electric dipole field on a spiral conducti-
ve sphere and a cone has been solved. By the method of regularization of the
matrix operator of the problem, an infinite system of linear algebraic equati-
ons of the second kind with a compact matrix operator in Hilbert space /5 is
obtained. Some limiting variants of the problem statement are considered.
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Pesynenko B.O. Iudpaknis nossi BEpTUKAIBHOTO €JIEKTPUYIHOIO JIUIIO-
JISl Ha cHipaJibHO IIpPoBigHIi cdepi B mpucyTHocTi KoHyca. Po3p’s3ana
3agada AuPaKIiil Mo BEPTUKATHHOTO €eKTPUIHOrO JIUIOJA Ha CIipaabHO
npoBigHiit cdepi y npucyrnocti kornyca. Meromom peryssipu3ariii MaTpuIHOTO
0TepaTopa 331a49i OTPUMAHO HECKIHUEHHY CUCTEMY JIHIHHUX ajreOpaidHux piB-
HSIHb JIPYTOrO POAY 3 KOMIAKTHUM MATPUIHUM OIEPATOPOM y Tian0epToBOMY
npoctopi fo. Po3ryisgayTo mesiki rpaHnYHi BapiaHTH MOCTAHOBKHU 33adi.
Kmowosi caosa: crnipanbHO mpoBiaHa cdepa; KOHYC; BEPTUKAIBHUAN €eKTPH-
YHUN JIMII0JIb; METO/I PEryJispU3aliil; cucTeMa PIBHAHDb JIPYIOro POLY.

Pesynenko B. A. Indpakiusd Hojsg BEPTHUKAJIHLHOIO 3JIEKTPUYECKOI'O
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CIIUPAJIFHO TIPOBOAIIEH cepe B mpucyTcTBuu KOHyca. MeTomoMm perysisipu3a-
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1. Introduction

There is an interest to the problems of diffraction, electrodynamics, antenna
techniques, optics, electrostatics, acoustics and other tasks on the sphere and
on the cone. Different cases are considered: one sphere and one cone; two-three
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spheres and two-three cones; chains of hundreds of spheres and several cones
nested into each other [1, 2, 3|. Increased attention to tasks on such surfaces
and other resonance structures [4| has at least two reasons: 1) increased practical
requirements for reducing the size of devices using parts of spheres and cones;
2) the emergence of new materials with new physical properties, for example,
spiral conductive surfaces, nanomaterials, impedance structures. Such requests of
practice lead to the need to reformulate standard problem statements, to create
mathematical models of the studied processes, to create new numerical-analytical
methods for solving new theoretical and applied problems. Among the numerical-
analytical methods for solving a wide range of problems, an important role is
played by the regularization method of the matrix or integral operator of the
problem [5, 6]. In this paper, based on a variant of the regularization method of the
matrix operator of the problem [2]-|6], |11, 12|, [14]-|18], we construct a numerical-
analytical algorithm for solving the problem of diffraction of a vertical electric
dipole field on a spiral conductive sphere in the presence of an ideally conductive
cone. An efficiently solvable infinite system of linear algebraic equations of the
second kind with a compact operator is obtained [3]. Some limiting variants of
the problem statement are considered.

