ISSN 2221-5646 (Print),
ISSN 2523-4641 (Online)

VISNYK OF V.N.KARAZIN
KHARKIV NATIONAL UNIVERSITY

KARAZIN UNIVERSITY Ser. MATHEMATICS, APPLIED
CLASSICS AHEAD OF TIME MATHEMATICS AND MECHANICS

Tom 87 ' 2018

BicHWK XapkiBCbKOTro HaLuioHanabHOro
yHiBEpCKTETY iMeHi B.H.Kapa3siHa
cepiqa

MATEMATVIKA,
NMPUKNAAHA MATEMATUKA
| MEXAHIKA




o Bicuuky BKJIFOUEHO CTATTI 3 MATEMATHIHOIO aHAJIi3y, MATEMATUYHOI (Di3u-
K#, TuPEPEHIaIbHAX PIBHIHD, MATEMATUIHOI TEOPIl KEPYBAHHS Ta MEXAHIKH, TKi
MiCTSTH HOBI TEOPETUYHI PE3YAbTATH y 3a3HAUEHUX TaNy3dX I MAIOTh MPUKJIAIHE
BHATEHHS.

JIist BUKIAAA4iB, HAYKOBUX TIPAI[iBHUKIB, aCIiPAHTIB, MPAIIOIYNX Y BiAMOBI -
Hux abo cyMiXKHEX cdepax.

Bicuuk € daxoBum BumanusM y ramay3i pizuko-MaTeMaTuIHUX HAYK

(Hakaz MOH Vxpaian N1328 Big 21.12.2015 p.)

3amesepdoceno do Ipyxry piwennam Buenoi padu Xapriscvkozo nauionasvrozo
ynisepcumemy imeni B.H. Kapasina (npomoxos N10e6id 29 orcosmua 2018p.).

Tonosuuit pegakrop — Kopobos B.I. — a1-p ¢d.-m. mayxk,
XHY imeni B.H. Kapazina, Ykpaina
YyeHn peaakIiifiHOT KoJIerii:
Kagerns B.M. — n-p d.-m. mayk, XHY imeni B.H. Kapazina, Ykpaina
[Mameron M.®. — 1-p d.-m. mayk, XHY imeni B.H. Kapazina, Ykpaina
Qapopos C.1O. — 1-p ¢db.-m. mayk, XHY imeni B.H. Kapa3zina, Ykpaina
Bopucenko O.A. — 1-p d.-m. mayk, wi.-kop. HAH Vkpainu, OTIHT HAH Vkpaiau
€roposa 1.€. — 1-p .-m. mayx, @TIHT HAH VYkpainnu
[Macryp JILA. — a-p ¢.-m. Hayk, akajg. HAH Yipaiau, @TIHT HAH VYkpalau
Xpycmos €.91. — 1-p d.-Mm. mHayk, akaga. HAH Vkpainn, @TIHT HAH Yxpalmu
MTenensckuit JI.I. — ga-p d.-m. vayk, PTIHT HAH VYkpainn ta XHY imeni
B.H. Kapazima, Ykpaina
Koryt II.I. — a-p d.-m. mayk, JduinmpoBchKkuil HAIIOHAJTLHUN YHIBEPCUTET iMeHI
Oueca Torvapa, m./laimpo, Ykpaina
Yyiiko C.M. — a-p b.-M. HayK, [HCTUTYT NpUKIAIHOT MATEMATUKYM 1 MEXaHIKH
Harionansrol akagemil Hayk Ykpainu, M.CloB aHCBK, YKpaiHa
Jombposeskuit A. — 1-p ¢d.-M. Hayk, YHiepcurer [lermmma, Ioabma
Kapaosuu FO.I. — n-p ¢b.-m. mrayk, YHiBepcurer Mopesoc, Mexiko, Mekcuka
Hryen Xoa Ilon — a-p ¢.-M. mHayk, Axajgemis Hayk Ta Texuojorii B’ermama,
Tncruryr maremaruku, Xanoii, B’ernam
[Mongxos A.l. — 1-p d.-m. mayk, [HPIA Harmionanbanii 1ocaitHUNBK I IHCTATYT
indopmaruku ta apromaruu, Jle-Illene, @panirist
Cxasap I'M. — a-p ¢.-m. Hayk, Yuisepcurer lernuna, [Toabma
Coagaros O.I1. — 1-p ¢.-M. Hayk, Benropoacekuit yaisepcuret, Pocis
Bianosiganasauit cekperap — kaua. ¢.-M. Hayk Pesynenko O.B.,
XHY imeni B.H. Kapazina, Ykpaina
A npeca penakitiiinol kouserii: 61022, Xapkis, maiigan Cobomu, 4,
XHY imeni B.H. Kapazina, dakyinbrer maremMaruku i indopmaruku, K. 7-27.
Ten. 7075240, 7075135,
Email: vestnik-khnu@ukr.net
Nurepuer:http://vestnik-math.univer.kharkov.ua/
http://periodicals.karazin.ua/mech__math/
CrarTti npoHIM BHYTPIITHE Ta 30BHIITHE PEIEH3YBAHHS.
CeimonrBo npo pep:kagHy peecrpariro KB Ne 21568-11468 P wix 21.08.2015

(©Xapkiscbkuil HaliOHAIBHUI yHIBEpCUTET
imeni B.H. Kapagina, opopmienns, 2018


http://vestnik-math.univer.kharkov.ua/
http://periodicals.karazin.ua/mech_math/

Bicuuk XHY, Cep.«Maremaruka, npuk/agHa MaTeMaTuKa i Mexanika», rom 87 (2018) 3

3MICT
Hogikos O. O., Posencbka O.T., Kozauenko FO. A. Habimxenus
kiaciB inrerpanis Ilyaccona cymamu @eitepa. 4
Pomainos FO. B., Ilososioubkuit E. B. Boaus remmeparypaOoro

CTaHy Ha TIIOIMIKO/PKYBAHICTh BHACHIOK TOB3Y4OCTi 000JIOHOK

IWIIHAPHIHUX TeILJTOBHILIAIOUNX eJIeMeHTIB. 13
Kapesa B. B., JIesos C. B. Maremarndna Mojie/ib OPOTECIB pereHepa-

i1 TevYiHKW: OTHOPIIHEe HADINKEHHSI. 29
Tonuapenko M. B., Xinbkosa JI. O. Ycepejneni TeH3zop mposijHOCTI

Ta (DYHKISA TOTIHHAHHS JIOKATBHO-TTEPIONIHOTO TIOPUCTOTO CEPeIo-

BUIIIA. 42
Maxkapos O. A., Jleekiu /[I. A. Kpaiiosa 3amaua B mapi Jjist €BOJIO-
HIMHUX TICeBA0ANMEPEHITIAJILHUX PIBHSAHB 3 IHTErPaIbHOI YMOBOIO. 61
CONTENTS
O.0.Novikov, O.G.Rovenska, Yu.A.Kozachenko. Approxi-
mation of classes of Poisson integrals by Fejer sums. 4

Yu. V. Romashov, E.V.Povolotskii. Influence of the temperature
state on the damageability due to the creep of claddings of cylindrical

fuel elements. 13
V.V.Karieva, S.V.Lvov. Mathematical model of liver regeneration
processes: homogeneous approximation. 29
M. V. Goncharenko, L. O.Khilkova. Homogenized -conductivity
tensor and absorption function of a locally periodic porous medium. 42
A. A.Makarov, D. A. Levkin The boundary-value problem in the layer
for evolution pseudodifferential equations with integral condition. 61
COAEP>XKAHWNE
Hosukor O. A., Posenckas O.T., Ko3zauenko FO. A. [Tpubmxenune
KJraccoB mHTerpasios [lyaccona cymmamu PDefiepa. 4

Pomaimos FO. B., IloBosionkuii 9. B. Bausuue temmeparypHOro co-
CTOSHUST HA MMOBPEXKIAEMOCTH BCJIEICTBUE TOJI3yIeCTH 000I09eK IH-
JUHIPUIECKUX TENIOBLIIEAIONINX 3IEMEHTOR. 13

Kapesa B. B., JIsBos C. B. Maremarndeckast MOI€e/Ib IPOIECCOB pere-
HEPAIUY TTEYEHN: OJHOPOIHOE TPUOIMKEHME. 29

Tonuapenko M. B., XuabkoBa JI. A. YcpequéHuunie TEH30p TTPOBOIN-
MocTu U (DYHKITUS TOIIOMIEHUS JIOKAJIBHO-TIEPUOINYIECKON TTOpUCTOi
Cpe/ibl. 42

Maxkapos A. A., Jleskun /1. A. KpaeBaa 3a7ada B cjioe g DBOJIO-
[IUOHHBIX TCEBIOAMMDPEPEHITNANIBHBIX YPABHEHUN € WHTErpaJbHBIM
YCJIOBAEM 61


http://vestnik-math.univer.kharkov.ua/Vestnik-KhNU-87-2018-Novikov.pdf
http://vestnik-math.univer.kharkov.ua/Vestnik-KhNU-87-2018-Romashov.pdf
http://vestnik-math.univer.kharkov.ua/Vestnik-KhNU-87-2018-Karieva.pdf
http://vestnik-math.univer.kharkov.ua/Vestnik-KhNU-87-2018-Khilkova.pdf
http://vestnik-math.univer.kharkov.ua/Vestnik-KhNU-87-2018-Makarov.pdf
http://vestnik-math.univer.kharkov.ua/Vestnik-KhNU-87-2018-Novikov.pdf
http://vestnik-math.univer.kharkov.ua/Vestnik-KhNU-87-2018-Romashov.pdf
http://vestnik-math.univer.kharkov.ua/Vestnik-KhNU-87-2018-Karieva.pdf
http://vestnik-math.univer.kharkov.ua/Vestnik-KhNU-87-2018-Khilkova.pdf
http://vestnik-math.univer.kharkov.ua/Vestnik-KhNU-87-2018-Makarov.pdf
http://vestnik-math.univer.kharkov.ua/Vestnik-KhNU-87-2018-Novikov.pdf
http://vestnik-math.univer.kharkov.ua/Vestnik-KhNU-87-2018-Romashov.pdf
http://vestnik-math.univer.kharkov.ua/Vestnik-KhNU-87-2018-Karieva.pdf
http://vestnik-math.univer.kharkov.ua/Vestnik-KhNU-87-2018-Khilkova.pdf
http://vestnik-math.univer.kharkov.ua/Vestnik-KhNU-87-2018-Makarov.pdf

Bicuuk XapkiBchbKOro HaIioHaJILHOTO Visnyk of V.N.Karazin Kharkiv National University

yuiBepcurery imeni B.H. Kapazina Ser. “Mathematics, Applied Mathematics
Cepia "MaremaTuka, IpUKIaTHA and Mechanics”
MaTeMaThKa 1 MexaHika' Vol. 87, 2018, p. 4-12
Ton 87, 2018, c. 4-12 DOI: 10.26565,/2221-5646-2018-87-01
YIK 517.5

Approximation of classes of Poisson integrals by
Fejer sums

0.0. Novikov!, O.G. Rovenska?, Yu.A. Kozachenko!
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For upper bounds of the deviations of Fejer sums taken over classes of periodic
functions that admit analytic extensions to a fixed strip of the complex plane,
we obtain asymptotic equalities. In certain cases, these equalities give a solution
of the corresponding Kolmogorov-Nikolsky problem.

Keywords: asymptotic equality; Poisson integrals; Fejer sums
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2010 Mathematics Subject Classification: 42A10.

1. Introduction

Let C% __ (see, e.g., [1]) be classes of continuous 2m-periodic functions given
by the convolutions

f(z) = Ao+ % / f5(x + 1) P4(t)dt,

(© 0.0. Novikov, O. G. Rovenska, Yu. A. Kozachenko, 2018
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where

00 Bﬂ'
= qu cos(kt + 7), g€ (0;1), BeR,
is the well-known Poisson kernel, the function fg (x) either satisfies the condition

ess sup |[fg(z)] < 1.
T€[—m;7]

In this case, the sets C/g’ o consist of 2m-periodic functions that admit extension
to functions f(z) = f(z +1y) analytic in the strip |y| < ln(%) (see, e.g., [1]); these
functions are called the Poisson integrals.

Further, let f(z) be a 2m-periodic summable function (f € L), let

[e.e]
Sif] = % + Z(ak cos kx + by sin kx)
k=1
be its Fourier series, and let a = ax(f) and b = bi(f), k = 0,1,..., be its Fourier
coefficients.

Denote by A = ||)\ H k, n = 0,1,... an arbitrary triangular matrix of
numbers by using which we associate every function f € L with a sequence of
trigonometric polynomials U, (f;z; A) of the form
1
+ )\,(:) (ax cos kx + by sin kz).
=1

3
|

UMﬁmA%=§

bl

Thus, any triangular matrix A gives a method for the construction of
polynomials U, (f;x;A) or, in other words, specific sequence of polynomial
operators U,(f;A) defined on the set L. In this case, one also says that the
matrix A defines a specific method (A-method) for summing Fourier series. It is
clear that the operators Uy, (f; A) are linear. For this reason, A-methods are called
linear summation methods for Fourier series.