2. Formulation of the problem

We place the origin of the Cartesian (x,y, z) and spherical (7,0, ¢) coordinate
systems in the centre of a spiral conductive hollow sphere of radius a [3]. The top
of an ideally conductive cone is in the center of the sphere, and the axis of the cone
coincides with the negative semi-axis of the axis 0z. The opening angle of the cone
is counted from the positive semi-axis of the axis 0z and is assumed to be equal ~,
v € (0,7). The cone is the ideally conductive. We isolate the cone and the sphere
by a non-conductive infinitely thin and infinitely narrow tape. We place a vertical
electric dipole at the point (0,0, b),a < b. The moment P of the dipole is oriented
along the axis 0z and | P| = 1. The dipole field creates, in particular, secondary
fields outside of the sphere and inside of the sphere, and also creates electric
currents on the surfaces of the sphere and the cone. The time dependence of the
dipole field and secondary fields is assumed to be harmonic with the frequency
w =27/, A is the wavelength of the dipole field. The electric currents, arising on
the surface of the sphere under the influence of its spiral conductivity, change the
standard direction along the meridians. Currents can pass on the surface of the
sphere only along lines directed at an angle 0 < 8 < 7/2 to the meridians. For
an observer located at the pole of the sphere, this direction corresponds to the
movement of the currents clockwise at an angle 5 to meridians. The sphere, the
cone, and the currents on the sphere are axisymmetric. In this paper, we consider
two independent variants of current movement along the surface of a sphere [3].
The first variant corresponds to the movement of currents at an angle (+8) to
the meridians on the sphere, and the second one corresponds to the movement of
currents at an angle (—f) to the meridians on the sphere [3]. Consider briefly the
formulation of the problem [3]. We will use the method of partial domains. Full
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fields inside of a sphere and secondary fields outside of a sphere should be solutions
to the Maxwell’s equations, satisfy material equations, satisfy radiation conditions
at infinity, have bounded energy in any restricted volume of space, including the
top of the cone, and have the required feature at the dipole placement point. The
boundary conditions on the surface of the sphere r = a,0 € [0,7),¢ € [0,27]
are as follows [3], [7]-[12]. The tangential components of the total magnetic fields
H,, Hy and the tangential components E,, Ey of the full electric fields are related,
in particular, by means of a multiplier like tg (+/)

(HP + HY - B te(+8) + (B - H) =0, (1)
By + EQw(+p) =0, B =B+ Y, EP=BP, ()

The boundary conditions on the surface of the cone are set as follows: the vector
products of the complete electromagnetic fields and the external normal 1 to
the surface of the cone are zero

E(l) ® ﬁl - 03 (S [O,CL), 0 =7, @ € [07271—}’ <3>

(E(2)+ E(O)>®71:0, re(a,00), 0=y ¢el0,2x], (4

where in formulas (1)-(4) the superscripts of the electromagnetic field vectors refer
to the source field, to the field inside the sphere, » < a, the field outside r > a,
the sphere, respectively. In this formulation, problem (1)-(4) has a unique solution
[13]. We note that in this work, on the basis of [3], [7]-[12] the boundary condi-
tions on a spiral conductive sphere are refined. The continuity of the tangential
components of the total electric field on a spiral conducting sphere is required.
We also clarify the difference in representations and transformations of the Debye
potentials for TM and TE waves and the differences in the corresponding Fourier
series. We note that the introduction of additional boundary conditions naturally
leads to the complication of the method for solving the problem and to obtaining
new systems of algebraic equations of the second kind.

3. Fourier series for Debye scalar potentials

Since the time of Debye (near 1903), scalar and vector potentials have been
used successfully to reduce the dimensionality of problems, in particular, problems
of diffraction of electromagnetic waves, acoustics, and electrostatics. To solve these
and other problems on the coordinate surfaces used, in particular, the method of
separation of variables in 11 coordinate systems. The type of representation of
potentials depends not only on the shape of the surface and the type of boundary
conditions on the surface. The main ones are, in particular, the methods of direct
and inverse integral transformations of differential equations for potentials, as
well as the method of Green functions. Both methods are in most cases used in
conjunction with the Fourier method of separation of variables. Thus, in [8]-[10],
the method of integral transformations and the method of separation of Fourier
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variables were among the first used to solve the problem of diffraction of a vertical
electric dipole field on an ideally conductive cone. On the basis of [3], [7]-|10], we
write in the spherical coordinate system the Fourier series for the Debye electric
potential of the dipole field in the presence of an ideally conductive cone

)/
/(

[e.e]

U(O) — Z Fn(ml)MmPI/m (COS 9) { [dJV"L (kr) é‘V'm(
m=1

Jeb ), r<b,
[0, (k) by, (KD)]

kr
kr), r>b, (5)

where

~1

M, = [(k:b)?’ sin 7y aal/P,,(cos Nyer, P, (cos 7)] . FV =20, +1, (6)
Wy, (kr), &, (kb) are spherical Bessel functions of the first kind and, accordingly,
Hankel of the third kind in the Debye notation, P, (cos 6) — Legendre functions of
the first kind of the v,,, degree of the zero order of the argument cos 0, P} (cos ~v)-
associated Legendre functions of the first kind of the v, degree of the first order
of the argument cos . The spectral parameters v, and new parameters u, satisfy
the transcendental equations P, (cos ) = 0 and Pﬁn (cos v) = 0. The roots of
these equations v, (and pu,) are simple and do not coincide for m,n > 1. The
magnetic potential V() of the dipole is zero by the definition.