For arbitrary natural p < n the polynomials that are given by relationship

{1 1<k<n-p,

)\(”) —
1-Er oy —pr1<k<n-—1

k

are called de la Vallee Poussin sums. In this case, the polynomials U, (f;z;A) are
denoted by V}, ,(f, ) and have the form

Vi (f; ) Z Si(f: )

knp

where Sk(f;x), k=0,1,... are the partial Fourier sums of order & of the function
f(z). If p=1, then V,, ,(f;x) = Sp—1(f; x). For p = n sums of this type are called
the Fejer sums:

on(f;2) = Vau(f; ) Zsk fi@)
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De la Vallee-Poussin sums and their special cases (Fourier sums and Fejer
sums) have been extensively studied for many decades by many prominent experts
in the theory of functions. In 1946, Nikolsky [2] considered the quantity

€(ChiSn) = sup 1) = Sulfi0)llc
7 fecy o

where S, (f;x) is the n-th partial sum of the Fourier series of the function f(x),
and established the asymptotic equality (as n — 00)

8q" q"
€ (ChociSn) = =5 K(q) + O L,

n

where

g
du
Ko = / V1 —¢%sin®u
0

is the total elliptic integral of the first kind, O(1) is a quantity uniformly bounded
with respect to n. In 1980, Stechkin [3| proposed another proof of this result,
which allowed to refine the remainder equality

n

3 (cq .S ) =3 re () + 0()—L
Proor™t) T n(l—q)’
where O(1) is a quantity uniformly bounded with respect to n, g.

It follows from these equalities that, on the classes of analytic functions,
the Fourier sums provide an approximation which coincides in order with the
best approximation by the trigonometric polynomials of degree not greater than
n. However, it is still interesting to make clear how do other approximating
aggregates (e.g., de la Vallee-Poussin sums, Fejer sums) behave on the classes
mentioned above. These studies may be of interest for computational mathemati-
cs and methods of mathematical modeling.

Asymptotic (as n — o0) equalities for upper bounds of the deviations of de
la Vallee Poussin sums for p satisfying n — p — oo on the classes C/g’ ~ Mmay be
found in [4, 5]:

£ (CaiVar) = sup [14(2) = Vil S0
feCs o

— qn_ppH (;Kq,p +0(1) <(n —p+z)(1 - q)5>) ’

/T = 2g7 cos pt + ¢
\/ qP cos pt 4 q dt

K = = = =
o [ 2geospt t g2 0 270 {3, p=2,3, ..,
0

where
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O(1) is a quantity uniformly bounded with respect to n, p, q.
In the case of arbitrary p = 1,2, ...,n the behavior of the constant K, could
be inferred by the next identity, proved in [6]:

Kop = 2_72](((117)7

1—q

where K(q) is the total elliptic integral of the first kind.
Some related problems were studied in [7, 8, 9, 10, 11, 12].
For q € (0; 2— \/g] upper bounds of the deviations of Fejer sums on the classes

C§ » Were investigated in [13]

q

4q
q _ _ ) - 4
E(Ch ) 0n) —f:ggpoon(x) an(fi)|lc (L + ) +0(1) o oo,

where O(1) is a quantity uniformly bounded with respect to n, g.
Here, we extend the result indicated above to the case where g € (0;qo],

qO:\/2+f—2 24+ /5 ~ 0, 346.

2. Result

Our main result is in the following theorem.

Theorem 1 Suppose that g € (0;qo]. Then the following relation holds asn — oo

4q q"
E(CG ooy on) = n(+ @) + O(l)ga (1)

where O(1) is a quantity uniformly bounded with respect to n, q.

Proof.
The statement of theorem is proved using the procedure proposed in [13]. Let
1 n—1
k=0
where

pe(fix) = f(x) — Se(f;@).
For f € Cg’oo quantity p,(f; ) may be represented as follows

o0

/fﬂ x+1) qk cos ktdt
k= m+1

1 7 e m+1
:W/fg(a:—kt D g cos(k +m + 1)tdt = /fﬂ z+t)
k=0

- —T
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X <cos(m + 1)t Z ¢~ cos kt — sin(m + 1)t Z ¢" sin /-ct> dt.

k=0 k=0
According to formulas

> 1 —gqgcost > gsint
k - ko
kt = kt =
Zq €08 1 —2qcost+ ¢’ Z;)q S 1 —2qgcost+ ¢?’
we obtain
gt 1 —qcost
q cos
t) 1)t
pm(f; ) /fﬁm—i- {1—2qcost+q2 cos(m + 1)
a0t + 1)t e (3)
— sin(m )
1 —2gcost+ q¢?

Comparing (2) and (3), we obtain

on(f; ) = 1/ Jolo +1) QZq [cosmt — gcos(m — 1)t]dt.  (4)

1—2gcost+gq
We have
Y = ikt 4 ikt i(k=1)t | p—i(k—1)t
qu(coskt—qcos(k_l)t): qk<€ Jr26 _qe +26 >
k=1 =

~ 53 {Jloe ] oy ]

1
C1-— 2q cost + ¢>
Taking into account the formula (4), the following integral representation holds
as n — 0o

[(g4¢3) cost—2¢>—q" T (cos(n41)t—2q cos nt+q* cos(n—1)t)].

fﬁ (x+1)] q?) cost — 2q] q"
= A
7m/ 1—2qcost+q) dt+0()n’ (5)

where O(1) is a quantity uniformly bounded with respect to n, g.
The function

(14 ¢?)cost —2q

(1 —2gcost + ¢%)?

I(t) =

for ¢ € (0;2 — /3] monotonous on interval (0;7). Using the relation (5), we
conclude that for function fg(t) €Sy,

S, ={felL: /f(t)dtzO, esssup|f(t)| <1, te[-mmn]},
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the following representation

(14 ¢?)cost —2q 2q q"
t) dt 1)—
/fﬂ * (1—2qcost—i—q) +(1+q2)2 +O()n

is true.
For ¢ € (0;2 — v/3] we have ¢(t) = sign [['(t) — I'(7/2)] € SY,. Taking into
account that (fo(x))qﬁ = (), we obtain

q q (1 q2) cost 2q 2(] qn
£ — 1 5 dt + O(1) 21—
(Co,00:m) ™ / ®) <(1 —2gcost+¢?)? (14 ¢?)? ! (1) n

—T

n

dt+0(1) L. (6)

/ (14 ¢?)cost — 2q 2q
+
(1 —2gcost+q%)?2  (1+¢?)?

It is clear that, for ¢ such that I'(¢) — I'(7/2) > 0, t € (0;7/2) and I'(t) —
I'(r/2) <0, t € (n/2;7) the formula (6) is true.
We investigate the function I'(¢). We have

(64 — " =1 —2q(1 + ¢*) cost) sint

I'(t) =
®) (1 —2qcost+ ¢?)3

Performing elementary transformations, for g € (O; 2 — \/ﬂ we get

I'(t) £ 0, t € (0;7).

It was also shown in [13]. Further, I'(t) = 0 for ¢ € (2 — v/3;1) such that satisfy
the condition

Making calculations, we obtain ¢ € (2 — v/3; V3 — 2v/2).

Consider the condition I'(¢q, 7) — (¢, 7/2) < 0. The last inequality yields for
=23 -2 —2¢g+1>0.

Making calculations, we have ¢ € (0; qo].

In view of the properties of monotonicity of function I'(¢), for g € (0; go] we
have ¢(t) = sign [['(t) — I'(r/2)] € SY,. Therefore, for function (fo(2))§ = »(2)
the relation (6) is true.
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It is clear that

/‘ (14 ¢?)cost —2q 2q i@t

(1 —2qcost+ ¢%)? * (14 ¢?)?

w/2

™
14 ¢%)cost — 2q 14 ¢%)cost —2q
= d dt
) (1 —2qcost +q?)? (1 —2qcost + ¢%)?

w/2

Making calculations, we obtain

/ cost ; (1+ ¢%)sint
(

dt =
1 —2qcost + ¢2)? (1 —¢?)2(1 — 2qcost + ¢2)

n 2q / dt
(1—-¢2)2 ) 1—2qcost+q¢?

/ dt - 2gsint
(1 —2gcost+¢2)2 (1 —¢2)2(1 —2qcost + ¢?)
N 1+ ¢? / dt
(1—¢?)2 ) 1—2qcost+q¢%
Making elementary transformations, we obtain

/ (14 ¢?)cost — 2q d — sint
(1 —2gcost+¢?)2  1—2qcost+ ¢?’

w/2

/(1+q2)cost—2th /(1+q2)cost—2th_ 2
(1 —2qcost + ¢2)? (
w/2

1 —2qcost+¢2)2" 1+4¢2

Combining relations (6), (7), we arrive at the statement of the theorem. The

theorem is proved.

The formula (1) provides the solving of the Kolmogorov-Nikolsky problem (see,
e.g., [14, 15]) when performing the theorems conditions without any additional

conditions.
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1. Introduction

Inhomogeneous temperature fields and creep deformations exist during
operation, and it is necessary to estimate the influence of these temperature fields
on the damageability due to the creep of the fuel cladding of nuclear reactors.

Really, the temperature in centers of fuel pins is limited about 1973K, but
the temperature in the outer boundary of the cladding, contacting with the heat
carrier, is about 630K. At the same time, the outer diameter of the cladding is
about 10mm in modern nuclear reactors with the ceramic nuclear fuel and the
pressurized water as the heat carrier, which are the most widely-used at present
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[1]. Thus, the significantly temperature difference about 1343K exists between the
places separated by the small distance about 5mm (one half of the diameter), and
the width of the cladding occupies about 0,5mm of this distance. The temperature
in the inner boundary of the cladding is defined by the heat conduction from the
heated fuel pellet across the gaseous filled the gap and next thru the cladding to
the heat carrier cooling the reactor core [1].

It is well-known that the temperature in the inner boundary of the cladding
can be estimated for the given density of internal heat sources in fuel pellets, for
the given heat contact conditions between the pellet and the gas, between the
gas and the cladding, considering also given heat transfer conditions between the
cladding and the heat carrier [2]. The heat transfer conditions between the outer
boundary of the cladding and the moving heat carrier must provide the limited
difference of temperatures in the inner and outer boundaries of the cladding due
to the strength limiting conditions with the temperature stresses considering;
this difference can be about 20-30K for the structural materials, widely using
for manufacturing elements of the reactors core. The mode of the heat carrier
flow and the state of the outer of the fuel assemblies are can be controlled in the
corresponding limits to provide the necessary heat transfer conditions between the
outer boundary of the cladding and the heat carrier, although the condition of
heat transfer between the fuel cladding and the heat carrier can be different in the
each places of the reactor core due to the local properties of the flow and can have
significant changes during operation. From other side, it is practically impossible
to accurately control during operation the internal state of each one of the fuel
elements, especially the density of internal heat sources in the fuel pellets and
the width of the gaseous gap inside the fuel element, which can changed due to
deformations of the pellet and cladding and significantly defines the heat transfer
processes, when the core of modern nuclear reactors is formed by means about
50000 fuel elements [1], [2]. Due to these circumstances, the temperature fields
can significantly differ in the cladding of each fuel elements, and it is practically
impossible to predict the temperature field in each cladding absolutely accurately.
Thus, the temperature fields in the cladding can be significantly different in each
of the fuel elements even for the similar heat transfer conditions between the outer
boundary of the cladding and the moving heat carrier, i.e. the average temperature
in the wall thickness of some cladding can be noticeably greater or lesser relatively
the expected value, averaged for the all core of the reactor.

The damages due to the creep deformation growth are the one of the most
dangerous for the fuel cladding of nuclear reactors, because they can lead to the
leakage of the activated fission products form inner volume of the cladding into
the heat carrier, which is not isolated and can fall into the environment [1], [2],
[3]. The creep deformation growth is significantly depended on the temperature,
and it is necessary to have the estimations for influence of the temperature fields
on the damageability due to the creep of the cladding [2], [3], [4], especially when
the temperature fields can not be estimated accurately.
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2. Mathematical formulation of the problem

The possibilities of experimental approaches are significantly limited for
research the processes in the reactor core, because it is very difficult and sometime
practically impossible to create artificially the conditions similar existing in the
reactor core during operation. Thus, the mathematical modeling and computer
simulation are the most effective approaches to research the processes in the
reactor core in different operation modes, including the damageability of structural
elements and different disasters. Next, we will consider the mathematical models
of mechanical behavior under creep deformations and damageability for the fuel
cladding with cylindrical shape, which is widely used in modern nuclear reactors
[2] and, very possibly, will be used in reactors of next generations.