We look for the secondary potentials in the form of Fourier series (5), (6)

U = i FWALP, (cos 0) v, (kr)/(kr), r<a, (7)
m=1

v = f:F,g?)BnPM (cos 0) ¢y, (kr)/(kr),  r<a, (8)
n=1

U® = i EVC, P, (cos )&, (kr)/(kr), > a, (9)
m=1

Ve = i EPD,P, (cos 0) &, (kr)/(kr), T >a, (10)
n=1

where
F® =924, +1, n>1. (11)

4. The system of four functional equations containing fractional
degree Legendre functions

To find the coefficients A,,, By, Crn, Dy, m,n > 1 of the Debye potentials (7) -
(11), we construct a system of four functional equations. Note that the sequences
of coefficients {4}, {Bn}, {Cm}, {Dn},m,n > 1 belong to Hilbert spaces with
different weights. We first use the boundary conditions (1)-(4), perform linear
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transformations to obtain a system of four functional equations which connect all
desired coefficients. For example, the first two equations are as follows

ZF [Dnéy,, (ka) = Buy, (ka)] By, (cos 0) + (ika)(tg(£5))

x 3 FWY [Cméy, (ka) — Mythy,, (ka)éy,, (kb) — Amiby,, (ka)] P}, (cos 8) =0,

(12)
where 6 € [0, 7],

Z FP4y, (ka)/ &), (ka)Py, (cos 0)

+ (ika)(tg (£8)) > F\) [Amés, (ka) — Mg, (k)] Py (cos 6) =0,  (13)
m=1
where 6 € [0,7]. For functions &, (ka), ), (ka),&) (ka),&, (kb) the superscript
1 denotes the differentiation by argument ka or kb, respectively.

5. The system of linear algebraic equations of the second kind

The resulting system of four functional equations is a system of the first kind
with respect to the coefficients being sought A,,, B,, Cp, Dn,m,n > 1 and it
is ineffective for directly solving the problem. Note that in solving problems of
electrodynamics, electrostatics, acoustics and other problems on a sphere with
aperture, the use of an integral representation of the Abel type for the Legendre
functions [11]-[12], [14]-[18] is recommended. In our case, for example, for equation
(13), the Abel representation is ineffective. The resulting functional equations
require, in particular, additional decomposition over new orthogonal classes of
functions.

Indeed, we use the generalized integral representations of Abel type

0
P, (cos 0) = W_I\/E/ (cos ¢ — cos )0 cos <1/m + ;) ¢ do,
0

n (13) for the Legendre functions. Then we change the order of summation
and integration in the functional equation using the uniform convergence of
the series. We get an integral equation of Abel type with the kernel (cos¢ —
cos0) 79, Solving an integral equation using the inverse Abel transformation,
we received a new functional equation in the form of series containing functions
cos (ym + %) ¢, cos (un + %) ¢,m,n > 1. These functions are not orthogonal in
the space Ly(0,7). The Fourier series of these functions must be redeveloped in
the corresponding functional space. Let us transform system (12), (13) and the
remaining two functional equations into a system of algebraic equations of the
second kind as follows. First, we apply the discrete Fourier transform to each
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functional equation, taking into account, in particular, the orthogonality of the
associated Legendre functions Pﬁn (cos @) with weight sin 6 [8]-|10]

v 1
N = /0 (P! (cos6))? singdf = % siny P, (cosy) aiPﬁ(cos Ny
(14)
N},?’)n:(), m#mn, mn>1. (15)

The resulting auxiliary system of four linear equations includes, for example,
the equation

NP FP [Dye) (ka) — By, (ka)] = —(ika) tg(£0)

x Y F\V [Cn, (ka) = Minby,, (ka)Sy,, (kD) = Amtby,, (ka)] Jom, — (16)

_ fin (i + 1)

(tn = Vm)(Vm + pn + 1)
Let us return to the system of four functional equations, including (12), (13)
and (14)-(17). Based on it, to find coefficients B,,n > 1, for potential (8),
we construct a system of linear equations of the second kind. For this, we fi-
rst exclude the coefficients A,,, Cy,, Dp, m,n > 1, from the auxiliary system. In
this case, we solve the auxiliary system, use the equality for Wronski determinants
W (¢, (ka), &y, (ka)) = W (¢, (ka), &, (ka)),m,n > 1 and perform some linear
transformations. So, in the auxiliary double sum, using uniform convergence of
the series, we change the order of summation and get