The characteristic length L is significantly greater than the outer diameter b of
the fuel element’s cladding in modern reactors (pic. 1-a). Due to this circumstance,
it is possible to consider the stress-strain state of the cladding only for its axial
segment (pic. 1-b), which can be imagined as the thick round cylinder under the
small deformations under the well-known conditions of the plane problem [5],
[6], taking into account the inner pressure produced by the gases between the
pellets and cladding, the outer pressure produced by the moving heat carrier, the
temperature field produced by heat conduction thru the wall thickness, as well as
creep deformations. Thus, it is necessary to consider the linear kinematic equations
for total deformations, and the equilibrium equations, and the linear equations of
elastic deforming, taking into account that the total deformations consist of the
elastic and creep deformations. It is well-known [5], [6], how to reduce the general
view of listed equations, to the particular equations for the plane quasi-static
problem for thick-walled round cylinder under the noticed above assumptions.
It is not necessary in this article to present the way from listed above general
equations to the particular equations, corresponding to the assumptions of the
plane problem, but it is necessary to present the differential equations and the
boundary conditions of the mathematical model of the stress-strain state of the
cladding in the final view used for computer simulations:

1 v 8u_ T_T v <r<b
—gor T oot 5 =l —To) + ¢ — oo, asT <D,
v 1 U v
Egr—Eo’g—}—;:a(T—To)—i-C@—EO'Z, a<r<b, (1)
a? b2

O-z:pab2_a2_pbb2_a25 CLSTEb,
do, o0y— o,

8r+ T

=0, a<r<hb,

0-7”|r=a = —Pa; UT’r:b = —Dv, (2)

where a, b are the inner and outer radii of the cladding; r is the radial
coordinate across the cladding wall thickness; 0., 09, 0, and u are the radial,
circumferential, axial stresses and radial displacement; F, v and « are Young’s
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module, Poisson’s ratio and the thermal expansion coefficient of the material used
to make the cladding; ¢, ¢y are the radial and circumferential creep deformati-
ons; T is the temperature of the cladding; Ty = 293K is the temperature of the
naturally unloaded state of the cladding; p, and p, are the inner and the outer
pressures, acting on the cladding.

It is possible to find the stresses o, = o,(r), 09 = o¢(r) and displacement
u = u(r) fields at the some time ¢ > 0 by solving the linear boundary-value
problem (1), (2) for the given pressures p,, pp, for the given temperature field
T = T(r) and for the given creep deformations ¢, = ¢,.(r,t), cp = cg(r,t) at this
time moment ¢t. The average values of the pressures p,, pp are usually known for
the given type of nuclear reactors and for modern types of widely-used pressurized-
water reactors these values are p, ~ 6M Pa and p, ~ 16M Pa [1], [2], but it is
necessary to have the additional equations to find the temperature 1" and the
creep deformations ¢, cy.

z

cladding

i2b~20mm

L ~3500 mm

bottom edge

i:
|| ey |

a)

Pic. 1. Fuel element schematic design (a) and axial segment of it’s cladding (b)

The temperature field in the wall of the cladding must be found as the solution
of the heat conduction problem for the cylinder, representing the cladding. Next,
we will take into account the temperature field, corresponding to the well-known
axi-symmetrical stationary heat conduction, which can be represented in the form
of boundary-value problem [7]:

d*°T 1dT B

gt rg =0 asrsb Thy=T Thoy=T, (3)

where T, and T}, are the temperatures on the inner and outer radii of the cladding,
and it is evidently that T, > T}, because the heat sources are inside the cladding.

The solution of the heat conduction problem (3) can be easily found by
analytical integration of differential equation and analytical finding the necessary
constants from the boundary conditions. It is not necessary to show the elementary
analytical transformations, leading to the solution of the heat conduction problem
(3), but it is necessary to present final well-known result for the temperature field
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in the cylindrical wall:

In(r/b)

T(r)=T,— (T, — Ta)ma

a<r<hb. (4)

where T, and T} are the temperatures on the inner and outer radii of the cladding;
it is evidently that T, > T} because the heat sources are inside the cladding.

The result (4) for the temperature field will be used next in the computer
simulations of the cladding.

To find the creep deformations and the damageabilities in the structural
material of the cladding, it is necessary to propose the corresponding mathemati-
cal model. This model can be represented in the form of differential equations
with initial conditions, which for wide classes of the creep deformations and
the damageabilities, which are existed in different structural materials, can be
represented by using the Cachanov-Rabotnov scalar damage parameter in the
next well-known [6], [8] view:

dcr 3 felceqsw,0eq;T) 2 1 1 )

ot~ 2 Oeq ‘37 T 370 3%

%_ ch(%q’w’geq;T)rgg _ }0 10 ) (5)

ot~ 2 Oeq 370 T 37 T 3%

Ow

E = fw(ceqawa Ueq;T)a

cr(r,0) =0,¢9(r,0) = 0,w(r,0) =0, a<r<hb, (6)

where w = w(r,t) is the Cachanov-Rabotnov scalar damage parameter;

fe(Ceqyw, 0eq; T) and fu,(Ceq, w, 0eq; T') are the velocities of the creep equivalent
deformation and the damage parameter; ceq = ceq(Cr, o) and oeq = oeq(or, 0p)
are the equivalent creep deformation and the equivalent stress necessary to equi-
valence the uni-axial and multi-axial stress-strain states.

The effect of the temperature field influence on the damageability of cladding
can be estimated by using the mathematical model (1)-(6) due to the presence
of the temperature field (4) in the mathematical model (1), (2) of the stress-
strain state, and in the kinetic equations (5) for the creep deformations and the
damage parameter. The velocities fq(ceq, w, 0eq; T') and fi,(Ceq, w, 0eq; T'), presenti-
ng in creep-damage kinetic equations (5) must be obtained using the experimental
data about the rupture of the specimens of materials under the uni-axial tensile
in the creep conditions [6], [8], and it is relatively easy to obtain the velocities
fe and f, for given temperatures only. Next, we will consider the cladding made
from the the zirconium-based alloys which are widely used to make the cladding
in modern widely-used reactors [1], [2]. For zirconium-based alloys we will use the
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creep-damage velocities in the form:
fe(Ceqsw, 0eq; T) = 0,25 f,(Ceq, w, 0eq; T),

k1 (T)
g, oeq—
fw(CGQ7w7O-€q;T) et Bl(T) ( €q > (1 _ 276Xp(100 q S(T))) +

1—w

o ko(T)

(7)

1—w

where B1(T), k1(T), Ba(T), ko(T) and S(T') are the parameters defined for the

Oﬂeq*S(T))

given temperature 7T'; 2~ P10 is the approximation of the step function

9] 0eg = /(07 — 09) + (09 — 02)° + (0 — 0,)* V2.

First relation (7) form is in the consequence of zirconium-based alloys properti-
es that the rupture creep deformation is not depended on the stress and equals
approximately 0,25 [10]. Two items, introduced in the second relation (7), are
necessary to take into account the differences in the tilts angles of two characteri-
stic straight sections, typically existing when logarithmic coordinates are used
to represent the depending between the rupture time and stress under the creep
for the given temperature and existing also for the zirconium-based alloys [10].
For the available experimental data, consisting of the stresses and correspondi-
ng to them the times of the rupture times for the given temperature, as, for
example, in [10], it is possible to find the parameters By (T'), k1(T"), B2(T'), k2(T)
and S(T') values, corresponding to that given temperature, by using the least
squares. It is impossible to represent the parameters By (1), ki(T"), Bo(T'), kao(T)
and S(T)values, corresponding to the given temperature, in the form of finite
formulas, but it is only possible to propose the algorithms, which allow to obtain
these parameters values; it is not suitable do discuss these algorithms in this
article, but it is necessary to note, that these algorithms are reduced to the least
squares applications for different combinations of points from the available experi-
mental data to find the optimal matching to these data. Thus, it is possible to
find the parameters By (T), k1(T'), B2(T'), k2(T') and S(T) values in equations (7)
for same given temperature, using the necessary available corresponding experi-
mental data, but are no possibilities to find these parameters values for some
required temperatures without corresponding experimental data. In this situation
it seems naturally to build the extrapolation of available experimental data such
that to have the data necessary to find the parameters By (T'), k1(T'), B2(T'), ko(T)
and S(T') values for some required temperature when are no experimental data
for this required temperature. This approach naturally requires the extrapolation
of the experimental data about dependencies between the rupture time and the
stress, available for the given temperatures, to the required temperatures, and it
is naturally to use the long-term strength extrapolation based on the well-known
[11] Larson-Miller parameter

Ueq:A+BPLM7 PLM:T(C"’_lg(t*))’ (8)
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where A =2 827,516, B =& —518,932 and C' = 15,895 are the parameters defi-
ned using the primary data about rupture of the Zr-Nb alloy under the creep
conditions [10] for the creep in MPa, time in hours and temperature in K; Pp
is Larson-Miller parameter; t* is the rapture time under the creep conditions.

In the case of absence of the finite formulas and clear denoted algorithms for
the evaluation the parameters By (T'), k1(T'), B2(T), k2(T') and S(T) from relations
(7) as well as of the material constants from the Larson-Miller parameter (8) it is
necessary to substantiate using the presented in the form (6)-(8) creep law. For
this substantiation it is possible to estimate the rupture times using the creep law
(6)-(8), the last equation (5) and the initial condition (6) for the given constant
stresses and temperatures:

(9)

where is took in consideration that the f,(ceq,w,0eq; T) is not depended on ceq
in the particular case (7) and is reduced to f,(w,oeq; T).

Using the formula (9), it is possible to estimate the rupture times, correspondi-
ng for the given stresses and temperatures, including the available data used to
find the parameters in relations (7), (8), that gives the opportunities to estimate
the differences. The results, obtaining using the formula (9), last relation (7)
and relation (8), show us (pic. 2) that the relations (7), (8) allow us to predi-
ct fairly accurate the rupture time under the creep conditions for wide choice for
values of the stress and the temperature; the curves in pic. 2, corresponding to the
temperatures T' = 675K and T' = 750K, are obtained only due to the extrapolati-
ons using Larson-Miller parameter. It is obviously, that the errors in relations (7),
(8) are defined first of all by errors of the Larson-Miller extrapolations, which
are allowed for the engineering applications [11]. Thus, the results, presenting in
pic. 2, give some substantiation for the relations (7), (8), defining the velocities
of creep deformations and damage parameter.

750K~~~ | 675K\ 573K
WK“ =

10* \ \ - 598K

3

10 \\ \

10° \ \

10'

0 10 100

c,,MPa

dw

1

t = -
fO fw(wa Ueq;T)7

¢, hours
10°

Pic. 2. Long-term strength data (markers) and computed results (curves)
obtained using proposed creep-damage law equations for different temperatures
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Solving the equations (1), (5) with the boundary conditions (2) and the ini-
tial conditions (6) taking into account the relations (7), (8) allows to find the
stress-strain state, the creep deformations and the Cachanov-Rabotnov damage
parameter and, as the result, the time ¢* before the rupture moment of the claddi-
ng, which can be defined by using the condition

t*: w(rt*)=1 Vr,a<r<b. (10)

Thus, the mathematical model of the cladding deformation and damage
accumulation under the inner and outer pressures and the temperature field are
proposed in the form (1), (2), (4)-(8) of the system of boundary-value and initial
value problems.

3. Approaches for the numerical computer simulations

It is necessary to execute the computer simulations of the cladding damaging
for the different temperatures to research the influence of the temperature state
on the damageability due to the creep of the cladding. Such computer simulations
require to numerically solve the differential equations (1), (5) with the boundary
conditions (2) and initial conditions (6) taking into account the temperature field
(4) and the relations (7), (8). Next, the semi-discretization method also all-known
as the method of lines will be used to solve the differential equations (1), (5). To
realize this approach we will use the spatial grid with number n of the nodes with
coordinates

re=a+ (k—1)Ar, k=1,2,...,n, (11)

a
where Ar = 7 is the step of the spatial grid.

We will exclude the spatial derivatives from equations (1) using the finite
differences formulas. Thus, the all-known [12]| scheme of finite differences method
applied to the boundary-value problem (1), (2) lead us to the algebraic relation

AP =0 1+ AP, (12

(1)

where u,,’ is the vector consisting the nodal values of the o,, gy and u in the

spatial grid nodes (11); ug) is the vector consisting the nodal values of the ¢, ¢y

and w in the spatial grid nodes (11); AS), Ag) and f,sl) are the matrices and the
vector obtained as the results of the excluding of the spatial derivatives using the
finite differences formulas.

We can consider the initial-value problem (5), (6) in the grid nodes (11):

(2)

ouy,
%t = £” (ug);ug)), uf?(0) = o, (13)

where fq(zg) is the vector corresponding to the velocities of the creep deformations
and the damage parameter from the equations (5) obtained in the grid nodes (11).
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The relation (12) allows us to exclude the vector ul” from the equation (13)

and as a result leads us to Cauchy problem in the canonical form

8u%2)
S =62 (u?). uP o =0, (14)

where £ (u,(f)) _£® (uff)); u = (Aﬁll))_l <f7g1) +A£2)u7(12)>-

We will use Merson method [13] to solve the initial-value problem (12), because
this method gives us the effective way to define the integrating step on time
corresponding to increasing velocities of the creep deformations and the damage
accumulations on the third stage [14]. Thus, we have the effective scheme (11)-(14)
to numerical solve the equations (1), (5) necessary for the computer simulations
of the cladding.

4. Results of the numerical computer simulations

The aim of computer simulations is to obtain the quantity estimations about
the temperature influence on the damageability of the zirconium cladding wi-
th cylindrical shape widely used in modern reactors. To reach this aim we wi-
1l consider the computer simulations based on the mathematical model (1)-(8)
and numerical solution scheme (11)-(14) for the zirconium cladding with the
parameters typical for modern nuclear reactors used the pressurized light water
as the heat carrier:

a = 3,85bmm, b=4,55mm,
Po =6MPa, pp,=16MPa, T,=1T,— 25K.

We will consider the computer simulations for the several values of the inner
temperature T;:

T, = 625K, 1T, =0650K, 1T,=675K,
T, =700K, T,=725K, T,=T50K.

Results of computer simulations depends on the number n of nodes in the grid
(10) and it is necessary to substantiate the number n of nodes necessary to obtain
the solutions with required errors of the approximation. The simplest practical
way to substantiate number n of the nodes is to make the series of computer
simulations with different numbers of nodes to compare each other the results
of these simulations. It is naturally to use first of all the rupture time (10) of
the cladding as the integrated characteristic of the numerical solutions for the
differential equations (1), (5). The results of simulations with different numbers
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n for the temperature T, = 750K lead to next results:

n= 12, " = 1.91462321695327759 - 10%hours,
n= 22, " =1092791736355613031 - 10*hours,
n= 32, " =1.97832680938720703 - 10*hours,
n= 42, ¢ =2.06514756988187117 - 10*hours,
n= 52,  t*=207993760411059251 - 10*hours,
n= 62, ¢ =2.03998893927619300 - 10*hours,
n= T2,  t*=2.09723706951267550 - 10*hours,
n= 82,  t*=2.04467821414862175 - 10%hours,
n= 92, = 2.09752126695804298 - 10*hours,
n=102, = 2.10205232226189223 - 10%hours,
n=112, = 2.06086735430503826 - 10*hours.

The analysis of the results of the computer simulations obtained for the different
number n of the nodes shows that the proposed numerical scheme (11)-(14) with
the relatively low numbers n of nodes allows to obtain the numerical solution of
the problem (1)-(8) with errors of the approximations available for engineering
applications, and number n = 52 is sufficiently for computer simulations of the
cladding.

The damage parameter w(r,t) can be used as the measure of the damageabi-
lity due to its properties that the value w = 0 corresponds to the non-damaged
state and the value w = 1 corresponds to the state of rupture. To estimate the
temperature influence on the damageability of the cladding it is necessary to
present the fields of the damage parameter obtained for different values of the
temperature T, at the some given time moment ¢t = t1; next we use the value t;
corresponding two years of operation:

t1 = 17520hours.

Obtained results showing in the pic.3 give us the quantities estimation of the
temperature significant influence on the damageability of the cladding made from
the zirconium based alloys. The damageability of the cladding not leads to the
rupture during two-years operation even for the temperature T, = 750K . At the
same time, possibilities of the operation of the cladding are limited by the leakages
of the fission’s gaseous products also [1, 2] which can exist without the rupture
of the cladding and can be realized by the diffusion mechanisms for example. It
is naturally that the damageability of the cladding can accelerate the diffusion
mechanisms and increase the leakage of the fission’s gaseous products, such that
the cladding damaged even without the rupture can not be operated further.
The core of nuclear reactors includes more than 50000 fuel elements and the
normal operation admits the rupture not more than 10 fuel elements [2]. It is
generally recognized that the ruptures of the cladding are the result of the contact
interacting between the fuel pellets and the cladding [2]. This interaction is not
fully researched now, but it is obviously that the contact interaction between
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the pellet and the cladding leads to the increasing the temperature inside the
cladding and it is necessary to have the quantity estimations of the temperature
influence of the rupture time of the cladding. The computer simulations of the
cladding for the different values of the temperature T;, with the relation (10) give
us the opportunities to estimate the corresponding rupture times of the cladding
that it is leads us to the dependence between the rupture time t* and the inner
temperature T}, which is presented in pic. 4. It is can be saw (pic. 4) that for
the cladding, making from the zirconium-based alloys, the rupture time has a
widely changing for the inner temperatures 625K < T, < 750K, corresponding
to the parameters of the modern pressurized water reactors. Taking into account
that the values 625K < T, < 750K of the temperature in the inner surface
of the cladding are possible for the some particular cladding, the result (pic. 4)
shows that the rupture of the some cladding are possible for modern and future
generations of the reactors, which use the pressurized light water as a heat carrier
and use the zirconium-based alloys as the structural materials of the cladding.
With accounting of this circumstances, it is necessary to design the core of reactors
with the some given probability of the rupture of the cladding, considering that
the ruptures of the cladding for not more than 10 from more than 50000 fuel
elements are allowed during required time of operating [1, 2].

o(t) 10°

750K

} 725K
10 e —

10° _— \ 075K

650K
10” . \&‘
T — 625K
10" \
3,8 4,0 42 4.4 4,6
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Pic. 3. Fields of the damage parameter in the thickness of the cladding
obtained in the time moment ¢ = t; for different values of the temperature 7,

It seems, that the significant rupture time of the cladding, corresponding to
the expected value T, ~ 650K of the temperature in the inner surface during
the normal operation, provides the absence of ruptures of the cladding during 4
years operation for modern reactors normally and the duration of the operation
of the modern nuclear fuel can be increased significantly. Concerning with this
circumstance, it is necessary to note, that the rupture times, presented in pic. 4,
are obtained by using the conditions (10), which corresponds to the full mechanical
fracture of the cladding with forming the visually observed ruptures. At the same
time, the failure of the fuel element is defined by increasing the radioactivity of
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the heat carrier, which it is possible more early than the mechanical fracture due
to the leakages thru the micro-defects in the cladding, forming during operating
due to damageabilities including.
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Pic. 4. Influence of the inner temperature on the rupture time of the cladding

5. Conclusions

It is evidently from the fundamental knowledge and qualitative assessments
in solids mechanics, that the temperature fields have certain influence on the
damageability and on the permissible life time of the cladding, but the importance
of that influence can be estimated using the only corresponding quantitative data
in each from the particular cases. These quantitative data can be obtained using
only the computer simulations, because it is difficult to realize the testing condi-
tions similar to the conditions into reactor core, and it is difficult to estimate
the damageability in the structural materials using instrumental measures. The
computer simulations of the cladding necessary to estimate the influence of the
temperature on the damageability must define the changing of the state of the
cladding during the operation, corresponding to their modes and conditions, and
it is necessary to have the numerical scheme allows to solve the mathematical
problem, which will be generated by that mathematical model. The quality of the
quantitative data, obtained using the computer simulations, will be defined by
the opportunities of the used mathematical models first of all.

The mathematical model of the cladding stress-strain state and damaging
due to the inner and outer pressures in the temperature field under the creep
conditions was proposed to obtain the quantitative estimation for the influence of
the temperature fields on the damageability of the cladding. That mathematical
model was presented as the system of the some boundary-value problem and the
some initial-value problem, what it allows to estimate changing of the stress-
strain states and its influence on changing of the creep deformations and damage
parameter. But, it is necessary to note, that the proposed mathematical model has
significant limitations in the considering deformations of the cladding and allows
to only estimate the axial-symmetric stress-strain state of the cladding, but, at
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the same time, other deformations, including bending of the cladding, are possible
during operation. It is necessary further to have the mathematical models with
taking into account the different deformations, especially including bending or 3-D
deformations, to more precisely estimate the state of the cladding. The rupture of
the cladding is the consequence the result of only the thermal creep deformations
and the damages due to the thermal creep in the proposed mathematical model
of the cladding, and it is requires the significantly caution to the obtained results,
because the different processes lead to rupture at the same time. It is necessary
to consider the corrosion, the radiation damaging and creep, and the another
damaging processes leading to the rupture to the more precisely estimate the
state of the cladding. But, it is sufficiently to consider the only axial-symmetric
deformations and the thermal creep to obtain the approximately quantitative
estimations of the influence of the temperature field on the damageability of the
cladding what it is corresponds to the purpose due to significant influence the
temperature on the creep.

The numerical scheme based on the semi-discretization method, also well-
known as the method of lines, was proposed to numerically solve the system of
the some boundary-value problem and the some initial-value problem, presenti-
ng the proposed mathematical model of the cladding. That approach leads to
the resolved initial-value problem, which can be solved using the well-known
numerical methods. The experience of the computer simulations shows, that the
proposed numerical scheme allows to obtain quickly the numerical solutions with
the necessary accuracy, and it is possible to recommend to use that numerical
scheme in further researches.

It is proposed to use the scalar damage parameter obtained for the some
interesting given time and the rupture time as the damageability measures of
the cladding. It is shown, that the fields of the damage parameter are noti-
ceably nonuniform in the wall of the cladding. The number values of the damage
parameter, testified the absence of the rupture of the cladding for the average
temperatures expected for the normal operation, but the computer simulations
allow to illustrate the constantly accumulation of the damageabilities in the
material. The significant decreasing of the rupture time of the cladding with
increasing before 750K of the temperature evidences that the rupture of the some
cladding in reactor’s core is possible due to the extremal operating conditions,
when the difference between the inner and the outer temperatures of the fuel
element is about 1350K, and this temperature’s difference is realized on 5 mm
of the fuel element’s transverse dimension due to the heat conductivity and the
heat transfer mechanisms. It is assumed, that at this significant temperature di-
fferences the temperature on the inner boundary of the cladding is about 650K,
and it is shown, using the computer simulations, that the time before rupture of
the cladding under the creep conditions at that temperature is practically unli-
mited. At the same time, the temperature on the inner boundary of the cladding
is the result of the heat conduction and the heat transfers in the spatial domain
inside the cladding with the size about 5 mm between the temperature about
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1400K and 340K and that result is significantly depended from the condition of
the heat conduction and the heat transfer. It is possible, that the heat transfer’s
and the heat conduction’s conditions inside of the some fuel element may be
significantly differ from the average conditions in the core, consisting of more
than 50000 fuel elements, such so in the some of fuel element the temperature on
the inner boundary is more than 650K, corresponding to the average conditions
and can be 700K or 750 K actually. Due to these circumstances, it is actually
necessary to design the cladding of fuel elements with the some given probability
of the rupture of the cladding, considering that the ruptures of the cladding for
not more than 10 from more than 50000 fuel elements are allowed during operati-
ng. Thus, the probability of the rupture is necessary to substantiate quality of
the fuel elements and their cladding’s design solutions, that must be developed in
further researches.

Obtained results for the time before rupture of the cladding, corresponding
to the expected value T, ~ 650K of the temperature in the inner surface during
the normal operation, show that the mechanical rupture of the cladding due to
the creep is impossible during 4 years operating. This is agreed with experience of
exploitation of the fuel elements in industrial nuclear reactors, that failures of the
fuel elements occur due to the leakages of the fission products outside the volume
of fuel elements, which is defined by increasing the radioactivity of the heat carrier
without the visually observed ruptures of the cladding. It is naturally to assume,
that the depressurization of the fuel elements is the result of damageabilities of
the cladding, including due to the creep. Thus, to estimate the the reliability
indexes of the fuel elements it is necessary to propose the mathematical models of
the leakages outside the fuel elements, considering with the damageabilities and
creep deformations of the cladding.
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Pomamos FO.B., Iloposiomnpkuit E.B. BrisimB TemnepaTypHOro craHy Ha IOMIKO-
JPKYBaHICTh BHACJIOK MOB3yYOCTi OOOJ/IOHOK IWIIHAPUIHUX TEIJIOBUIIISIO-
yuXx esieMeHTiB. HaBomgaThbest orpumari 3a J0OMOMOTOI0 KOMIT IOTEPHOTO MOJIETIOBAHHS
KUIBKICHI OIIHKM BILJIUBY TE€MIIEPATyPHUX IOJIB Ha JOBrOBIYHICTH 0OOIOHOK TEILTOBU/Ti-
JISTFOUYMX €JIEMEHTIB siJIepHUX peakTopiB. Komi'torepHe MOJe/FOBaHHS 3JICHEHO 33 J10-
IIOMOT'OI0 MAaTEMaTUIHOI MOJesi AedopMyBaHHsT Ta pyWHYBaHHS ODOJIOHKU TBEJIY BHa-
CJILZIOK TIOB3YYOCT1 TiJT JII€I0 TUCKIB OCKOJIKIB JIIJIEHHS Ta TEIJIOHOCisT B HEOIHOPITHOMY
TEeMIEPATYPHOMY IIOJIi, IO BCTAHOBJIIOETHCHA IPHU E€KCILIyaTallil y3/I0BXK TOBIIUHUA 00O-
sonku. Maremarndyna MOJesb IPeICTaBIeHa Y BUIVIAL KPailoBol 3a/1a4i, gKa BU3HAYAE
HaIpyKeHo-/1e(bOPMOBAHUN cTaH OOOJIOHKH 3 ypaxyBaHHAM JedOopMaliiii moB3yvocTi Ha
OCHOBI BIJIOMMX KOHIIEIIIA MeXaHiKi JeOPMIBHOIO TBEPIOrO Tija, Ta MOYATKOBOI 3a-
J1adi, sika, BU3HAYAE PO3BUTOK y Yaci JedOopMalliil MoB3yd0CTi Ta CKAJISPHOTO MapaMeTpy
TIOIIKO/IZKYBAHOCTI Y 33/ [aHUX HAMIPYKEHHAX Ta TeMmieparypi. YucyioBi napamerpu, o
XapaKTepu3yIoTh KOHCTPYKIHHII MaTepiaa y piBHAHHIX /I JedOpMaIiiif ToB3yd0CTi Ta
ITapaMeTpy MOIIKO/ZKYBaHOCTI, /JIs 3a/I1aHO] TEMIIEpATYPU BUSHAYAJIUCS HA OCHOBI JIAHUX,
IO OTPUMAaHI MIJISXOM €KCTPAIOJISINT BIIOMUX JTAHUX, BiATOBIIHIX 0OMesKeHi# KiIbKOCTi
3HaYEHDb TEMIIEPATYPHU Ta HANPYKEHHs, i3 BUKOpUCTaHHAM napameTpy Jlapcona-Minepa.
st po3B’a3yBanHs nudepeHIiaIbHIX PIBHSHB, [0 IPEJICTABISAI0Th MATEMATHIHY MO-
nesib nedopMyBaHHA Ta PyiHYBaHH: OOOJIOHKH TBEJY, BUKOPHUCTAHO METOJ HAIIBIUC-
kperuzariii. Pe3yibraTt po3paxyHKiB CBildaTh, 10 0OOJIOHKHU TBEJIIB MaiOTh JOCTATHBHO
BUCOKY JIOBI'OBIYHICTH IIPW TeMIlepaTypax, SKi BiJIIIOBIIAIOTH CEPEJIHIM TeMIlepaTypaM,
IO OYIKYIOTHbCS B aKTUBHINl 30HI peakTopy. B Toil Ke dWac, po3paxyHKH CBiTIaTh, IO
JIOBIOBIYHICTD 0DOJIOHOK TBEJIIB CYTTEBO 3MEHINYEThCH 10 HEOE3NETHOro PIBHS DU IIif-
BUIIEHUX TEMIIEpATypax, sKi € IIJIKOM MOXK/JIUBUMHE Yepe3 JIOKAJIbHI BiJIXUJIEHHS TTPOITECIB
TeII000MiHY B aKTUBHI#l 30HI peakTopy. Ile € myke CyTTEBUM, OCKIJIBKH Y BUKOPUCTa-
eKCILLyaTallil, BiJIOBi1ae MOBHOMY MEXaHIYHOMY PYWHYBaHHIO 0O0JIOHKHU, XO4a HACIIPaB-
JIi eKCILTyaTallisl TBEJIB OOMEXKYEThCsT OIJIBIN YKOPCTKUME YMOBAMU IIIO/IO PIBHS T€PMETH-
9HOCTI ODOJIOHKM, KU MOXKE He 3a0e31edyBaTUCT HABITH il I He3PYIHOBAHO! I[IJIKOM
00OJIOHKM.