[o¢] o o (o]
> Tdnm > BrRiJkm =Y BeBe Y JomTmndnm
m=1 k=1 k=1 m=1

With these operations, we separate and inverse the main part of the matrix
operator of the problem. As a result, we obtained an infinite system of linear
algebraic equations of the second kind (ISLAE-II)

siny Py, (cosy) P, (cos7). (17)

)

By = —[(ka) tg(£8)]* Y  Bscan — [(ika) tg(£B)] > F¥Jpm,  (18)

s=1 m=1
where

w = [FOED] ), (ko) (ha) [1/N2]

s -1
xZ[ NDth, (k)& (k)| Toum T
m=1
F(3) F Mm gﬂn (kb)fﬂ7b ( ) ]' ’
Jaiss) &n(ka) NG

m,n > 1.
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N Vmm +1)

0
m,m 2Vm + 1 7PI} (COS 7)‘

sin fyPylm (cos ) 3
v

In the matrix elements e, and in the second series of the system (18), the
convergence is uniform on the set ka € (0,00), ka < kb, 8 € [0,7/2) and v € (0, 7).
As a result, ISLAE-II with a compact operator M () in space ¢5 and a right-hand
BW column in £y are obtained [19]

B=MYB+ BW), (19)

where B = (B1, By, Bs, ..., By, ...)T is the vector of magnetic potential coeffici-
ents sought (8), Where the superscript T denotes the transposition of the row
into a column, = { 2(tg2(£p)) x esn} _, is the system matrix,

B = (Bi,Bs, B3, ..., Bn,..)T = ({—(zka)(tg(iﬁ)) XZm B nm}:)T -

right column of the system.

6. Conclusions

1. System (19) is effectively solvable analytically and numerically in Hilbert
space f2. At small angles v, (0 < v << 1), (and large angles v, (0 << v < ), the
system is analytically solvable for any values 0 < ka < kb.

2. To find the coefficients A,,,m > 1 and potential UM (7), it is necessary
to build a new ISLAE-II. At the same time, to obtain an ISLAE-II, we use the
same regularization method for the matrix operator of the diffraction problem, as
in deducing the system (19). In this case to find the coefficients Cy,, Dy, m,n > 1
and potentials (9) and (10), we use linear transformation of variables.

3. Let us discuss the limiting case of the problem statement, when the sphere
loses its spiral conductivity and becomes ideally conducting (8 — 0). In this case
[2, 3], the problem of diffraction of a dipole field on such a sphere in the presence
of a cone, the desired coefficients of the Fourier series of Debye potentials (8)-(10)
can be found explicitly. So, when § = 0 we find the solution to the system (18)
and we get the explicit value of the coeflicients B, : B,, = 0,n > 1. Also we obtain
the explicit values of the limiting components of the diffracted field.

4. In another limiting case, when the sphere is absent (ka = 0), the components
of the desired fields of diffraction of a dipole field on a cone are known and are
calculated explicitly from a given dipole potential U©) (5), (6).

5. The parametric equations z = sin(+n) x cos(x14n), y = sin(xn) x
sin(+14n), z = 1 + cos(£n), n € [0,7/2) are refined for two variants of the
movement of currents along the surface of a spiral conductive sphere correspondi-
ng to fixed angles £8y to the meridians on the sphere.