Kmowosi caosa: TOMIKOMKYBAHICTD; IMOB3YTiCTh; OOOJIOHKA TBEJY; JOBIOBIUHICTD;
KOMII'FOT€PHE MOJIEJTFOBAHHS
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This paper deals with the rules and the mechanisms regulation of liver
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1. Introduction

The defining of principles and rules regulation of biological processes duri-
ng development and maintenance/restoration (regeneration) of dynamic organs’
and tissues’ homeostasis is one of the most important fundamental problems in
theoretical Biology and Medicine.

Liver diseases are an important medical problem. Knowledge about the rules
and mechanisms of liver regeneration is the basis for the development of new
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effective medicaments and the choice of rational strategies for the therapy of liver
diseases.

The regeneration processes in liver represents particular interest. The liver has
the greatest plasticity and the largest set of possible regeneration strategies. In
addition, there are a large experimental data that enable to elaborate and prove
mathematical models for study liver regeneration in silico and their verification
in vivo [1].

The processes of liver regeneration and their mathematical models have been
studied in the many interdisciplinary projects |2, 3, 4].

Despite of the achievements in the field of modeling of the liver regenerati-
on processes there are still enough "difficult"problems requiring the new ideas,
approaches and methods of justification and development of mathematical models.

The mathematical models of liver regeneration can be considered as dynamic
networks of intracellular processes and processes of cell-cell communication. Such
non-linear dynamic networks are extremely complex. They can represent processes
in hundreds of millions of cells of different types and much more interactions
between them.

Such mathematical models of liver regeneration processes can have an almost
unlimited set of potentially possible parametric phase organization.

However, in the experiment we observe only a limited number of strategies and
qualitative phenomena of maintenance and restoration (regeneration) of the liver’s
dynamic homeostasis. It can be supposed that the processes of liver regeneration
are the subject of some control which provides "regularization"of the dynamics
of the whole system.

According to one of the most general hypothesis of theoretical biology the
regulation processes of maintaining and restoring dynamic homeostasis is reali-
zed due to the phenomenon of appearing self-organization in a complex dynamic
network of interacting liver cells [5]. But the common rules and mechanisms of the
self-organization and regulation of liver regeneration observed in the experiment
are unknown.

The mathematical cell biology at the present time is an empirical discipline. It
is represented by a set of experimental data, knowledge and rules that are derived
from the experiment and determine the properties of the system and its possible
dynamics.

At the modern biological experimental technology we are not able to observe
many crucial molecular processes that occur in the cell during liver regenerati-
on. Consequently, the mathematical models of liver regeneration assume a
large number of hypotheses about the rules of regulation. Verification of these
hypotheses requires a large number of high-cost experiments.

One possible way to solve the problems associated with the complexity and
non-observability of the biological processes of liver regeneration is based on the
following assumption.

The main hypothesis.

The regulation of processes of maintaining/restoring the dynamic liver
homeostasis based on the appearing self-organization is provided according to
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some principles, the optimal criteria which are formed during the organism’s
evolution.

These principles and criteria are true for any level of detail description of the
processes of liver regeneration. The regulation of processes that we do not observe
in the experiment or cannot characterize because of their extreme complexity is
subjected to these principles and criteria.

One of the main approaches to the development of mathematical models of
biological systems of interacting cells is the agent model based on empirical rules
[6].

In this approach the agent represents some "input-state-output"model of the
cell (group of cells). The network of interactions between agents are defined as
maps that connect the outputs and inputs of agents. These maps determine the
collective dynamics of the network, depending on the state of agents.

Even at the generalized level of description of process, such networks contain
hundreds of thousands of parameters. It is not possible to solve the problems of
verification of various hypotheses about the principles and criteria of regulation
using such models.

Thus, in order to confirm hypotheses simple ("toy") models in explicit
dependence on the control parameters are required.

2. Phenomenological description of liver regeneration processes

The liver is the central metabolic organ of vertebrates. First, the liver keeps
the concentration of numerous plasma compounds such as amino acids, fatty aci-
ds, nucleosides, plasma proteins, and lipoproteins within a narrow concentration
range at varying physiological conditions (e.g., starvation or physical exercise), to
ensure an almost constant metabolic environment for non-hepatic tissues. This
homeostatic function includes the transient storage in the liver of carbohydrates
and lipids. Second, the liver provides secretion of bile. Hepatic production of bile
is needed for the efficient intestinal digestion of lipids and serves as the excreti-
on pathway for metabolic waste products, many xenobiotics and also cholesterol.
Finally, the most important function of the liver is to detoxify endogenous and
exogenous compounds and remove pathogens [7].

Most of the metabolic functions are undertaken by parenchymal cells
(hepatocytes and cholangiocytes), which make up about two-thirds of the organ’s
cell population, and possessing the most versatile metabolic function of all human
cell types. Removal of pathogens and antigens is predominantly accomplished by
hepatic endothelial cells and liver macrophages (hepatic Kupffer cells). Hepatic
stellate cells are involved in the formation of the connective tissue of the liver and
actively contribute to liver fibrosis after damage or injury of the organ. Resident
stem cells can be transformed into almost any type of liver cell. Stem /progenitor
cells are among the most resistant cells in relation to various damaging factors
and play a major role in the regeneration processes [8, 9] .

The smallest structural division of the liver is the liver lobule. It takes the
approximate shape of a hexagonal prism with a size of 1-2 g m and consists of all



32 V. V. Karieva, S. V. Lvov

types of liver cells. The number of lobules in the liver can range from hundreds
of thousands to a million, depending on the body.

Presently there are two main types of liver regeneration.

1. When the liver is severely damaged or toxic factors are strong, the liver
regeneration process occurs due to the replication of liver stem / progenitor cells
and stellate cells. Stem cells can differentiate into liver parenchymal and epithelial
cells. And stellate cells provide reparative fibrosis processes [10, 11, 12].

2. In the case of partial (two/thirds) surgical hepatectomy (PH) or small toxic
factors, the regeneration process does not require such stem / progenitor cells or
fibrosis [13, 19].

In the second type the liver regeneration occurs due to hyperplasia processes,
replication and division of binuclear hepatocytes into mononuclear.

All of the above processes are aimed at increasing the functional activity of the
liver. As the main functional cells we consider only hepatocytes of various types.
Each of the different types of hepatocytes in a lobule has its own index of functi-
onality. This coefficient determines how efficiently the cell performs its functions.
The hyperplasia process increases the functionality of the liver by increasing the
protein complexes. Polyploid and binuclear hepatocytes function more efficiently
due to the increased number of chromosomes. As a result of the replication process,
two fully functioning cells are formed.

Each of these processes has its characteristic time. Under ideal conditions,
replication lasts 24 hours, the transition to polyploidy - 12 hours, hyperplasia
- 6 hours, the division of binuclear hepatocytes - 1 hour. The main processes
of liver regeneration occur in heterogeneous conditions of external stress, which
leads to a significant increase in their characteristic times. Also different types of
hepatocytes have different indicators of resistance to toxic factors and the rate of
increase in their functionality due to hyperplasia. For example, due to the greater
number of chromosomes polyploid and binuclear hepatocytes are more resistant
to toxic factors.

3. General process model

A mathematical model of liver regeneration processes is considered for the
second type of liver regeneration (liver resection or small toxic factors).

In our model the hepatic lobule is represented in the form of its cellular
structure. Lobules are about a million in the liver.

The cellular structure of the lobules is the same in space - homogeneity. Toxic
factors are evenly distributed throughout the liver cells. The processes occurring
in different lobules are independent.

Under the assumptions of homogeneity and independence, an approximation
on average is valid. It gives the equations of population dynamics for various types
of liver cells.

In the idealized limited case the possible formulation of the optimization
problem can be considered as follows.
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1) An equation which describes the dynamics of populations of liver cells:

T(t+1) = f(@(t), 7(t), A(®)), (1)

where Z(t) - types of functional liver cells at moment ¢, 7(¢) - given function of
external toxicity, A(t) - control parameters.

Each type of cells has its own index of functionality and calculate the function
P(t) =Y it ci(wi(t), 7(t)) - generalized liver function index.

2) An equation which describes the change in the functional state of the organi-
sm depending on the function of external toxicity 7(¢) and the functional state of
the liver ®(¢): N

O(t+1)=T(7(t), D(t)). (2)
Consider an abstract organism as the result of a potentially feasible experiment
of synthetic evolution for a sufficiently large chain of generations of populations.
We believe that each generation is subject to a typical stress 7(t).

A necessary condition for successful evolutionary selection is not a break of the
evolutionary chain, but its result is a strategy for achieving suboptimal functional
activity of the organism A(t).

An example of an optimal control problem criterion which satisfies these requi-
rements:

T
> (K - ®(t)* + AS(T) < E (3)
t=0
under the condition
Tl ~
> I(@(t) > C, (4)
=T}

where _
~ o [1 if(K-®@1)?<E,
0 otherwise .

Where T — the end of the life cycle of the body, T})(7”)- moment of the beginning
(end) of the reproductive period, K— optimal functional activity of the body, E — a
constant defining the set of reachability of the functional activity of the organism,
C' — a constant which is responsible for the survival of the organism.

The regulation of biological processes is determined by the processes of self-
organization of the cellular network, which appeared during stress disturbances.
Phase transitions define some virtual control system A(t) = M (7(t),Z(0)), which
has the self-criticality property [14, 15].

4. Mathematical models of processes

In our model the cellular structure of the liver at each time moment is descri-
bed by the following parameters:

e I'(t) - the number of normal hepatocytes at moment ¢;
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(t) - the number of diploid hepatocytes at moment ¢;

o I'y(1)

e I'y(t) - the number of tetraploid hepatocytes at moment ¢;

e I'%(t) - the number of binuclear hepatocytes at moment #t;

e I'yip(t) - the number of hepatocytes in a state of hyperplasia at moment ¢;

e As(t) - the number of hepatocytes in a state of antistress at moment ¢;
e Ap(t) - the number of hepatocytes in a state of apoptosis at moment ¢;

e N(t) - the number of hepatocytes in a state of necrosis at moment t.

Toxic factors - Tox(t):
e 7(t) - the external toxicity (exotoxicity) at moment ¢;

e DP(t) - the internal toxicity due to decay products of necrosis (endotoxicity)
at moment ¢.

The system dynamics is defined by the following control parameters and transition
rules.

e a(t) - the relative number of hepatocytes which are initiated to enter the
cell-division cycle;

e b(t) - the relative number of hepatocytes which are initiated into polyploidy;

e by;i(t) - the relative number of hepatocytes which are initiated into binuclear
cells;

e ay;(t) - the relative number of hepatocytes which are initiated from binuclear
hepatocytes per division;

e ¢(t) - the relative number of hepatocytes which are initiated into hyperplasia;

e w(t) - the relative number of hepatocytes which are initiated into controlled
apoptosis. This parameter is different for each type of cell.

Considering the fact that the characteristic times of the main processes are
significantly different and the processes depend on the external (non-stationary)
toxic factors, each such process must be modeled separately.

Assume that all simulated processes are cyclical. In general, the transition
to a new cycle, exit from a cycle or a new process is determined by the control
parameters.

The discrete state space of the process is a set of states (1,2, ...,n), where the
number of states n is determined from the characteristic time of the process in
ideal conditions and the discrete interval.
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K-1 et K+1

Fig. 1. The discrete state space of the process.

Also, there is competition parameter in our mathematical model:

B(1) = 1 (D(6) + T(t) + Ta(t) + T2(1) + Tyip(1)

where k(t) - coefficient of competition for the resource, K - environment capacity.

4.1. Replication process and transition processes during replication

Under normal conditions the replication process takes place within 24-32 hours
during the cell-division cycle.

Our model assumes that the following events may occur during replication:
cell doubling (completed replication), cell transition to polyploidy, cell transition
to binuclear cell.

The replication process and the indicated transitions are inherent for normal
(diploid) hepatocytes, tetraploid hepatocytes and hepatocytes in a state of
hyperplasia.

The cell cycle consists of strictly deterministic series of sequential processes
[17]:

1) the preparatory phase for cell division - "interphase"consisting of phase G1,
phase S and phase G2,

2) the period of cell division - "mitosis" (phase M).

Usually the interphase takes at least 90 % of the time of the entire cell cycle
(the M phase lasts 1-2 hours).

The G1 phase and G2 phase are intermediate phases. DNA replication occurs
in the S phase. As a result of the doubling of DNA molecules, each chromosome
has twice as much DNA as it was before the S phase, i.e. the amount of DNA in
diploid cells corresponds to the tetraploid set. As a result of mitosis (phase M)
two daughter cells with the same set of chromosomes arise from one cell.
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During the cell-division cycle the cell passes the so-called "checkpoints".
Checkpoints prevent cell cycle progression at specific points, allowing verificati-
on of necessary phase processes and repair of DNA damage. In case of failure
to pass checkpoint the cell is sent for apoptosis. There are three most important
points: the G1 (restriction) checkpoint, the G2 (DNA damage) checkpoint and
the mitotic (spindle) checkpoint [18].

Under the control signal b(t) some cells exit the cell cycle and return to functi-
oning as polyploid cells. A such transition can occur in the S phase of the cell
cycle.

In the middle of mitosis some cells exit the cell cycle under the control signal
by;(t) and turn into dual-core cells that perform the normal functions of the
hepatocyte. Binuclear hepatocytes under the control signal ag;(t) complete the
cell cycle and form two normal cells.

The replication cycle and possible controlled transitions are shown in next
figure:

|2F2
N

<l

I

Fig. 2. Replication process and transition processes during replication.

Population dynamics of normal hepatocytes, polyploid hepatocytes and bi-
nuclear hepatocytes:

D(t+ 1) = T(t) — a(t)k(0)T () + 2u(Tow(£)T(t) + azi ())T(t) — o)) (1)~

—w(t)D(t) — k(O)b()T(t) — r(Tox(t))L(t) + As(t)

Dy(t +1) = Da(t) — a(t) k(O (t) + 2u(Tow(t))Ta(t) + k(BT () — gt (1)~

—k(t)b(t)Ta(t) — w(t)Ta(t) — r(Tox(t)a(t) + As(t)

T2t + 1) =T2(t) + b (OT() — ag; (H)2(t) — g()T(t) — w(t)T3()—
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—r(Tox(t))T?(t) + As(t)

Where: p(T'ox(t)) - the cycle parameter; r(Tox(t)) - the parameter that sends
cells to necrosis under high toxicity.

4.2. Hyperplasia

The hyperplasia process is an additional expression of intracellular molecular
complexes and structures that provide an increase in its functional activity [19].

Hyperplasia consists of cycles. In each cycle protein expression occurs and the
number of protein complexes is increased in the cell. One cycle of hyperplasia lasts
about an hour. It should be noted that for polyploid and binuclear hepatocytes
the hyperplasia process occurs faster due to the greater number of DNA.

The process of hyperplasia can be performed for all types of cells.

123 «+++ 123 +++ 123 -+ 123

Fig. 3. Hyperplasia process.

The initialization of the hyperplasia process is controlled by the parameter
g(t) which determines the relative number of hepatocytes for hyperplasia.
The equation of dynamics for hepatocytes in a state of hyperplasia:

Lyip(t +1) = Tyip(t) + g(t) (F(t) +Ta(t) + Ty(t) + FQ(t)) — w(t)Lygip(t)—

—r(Tox(t))T gip(t) + As(t)

4.3. The process of the cell antistress request

When toxic factors act on the cell, the so-called antistress program is launched
[20].

The antistress program involves several cycles of expression of antistress
protein complexes that can neutralize toxic factors. Each cycle lasts about 15
minutes. In our mathematical model it is assumed that the antistress program
has the highest priority and it cancels all other processes.

Note that hepatocytes in the S, M phase of the cell cycle cannot start the
antistress program because in these phases the DNA of the cell is not functional.

If after one cycle of the antistress program the effect of toxic factors on the cell
decreased, the cell completes the antistress process and returns to the interrupted
process. However, if the effect of toxic factors on the cell still the same, the cell
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goes on a new cycle of the antistress program. Due to the failure of the antistress
program, the cell goes into either apoptosis or necrosis depending on the level of
toxic factors [20].

The equation of dynamics for hepatocytes in a state of antistress:

As(t+1) = As(t) + w(Tox(t)) (T(t) + Ta(t) + Ta(t) + T2(t) + Tgip(t)) —

—w(t)As(t) — r(Tox(t))As(t) — As(t)

4.4. Apoptosis

Apoptosis is closely associated with programmed cell death [20]. The mechani-
sms of apoptosis are triggered when the toxic factors are not strong enough to
cause necrosis. The body responds to the danger of mass cell death with a kind
of protection - suicide of a relatively small number of cells so that the factors of
pathological effects are not so great.

As a result of apoptosis the decay products of a cell are almost immediately
destroyed by resident macrophages and do not have a toxic effect on neighboring
cells. The apoptosis is quite a long process, it takes more than 24 hours.

Note that the body is able to purposefully reduce cell populations. This ability
of the body is called controlled apoptosis.

In our model controlled apoptosis occurs under the control signal w(t) - the
relative number of hepatocytes which are initiated into controlled apoptosis. This
parameter is different for each cell type.

The equation for cells in a state of apoptosis is:

Ap(t+1) = Ap(t)+w(t) (T(£) + Ta(t) + Ta(t) + T2(t) + Tgip(t)) —r(Tox(t)) As(t)

4.5. Necrosis

Uncontrolled cell death as a result of effect of a strong toxic factors on the cell
is called necrosis [20].

During necrosis process the decay products of necrosis (DP) are appeared.
They form internal toxicity. Necrosis decay products are highly toxic factors for
surrounding cells. Their action can lead to stopping of the regeneration processes,
apoptosis and even necrosis of the surrounding cells.

The necrosis process proceeds fairly quickly (about one hour).

Due to the locality of necrosis its distribution should be described using space-
time mathematical models. However we make an assumption about the envi-
ronment uniformity. Consequently the spread of necrosis occurs regardless of the
location of the necrotic cell in space (suppose that one necrotic cell affects some
number of healthy cells per unit of time).

N(t+1)=N(t)+r(Tox(t)) (F(t) +To(t) + Ta(t) +T2(t) + Lyip(t) + As(t) + Ap(t))



Bicuuk XHY, Cep.«Maremaruka, npuk/iajgHa MaTeMaTuka i Mexanikas, rom 87 (2018) 39

4.6. Toxicity

Common toxicity consists of two factors: external (given function) and internal
toxicity due to the toxicity of the decay products as a result of necrosis.

Tox(t) = DP(t) + 7(t)
The equation which describes change of external toxicity:
T(t+1)=7(t) — 7(t)x(t) — 7(t)es

where z(t) = >, c,I'(t) - toxicity reduction coefficient due to functional activity
of hepatocytes, e; - toxicity reduction coefficient due to blood flow.
The equation which describes change of internal toxicity:

DP(t+1) = DP(t) — DP(t)F — DP(t)es

where F- toxicity reduction coefficient due to phagocytic activity, eo — toxicity
reduction coefficient due to blood flow.

Remark. es < e, the decay products of necrosis act locally and external
toxicity affects a large area.

5. Conclusion

The developed model is linear in control parameters. It is important for solving
optimal control problems.

This model will be the basis for the development of a more complex model for
considering the regeneration strategies of the first type.

It is supposed to justify the principles and criteria for optimal regulation of
liver regeneration processes and verify them in numerical experiments based on
the developed model.

The proposed model of population dynamics includes such models of populati-
on dynamics as the generalized Lotka-Volterra equations, the Lotka-Volterra
equations with transitions, the Lotka-Volterra delay equations, the Volterra
integro-differential equations|16].
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Kapesa B. B., JIeBo C. B. MaTremaTnuna moaeJib IIPOIECiB pereHepariii me4in-
KW: OJHOPigHe HaGM>KeHHsI. Y JaHiil cTaTTi PO3IJIsSIAal0ThCsT IPUHITUIIN, IIPABUIa i
MeXaHI3MU pPeryJisiii 610JIOriaHUX TPOLECIB il Yac PO3BUTKY 1 I ATPUMKY /BiIHOBICHHS
(perenepariii) JuHAMIYHOrO roMeocTa3y Opratis i Tkanus oprauizmy. s npobsema € omi-
€10 3 HAMOIIBINT BaXKIMBUX DYHIAMEHTAIBLHUX TPo0sIeM 61010riT i MeuIHI. 3HAHHS ITPO
IpaBUjIa 1 MeXaHi3Max pereHeparlil meIiHKy OpraHi3My € OCHOBOIO JIJIsI PO3POOKU HOBUX
eeKTUBHUX JIKAPChKUX IpernapariB i BUOOPY pallioHAJbHUX CTpaTeriit Teparril 3axBo-
pPIOBaHb ITEYiHKU.

3riiHO 3 MOTOYHUMMY YSIBJIEHHSIMA TEOPETUIHOI 6i0JI0ril, PO3BUTOK, MOBEIIHKA 1 mij-
TPUMKA JUHAMIYHOTO TOMEOCTa3y BU3HAYAETHCS CAMOPETYIIAIIEIO, sIKa 3a0€31eIyEThCH 38
PaxyHOK BUHHKAIOYOI caMOOpraHizaliii 6i0JI0riIHIX TPOTIECi BIT IBILIMBOM TOTO YU iHIIIOTO
30y peHHSI.

ABTOpH 3aUPONOHYBaJIU iNOTE3Y, MO PErYJIAIis IPOIECIB i ATPUMKY /Bl IHOBICHHS
JUHAMIYHOIO TOMEOCTa3y IEYiHKN Ha OCHOBI BHHUKAIOYOICaMOOpTaHi3allil BiaOyBaeThCs
3TiHO 3 JeIKUMU TPUHITATIAMU, KPUTEPIAMUA ONTHUMAJIBHOCTI, IO CKJIAJIUCS B XOJIi €BO-
JIIOIIIT OpraHismy.

Bymo po3pobieHo yzaraabHeHy MaTeMaTUIHY MOJIE/Ib, IO sIBHO 3aJI€KUTDh BiJl Kepy-
OUMX [IapaMeTpiB. 3alPOIOHOBAaHA MaTeMaTHYHa MOJEJIb IIPOIECIiB pereHepariii medin-
KU € y3araJJbHEHHAM TaKUX BIJOMUX MOEJeH MOMyJIAMiHOI JUHAMIKH, 9K y3araJbHeHi
piBustaus Jlorku-Bosbreppa, piasaus Jlorku-Boabreppa 3 3amizaismmu aprymentamu,
inTerpoandepenmianbhi piBugnasa Boabreppa.

Ilix wac po3pobku mojesti O6yau 3pobJieHi HACTYIIHI TPUIYIIEHH: OJHOPiAHE HAOIHU-
JKEHHsI, HE3AJIEXKHICTh Ol0JIONIHUX MPOIIECiB, MOMIPHUI TOKCUYHUN BILJIUB.

Hana monensb Oyme 6a3010 st po3poOKM OLIBIN CKJIAIHOI MOeN, sika Oyie Bpaxo-
BYBATH CTPATETil pereneparii 3a paxyHOK CTOBOYPOBHUX KJITHH MediHKA 1 KaiTuH [10.Y
MIEPCIEKTUBI TTepeIdataeThcsi OOIPYHTYBATH IPUHITANIKA 1 KPUTEPil ONTUMAILHOCTI pery-
JIATIT TTpoTieciB pereHepariil mevinku i BepudikyBaTn iX y YUCACHHAX eKCIIEPUMEHTAX.
Karuwosi crosa: MareMaTudHa MOJIENIb, pereHepallist IeYiHKY, OJHOPiIHe HaOIUKEeHHsI
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YcpeaHEHHBIE TEH30P IIPOBOJAMMOCTHU U
dbyHKIS TTOTJIOIEHN JIOKAJIbHO-TIEPUOINIECKON
HNOPUCTOMN Cpeabl
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PaccmarpuBaercs 3ajata, ONUCHIBAIONIAS MPOIECC CTANMOHAPHON muddy3un
B JIOKAJIbHO-IIEPUOINYECKOI ITOPUCTOI Cpejie ¢ HeJIMHEWHBIM IOTJIOIIEHUEeM Ha
rpanute. Onupasch Ha paboTy, B KOTOPOH 9Ta 3a/[a49a PACCMATPUBAIACH B O0JIee
MIEPOKOM KJ1acce TepdOpUpOBAHHBIX 00acTell (CUIBHO CBSA3HBIX O00JACTAX),
MBI TIOJTy 9aeM SBHbIE (hOPMYJIBI 71 3D HEKTUBHBIX XaPAKTEPUCTUK CPEJIbI: TE€H-
30pa MPOBOAMMOCTY U (DYHKITUH MTOTJIOMIEHNUS.