6. The approach developed in this paper is applicable, for example, to the
problem of diffraction of a dipole field on a spiral conductive sphere, which has a
circular hole between a sphere and a cone, as well as for other applied problems.
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Pesynenko B.O. Judpakiid mojsi BEpTUKAJILHOTO €JIEeKTPUYHOTO AUIOJISA Ha
CIipaJIbHO IPOBiAHINA c(epl B mpucyTHOCTI KoHyca. Po3p’s3ana 3azada mudpa-
KIIii eJIeKTPOMATrHITHOTO TOJISI BEPTUKAJIBHOTO €JIEKTPUIHOTO U0 HA CIipaJIbHO MPO-
BigHi#t cdepi y mpucyrHOCTI imeapHO TPOBIAHOTO KpyroBoro kouyca. llenTtp cdepn i
BepIIMHA KOHYCa PO3MIINEHO y MOYaTKYy JeKapToBOI Ta chepuyuHOl CHCTeM KOOD/IMHAT.
Junonb po3wimenuit Ha Bici cumerpii cdepn i Koryca Ta mo3a cdepu i Komyca. Mo-
MEHT JIHIIOJsi OPiEHTOBHHUI B3/M0BXK Bici cumerpii cdepm Ta komyca. Enexrpuyni Toku
Ha TOBepxHi cdepu, B HACTIIOK CIipaabHOI MPOBiAHOCTI chepu, MOXKYTh TeKTH i ¢i-
KCOBAaHMM KYTOM JI0 KOKHOTO Mepuiiany. IIoBHi emekTpoMaruiTHi mojs mOBHMHHI 33710-
BOJIBHSTH, 30KpeMa, piBHAHHA MakcBena, MaTepiaJbHi PIBHSIHHS, YMOBHU CKiHYE€HHOCTI
eHeprii y mI0BLIbHOMY OOMexKeHOMY 00’eMy, rpanudHi ymoBu. Jms po3B’sa3Ky 3azadi Oy-
JIeMO BHUKOPHCTOBYBATH METOJ YacTKOBUX obiacreit. B cdepuuniit cucremi Koopmmaar
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BUKOPHUCTAHI YOTUPHU CKAJIAPHI €jeKTpudHi i maruiTai morenmianu [lebas. [Torentianu
Hebast mpeacrasieni pagamu Oyp’e mo ¢pynrkmism Beccens, ¢pynkmiam Xamkens, a Ta-
KOk 10 yukiiam Jlexkanapa 1poboBux CreKTpagsbHuX napamerpis. I'pannyni ymosu Ha
IIOBEPXHI CIIPaJIbHO IPOBiIHOI chepu HEMEePEePBHO OB’ A3yI0Th TAHNEHIIAJIbHI KOMIIOHEH-
TH eJIEKTPUYIHUX 1 MarHiTHuX moiB. [loTpibHO Ay woruphox morenmiaiis lebas 3uaiitu
koedirienTn gorupbox psagis Pyp’e. IocmimoBrOCTI KOEDIIEHTIB IUX PSIIIB ITYKAEMO ¥
linpbeproBux mpocropax 3i cBoe Baror. st momyky KoedimieHTiB BUKOPHCTOBYEMO
IPAHUYHI YMOBH Ta OIEPIKYEMO 40TUPH (DYHKIIOHATbH] PIBHAHHSA. X IPAMEil PO3B’I30K
neepexkTuBHu. TakoK He € e(peKTUBHUM 3aCTOCYBAHHS Y (DYHKITIOHATBHUX PIBHAHHIX
mist byukmif Jlesxkamapa y3araJbHEHOrO IHTErpaJbHOTO TMpEACTaBIeHHsa Tuna Adess. Y
JaHiit poOOTI s 3aCTOCYBAHHS METOA PEryJIspu3aliil MaTPUYHOIO OMEPATOpa 3a/adi
JI0 KOXKHOTO 3 YOTHPHOX PIBHSHB 3aCTOCOBYEMO JucKperHe meperBopenns @yp’e. Hami
BHUKOPHCTOBYEMO PiBHICTH BH3HAYHMKIB BpoHchkoro mis ¢dyukmiit Beccens 3 gpoboBumvu
ingekcamu. Ilicasa miHITHEX IEPETBOPEHD Ta 3aCTOCYBAHHS 3MiHU HOPSAIKIB IIiICYy My BAHHS
y JIOTIOMIXKHWX TIOABIITHUX YNCJIOBUX PAAX ONEP’KYEMO HECKIHYEHHY CHCTeMy JiHIHWX
anrebpaiunux piBusub apyroro poxy (HCJIAP-11). B miit cucremi marpudnumii oneparop €
KOMIIAKTHUM Y Ti/IbOEPTOBOMY MPOCTOPI 4MCIOBUX mOCimoBHOCTEH. CrcTema epekTuBHO
pO3B’sI3HA ¥ T1ABOEPTOBOMY IPOCTOPI AHAMITUYIHO I TPAHMIHUX 3HAYEHDb MapaMeTpiB
3a1a4i i 9nCesIbHO Ui IOBIIbHUX mapaMerpiB. Y pobOTi PO3IISHYTO /€Ki IPAHUYHI Ba-
PlaHTH IOCTAHOBKM 33/1a4.
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