Kamouesnie crosa: ycpeamenne, crarmuoHapHast 1udQy3usi, HeTuHeHas TPeThs
KpaeBas 33/1a49a, JIOKAJIbHO-IIEPUOINIECKas IOPUCTAS CPEA, TEH30D IMPOBO/IH-
MOCTH, (DYHKIMS [IOIJIOIIEHUS.

lonuapenko M.B., Xinbkosa JI.O. ¥YcepeaHeHi TeH30p IIPOBIAHOCTI Ta
dyHKIiS OOrJIMHAHHS JIOKAJIBbHO-IEPIOJUYHOrO IMOPHUCTOTO Cepeo-
Buma. Po3risamaerses 3a1a4da, sika OMUCYE TPOIEC cTamioHapHol audysii B
JIOKAQJIbHO-TIEPIOANYHOMY TOPUCTOMY CEPEJIOBUII 3 HEJIHIAHUM MMONTAHAHHSIM
Ha Mexi. Onuparouuch Ha pobOTy, B sKifl s 3amada po3rsianacsd B OLIbI
mupoKoMy KJjaci mepdopoBanux obnacreil (CHIbHO 3B’SI3HUX OOJIACTSAX), MU
OTPUMYEMO sBHI hopMy/n s e(DeKTUBHUX XAPAKTEPUCTUK CEPEIOBUINA: TEH-
30pa MPOBiAHOCTI Ta (DyHKINT MOrIMHAHHS.

Kamonosi crosa: ycepennenss, cramionapua audys3isa, HediHiiHA TpeTsd Kpaiio-
Ba 33/1a4a, JIOKAJIbHO-IIEPIOJINYHE IIOPHUCTE CEPEJIOBUIIE, TEH30D IIPOBIIHOCTI,
dyHKIid TOrIMHAHHS.

M.V. Goncharenko, L.O. Khilkova. Homogenized conductivity tensor
and absorption function of a locally periodic porous medium. We
consider a problem describing the process of stationary diffusion in a locally-
periodic porous medium with nonlinear absorption at the boundary. We base
on a work, in which this problem considered in a wider class of perforated
domains. We obtain explicit formulas for the effective characteristics of the
medium: a conductivity tensor and a function of absorption.

Keywords: homogenization; stationary diffusion; non-linear third boundary
value problem; locally periodic porous medium, conductivity tensor, function
of absorption.
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1. BBenaenue

B XUMUYECKUX TEXHOJIOTUAX, IKOJOTUN N MHOTUX €CTECTBEHHBLIX HayKaX BO-
BHUKAET TMOTPEeOHOCTE B MCCIETOBAHUN MTPOTECCOB MU MY3UN B TIOPUCTHIX CPETax
C TOLJIOIIEHUEM Ha T'PAHUIE HOP. JTHU IIPOIECCHl ONMUCHIBAIOTCS KPAEBOH 3aadeii
JUTST SJUTANITHIECKOTO YPABHEHHsI, PACCMATPUBAEMOTO B CIOKHON mepdoprpoBaH-
HO 061aCTH, C TPETHUM KPAEBBIM yCIOBMEM Ha rpanure nepdopanuu (B TOM uu-
cJte HeJIMHEHHBIM ). B BUY MasIoCTH JIOKAJIBHOTO MACIITaba MOPUCTOCTH CPEIIBI € U
CTOKHOCTH PACCMATPUBAEMO TTepMOPUPOBAHHOM 00TACTH, HETTOCPEICTBEHHOE Pe-
IMEeHre TAKNX KPAEBbIX 33/1a4 MPAKTHIECKH HEBO3ZMOKHO HU AHAJTUTHICCKUMU, HI
YHUCJICHHBIMA MeTomaMu. [109ToOMy eCTeCTBEHHDIN TOAX0 1 B 9TON CUTYAINN 3AK IO
YAeTCs B MCC/IEIOBAHUN aCUMIITOTHIECKOTO TOBEICeHU pernenns, korna € — 0, u
epexojie K YCPEIHEHHON MAKPOCKOIMMYECKON MOJIE/IHM MPOIECCa, PACCMaTPUBaAE-
MOil y2Ke BO Bceilt obsiactu 6e3 yuéra mepdoparin.

Taxme 3aa9m B TOC/TIETHEE BPEMST HHTEHCUBHO U3YYIATNUCEH, HO B OCHOBHOM JIJIs
nepuoyeckn nepdopuposanubix obaacreii (cwm. [1, 2, 3,4, 5,6, 7, 8,9, 10, 11]).
3agaun ycpeaHeHns B mepdOpUPOBAHHBIX HEMEPUOTNIECKAX OBIACTIX paccMa-
TPUBAIOTCA 3HAUNTETHHO PEXKE, TIEPBBIE PE3YILTATHI /15T TAKUX 33139 ObLIM MoJTy-
qenbl B paborax B.A. Mapuenko, E.f1. Xpycnosa ([12]), B KOTOPBIX OBLTO BBEECHO
IIOHATHE CUJIBHOM CBA3HOCTH, UT'DAIONIEe BAKHYIO PDOJIbL B BOIIPOCAX YCPEIHECHUSA.
Ycepenuenuto ypaBaenus nddy3un B CHIBHO-CBA3HBIX TIEP(OPUPOBAHHBIX 00.1a-
CTAX C HEJIMHEHHBIM MOTJIOIIEHUEM Ha TpaHurie nepdopauu mOCBAIIEHbl PabOTh
[13, 14]. B srux paborax ObLIO T0KA3aHO, YTO B CHJILHO-CBSI3HBIX 00JTACTSAX yCpe-
JIHEHHOE ypaBHEHUEe NUMeeT BUJL

_ Z 88901 <az‘j(x)§;> +c(z,u) = f(z), x€Q, (1)

ij=1 J

rae §) — obacts npornecca. Kosddunmentsl ypasuenus (1) sBisitorest ahdbekTus-
HBIME XaPaKTePUCTHKAMA Cpeabl: {ai; ()} j — ycpeaHEHHbINH TEH30D MPOBOIIMO-
CTH TIOPUCTOTt cpesibl, ¢(z, u) — ycpeHéHHast QyHKIHs OTJIOMIECHIE Ha €€ TPAHUTIE;
OHM BBIPAZKAKTCS U€PE3 «ME30CKONMYECKrey (JIOKAIbHBIE YHEPreTUIECKUE) Xapa-
KTEPUCTUKU CPEJIbl, OIIPejiesisieMble B MaJbIX Kybax, pa3Mepbl KOTOPBIX, TEM He
MeHee, MHOTO H0JIblne MaciTaba MUKPOCTPYKTYPHI €.

B paBorax [13, 14] TeopemMbl CXOAMMOCTH JIOKA3LIBAJINCEH [TPU YCIOBUSIX CYIIIE-
CTBOBaHUS MPEJIEIbHBIX TIJIOTHOCTEN «ME30CKOMUIECKUXY XaPAKTEPUCTHK,, BHITIOI-
HEHWEe KOTOPBIX MMOKA3aTh B 0DINEM Caydae 09eHb TPYIHO, HO B Psifie KOHKPETHBIX
CUTYAIIU 9TO MOXKHO cie1aTh. B HacTosiielt paboTe Mbl TOKA3BIBAEM BBITTOTHEHUE
TUX YCJIOBUI U, UCCAEAYS UX, TIOJIYUIaeM ABHBIE (DOPMYITEI st 3 (DEeKTUBHBIX Xa-
PaKTEPUCTUK JIOKAJIBHO-TIEPUOINIECKON opucToii cpeibl. Tounasi (hopMmyanpoBka
9TOro0 pesysbrara Oblia npusejgeHa B pabore [15] 6e3 jokaszarenberBa, B JaHHOI
paboTe MBI JaéM [OJTHOE ero J0Ka3aTeJbCTBO.
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2. IlocTanoBKa 3ama4n

B mpocrpancree R? paccMOTpuM JIOKAJBHO-IEPUOIHUIECKYIO 1ep(HOPUPOBAH-
Hyto obsacte 2°. Jns yrodnenusi cTpyKTypbl obsiactu (° BBEJAEM CieiyroIIne
obo3HaueHWA:

H:{aeRi”:!m <2,i=1,3}, Hﬂ:{feRgzlfl <2<1i5>,z:1,3}—

napasitesnenunensl B R? ¢ mentpamu B 0, 371€Ch § — MPOM3BOILHOE MAJIOE HUHCIIO
(6 < 1),

0; —
I —{xER:)’::vi—xq\ézg,i:l,?)}—

a =
T 2 2

3
mapasnenenumeasl B RS ¢ mertpavun B Toukax ¢ = ¢ Y xfe!, rae ¢ = mo;
i=1

(m € Z), n pébpamu, OPUEHTUPOBAHHBIMY 110 KOOPJUHATHBIM OocsiM. [lapasiie-
aenunegsl 115, 00pa3yoT mepuoamdeckyo permérky ¢ mepuogoM e (i = 1,3).
[Myers F' — obmacts B 11 ¢ mmagkoit rpanuteii OF U MEHTPOM MAace B HAYAIE KO-
opaunar. Ipeamonozknm, aro mpocrpancTso R? pazpesano na napasiiesenume/ bl
IT5o. B xaxmom napannenenuresie 115., mpuraaiexanem odaactu ), HAXOIUTCA
MHOXKeCTBO Fio

;a = EFg;a + .’L‘a,

KOTOPOE ABJISIETCS TPAHC/SINEH U TOMOTETUIECKUM CKATHEM Fa, TOJTYUYEHHOTO
n3 MHOXKecTBa F' cienyromum obpazom:

Fa::fz(F>vaFa::fz(aF)v (2)

rae f.(§) — auddeomopdbusm us R?® B R, sapucammm or Toukm x €
(kak or mapamerpa) Tak, uro fo(§) = [ (I — ToxkIecTBEHHOE OTOGparKEHUE),
VeeQ: Fp,cll™®y

[fa1 = faalloniq) < Cln — .- (3)
()

O6macts 2° = Q\F¢, riae F© = U, Fa 6y1eM Ha3bIBATH JTOKATBHO-TIEPUOIHIECKO.
Jpyroe ompegenenne JTOKATBHO-TIEPHOITIECKON CTPYKTYPHI TepdOpHpPOBAH-
HO#t obactu 66110 Jano B pabore [16].
B sokaabHO-iepuonnaeckoit obgactu (0¥ paccMOTpUM KPAeByO 3aJ1ady

—Au® = f(x), x€QFf,
ous
ay+a(x,u) 0, = e€dF*, (4)

u*=0 ma 09,

rie dynaxmun fo(r) € L%(Q°) u o°(x,u) 3amansl. OTHOCHTETHHO (BYHKIIH
0°(z, u) TPEITOIOKNM, YTO OHA YJOBJIETBOPSIET CJIEILYIONIHM YCIOBUSIM:
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ap: of(x,u) =eo(x,u), rae o(x,u) vHenpepbiBHa 10 = € (° u MO NEPEMEHHO U
Y/IOBJIETBODSIET CJleflytomeMy ycaosuio Jlummmia YV uy, ug € R:

_ _ n
o)~ o€, ua)] < O+ furl® )+ f®Hlan — el (0 < 75 )

as: Yur,ug € R: (0°(x,u1) — 0%(x,u2)) - (u1 — ug) = 0;
asg: o(x,0) =0.

Onpegnenenne 1 Obobwennvim pewenuem 3adawy (4) 6ydem nazvieams @Gyn-
wywo ut(x) us npocmpancmea H(QF,00) = {u(z) € HY Q) : ulog = 0},
YI0BAEMBOPAIOULYIO MONHCIECTNEY

/(VUE,VgO)dx—i—/Us(x,us)godl“:/fgcpdm, Vo(z) € HY(Q,09). (5)
Qe oFe¢ Qe

W3BecTHO, 9TO TIpU KAXKJIOM (DUKCHPOBAHHOM € CYIIECTBYET €IMHCTBEHHOE
0606ménnoe pemenne u®(r) 3anaan (4). Acumnrorndeckoe nosemerue npu £ — 0
perrienus 3a1aan (4), paccmMaTpuBaeMoii B 6os1ee MUPOKOM Kracce mephopupoBaH-
HbIX 06s1acTell — B CHJIBHO CBSI3HBIX 00s1acTsx, 6b110 u3ydeHno B paborax [13, 14].
B stux paforax ObLIH OIpeaeseHbl YCIOBUS CXOAUMOCTH (6oJsiee CUIbHBIE B pa-
6ore [13] u Gosee cnaboie B [14]) u nosyuena ycpeguénnas mojenb. OCHOBHOI
MeBI0 TaHHOM pabOTHI SIBISIETCA MPOBEPKA BLITOIHEHUS YCJAOBHN CXOIUMOCTH
paborsl [13] asist JIOKATBHO-TIEPHOIUIECKUX TIePMOPUPOBAHHBIX 06IACTel W TI0-
Jiydenue gaBHBIX GOpMya g 3PEOHEKTUBHBIX XAPAKTEPUCTUK MTOPUCTON CPEhl,
KOTOPBIE SIBISTIOTCST KOIMDPUIMEHTAMHT YCPETHEHHOTO ypaBHenust. [Ipu 3ToM cxo-
JUMOCTH TTOHUMAETCST B CIEIYIONEM CMBICIIE:

Onpenenenne 2 Bydem 2060pumsv, «4mo  nocaedosamesvrocms  Gynryud
{v(x) € LP(Q°)}. crodumca e LP(QF,Q), ecau cywecmeyem @ynryua
u(z) € LP(Q2) maxas wmo

lim [|u® — ullLe(os) = 0.

OcHoBHOIT pe3ysibTaT paboThl 3aKJ0YAETCA B CJEIYIONIEN TeopeMe:

Teopema 1 Ilycmb obaacmu 2 A8AAOMCA AOKAABHO-NEPUOOUNECKUMU U DYH-
kuua (), npodoasicennan nyaém na muoscecmeo Fe, cxodumea caabo ¢ L2(9)
x Ppynxyuu f(x). Toeda pewenue uf(x) sadawu (4) crodumeca npu ¢ — 0 6

LP(Qf,Q) (p < % K pewenuro u(x) ycpednennol sadawu:

"9 ou 1
- a ’L a_ atu bJ — bJ Q7
ijg 9 <a](1:) xj) + 5C (x,u) = f(z), =€

u(z) =0, z €,

(6)
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KoaPuuueHmv, KOMOPOT GLIHUCARIOMCA NO POPMYAGM:
PYHKEUUA NO2AOWEHUSA

_2oR
cular, ) = St e, u); Y

men3sop nposodumocmu {a;(x) }gszl

s (1 I OVi(€,w) OV, (€, 7)
) =0 <1 |H|> m / Z o6, 06 T ®

20e |OFy|, |Fy|, |II| noseprrnocmmasn u 06aémrvie mepui cCOOMBEMCMBYOUUL MHO-
arcecme, dynxuua Vi(€) = Vi(&,x) (i = 1,n) asasemca pewenuem caedyroueti

L

LAeeunot“ sadavu:

Z 6@ )_o, ¢em\E,

8‘8/;(5) = cos(u(f),ei), £ € 0F,,
3
v v )
96, v~ og h T

Vz|p]gL = V;‘kaa

/ Vi(€) dg = 0,

M\ F,

2de F,;t — npomusonoaosicuvie epany 6 11, v = v(§) — edunuunod sexmop enewned
nopmany ¥ Fy 6 mouke € € Fy.

JIoKa3aTenbLCTBO JAHHON TEOPEMBI CTPOUTCA HA M3YYEHUN TPEJETbHBIX Tepe-
X0JI0B B ycsiousix 1), 2) Teopembl 1 paborer [13], ompenensdromux cymecTBoBa-
HUE NPEJETbHBIX IIOTHOCTEH ME30CKOIMYECKUX XapaKTEPUCTUK MOPUCTOR Cpe-
apl. s ynoberBa duTaTesss onpeJiesieHis Me30CKONYECKIX XapaKTePUCTUK U
dopmynuposky reopembl 1 pabors [13] (Teopema 2) Mbl HIPUBOIMM B CJIEJLYIOLIEM
pazzerne.

3. Me3ockonnieckne XapakKTePUCTHKN CPpedbl U
OCHOBHO€ ycpeaHEHHOe ypaBHeHue audpy3un

Mesockonuyecke XxapakTepuCcTUKH 11epdopupoBaHHbIX obiaacreit 2 — 310 J10-
KaJbHBIE CPEJIHNE XapaKTEPUCTUKH MUKPOCTPYKTYPBI, PACCMATPUBAEMBIE B «Me-
30Ky6e» K7 = K(z,h) c ieHTpoM B TOUKe z 1 pEOpamMu JyIMHOM h, oOpreHTnpoBaH-
HBEIMH II0 KOOPIMHATHBIM OCaM. [IpHCTaBKa «Me30» 03HA9aeT, 4To pasMep Kyba
CYIIECTBEHHO DOJIBITE PA3ZMEPA MEUKPOCTPYKTYPHI €, HO CYIIECTBEHHO MEHBIIE Pa-
3mepa Beeit obmactu ° (0 < e < h < 1).
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KosmmgecTBertyio xapakTepucTuKy IpoBOAMMOCTH 333/ MM C TIOMOIIBI0 (DyH-
KITHOHAJIA, OTHOCUTETHHO TPOU3BOIBHOTO BekTOpa £ € R™:

TS (0) = inf / [V 4 B2 — (2 — 2,0)?) da, (10)
K7nQe
e undunym 6epércst B Kiacce dbyukuuii v°(z) € HY(KF NQ°), 7 € (0,2) - na-

pamerp mrpada. DToT PYHKIMOHA SIBJISIETCS OJHOPOIHO KBAJIPATUIHBIM OTHO-
curenpuo ¢ 12| u mpeacraBuM B BuzE

n

Ti (0) =) aijz,£,h)iL;, (11)
=1
rae
aij(z, g, h) =
= / {(Vo5, Vo5) + h 270§ — (i — z)][v5 — (x5 — 2)]} da (12)
Kznos

€ € _ 0 .
u v; — MuHEMu3aHT Qynknuonana Ty ,(0) npu £ = €' — opr ocn x;.
KonuuecTBerny0 XapaKTEPUCTUKY MOTJIONMIEHUsT Ha, rpanurie 0F° 3amagum ¢
IIOMOIIBI0 (PYHKIIMOHAJIA OTHOCUTEILHO IIPOM3BOJILHOIO § € R:

c(z,8;6,h) =

: 9, o 9 (13)
= inf / {IVw®|® + h>7T|w® — s|*} dx + / g (x,w*)dl'| ,
KpnQe KiNoFe

e undumnym bepéres B kaacce bynxiuit w® € H (K7 NQF), a dynxnust ¢°(z, u)
oripeiesiena hopMmyJioit

u

9 (z,u) = 2/06(.2?,8) ds. (14)

0

Onpeneaenue 3 Bydem 2060pumsb, wmo cucmema obaacmeti Q° C Q ydosae-
MBOPAEM. YCAOBUIO CUALHOT CBAZHOCTNIU (UAU NPOCTNO ABAAIOMNCA CUALHO CEA-
aubmu), ecau Oas moboti dynxuuu v<(x) € HI(QF) cywecmeyem dynryua
°(x) € HY(Q) makas, wmo v°(x) = 9°(x) npu x € QF u cnpasedauso mHepa-
6EHCMBO

1M 1) < Cllo" g1y - (15)

OcHoBHO# pe3ynbrar paboTe! [13] 3akmo9aics B cieayomne Teopeme:
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Teopema 2 ITycmo obaacmu Q2° asasomes cuavho céasnumu u 37 € (0, 2) npu
KOMOPOM PASHOMEPHO N0 T € () 8UINOAHANMCA YCAOBUSA!

. . aji(zeh . T —aii(zeh
1) lim lim 7“(”1 ) — lim hmi”(hn ) — a;j(x),

h—0:=0 h—0e—0

. n

ede ajj(z) — wycouno-nenpepuenvie dynryuu om x u {a;(x)};—y — noroorcu-
MeABHO ONPEIeAEHHBIT, CuUMMEMPUYHbIT men3op 6 R™;

2) lim lim C(%fh) = lim limw =c(x,s), Vs €R,
h—0:50 h—0e—0

20e pynxyua c(x,s) oepanuvena no T, oupdepenyupyema no s u €€ NPOU3IGOOHaA
cs(w,8) = %c(w,s) no nepemennoti S YAoGACMEOPACT YCAOGUAM MOHOMOHHOZO

B03PACTNANUA U 0ZPAHUMEHHOCTU HA POCTN,
Vs eR: cs(z,s) < C(1+|s]9), (9 < Z—fg),

3) dynryua f€(x), npodosscennas nysém na muoocecmeo F&, npu e — 0 crodu-
mes caabo 6 L2(Q) x dynwuuu f(x).

Tozda 0bobwénnoe pewenue u(z) sadauu (4) crodumes ¢ LP(QF, Q) (p < %)

K pynryuu u(zr), asasowetica 0606wéH1bM pewernuem yepednénunot sadaywu (6).

4. Jloka3aTeJbCTBO TeopeMbl 1
[Ipexxie Bcero, j0Ka)keM psiJi BCIOMOTATEJBHBIX JIEMM, KOTOpBIE OyIyT

HCIIOJIB30BAaHBI IIPXU JOKA3aTC/JIBCTBEC TEOPEMDI.

Jlemma 1 Ilpu docmamouno Maaws € cyuecmsyem eOuHCMBEEHHOe PEUCHUE
vE (&) zadawu
Agvi(§) =0, € E€R\ Fya,
g (§)
Ove
va(§) =0 npu [¢] — oo,

+eo(x®+e€s+evi(§)) =0, &€ IFpo,seER, (16)

ede v¢ — edununnan Hopmaas % epanuye OFga, enewnas no ommuowenuto x 0baa-
emu R3\ Fya. Jlas 9mozo pewenus cnpacediucv, CACOYIOUUE OUeHKU:

° < Ce, 17

e (] < Ce i

max  [VeE(€)] < Se (18)
gemtor—s & 5

Jlokasamenavemeo. Pemenne 3amaun (16) OGygeM uckarh B BuJe MOTEHINATA
IIPOCTOrO CJIOS

ey [P 3\ .
Ua(ﬁ)_/‘n_ﬂdrm fER\Fw

OF o

Has roro, urober dyrkuus v (€) yA0OBIETBOPsIA IDAHUYHOMY YCJIOBUIO, ILJIO-
THOCTH p°(§) MoMKHA OBITH PElleHneM WHTerpaabHOTo ypasHenus (|17, rr. 15])

P + B (€) = —507(6), €€ 0Fse, (19)
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e omeparop R, ompeeséHHBIN PaBEHCTBOM

1 —&, R
= o (T|7n _§§‘V3n)p (n) dl'y,

proled

Rp® :

neiicreyer u3 mpoctpanctBa C(0Fpe) B C(OF,e), a dyukuus ¢ (§) asisercs
pemenneM ypaBHEHN A

Po(€) = —eo (a4 &€, s + eNYE(S)). (20)

31ecw uepes N obosnaden omeparop «Neumann to Dirichlet», xoTopslit HOpMaIb-
HO Tpou3BOAHOM pemenns 3agaan (16) na rpanute OFye CTaBUT B COOTBETCTBHUE
3HAYEHWE CAMOTO PEIeHns Ha 3TON TpaHuIe.

O6ozHaunM omepaTop

AY® = —eo (¥ + €€, s + eNY©)
u 3anunieM ypasHenue (20) B Bue
WF = Ayr. (21)

ITokazkeM, 9TO MpH MaJbIX € ypaBHeHue (21) MMeeT e MHCTBEHHOE DEIICHNE B
mpocrpancTBe C(OF,« ). IIpexe Bcero, ecim 3T0 ypaBHEHWE UMEET DPEIleHne, TO
B CWIy CBOMCTB (yHKIUN 0(T,u) ¥ OrpaHWIEHHOCTH oreparopa N OHO JTOIKHO
VIIOBJIETBOPSITH HEPABEHCTBY:

1l c@r,a) < Cre (14 5% + <2167 )
U3 KOTOPOTO BBITCKACT CJIEAYIOIAd alIPUOPHAA OIMEHKA
[¥%llcor,a) < Coe (22)
U TOTIa

1497 — A¥Sllcor,a) =€ max |o(® + e85+ eNYT) —o(a® + e85+ eNY3) <

N

e max (L |5+ NI+ [s +eNus O [N9f - Nyg| <

< C3e? |95 — Y5l cor,a)s

OTKY/Ia CJIEJIyeT, YTO IIPU MAJILIX € OepaTop A sBISeTCsS CKUMAIOIIMM, U, CJIe/10-
BATE/ILHO, CYIIECTBYET €JAMHCTBEHHOE pemenue ypasHenus (21) B npocrpancrse
C(O0Fye), kOTOpOE yiIOBJIETBOPsieT oreHke (22).

Kpowme Toro, dbyurmus ¢ (§) saBasgercs HOPMAJBLHON MTPOU3BOIHON peIeHust
vE (&) ma rpannne OF o, Torga mia dyakunn v5(£) B Cruly MPUHINIA MAKCHMYyMa
CIIpaBEIINBA, OTIEHKa

e EAIES (ax e (] = INY*(E)llc@r,a) < Cae.
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Ouenka (17) nokazana.

Hokaxkem orenky (18). B cmry cBoiicTB mOTeHIMAIA TPOCTOTO CJIOS CYITE-
CTByeT OTpaHMYeHHBIH o6parHEli oneparop (I + R)™!, Torma us ypasmenus (19)
moTHOCTH p° (&) paBHa

1
(&) =——I+R) "
pr&) =—5 (I +R)" ¢,
u 11 Heé B cuity (22) cpaBeinBa ONEHKA,
1 _
I lle@r,e) = 5 I+ R) "8l c@r,.) < Cse.

Torpa mpu & € T\ TT7% mveenm

5@3(&)‘ / (ni — &)p*(n) / lp*(n)]

_ Ve ZSOP I ap | < WPV ar, <
0&; In— &P ! Ip—¢P "
FJ)(I m(l

Chse 1 Cee
< =2 _—_ar, < =55,
5 =& T
OF

Orkyna u caenyer onenka (18). Jlemma 1 gokaszana.

Jamee mocTponM «pas3bruenne eIuHANBI» — HAbOp TIaAKUX (PYHKIWH, HCIIOIb-
3yeMBbIX TIPHU MOCTPOeHNH anmpokcuMmupyommx ¢qpyukiuii. [Tloctpoenne «pasbue-
HUsS €MHUIBI» HEOJHOKPATHO DPACCMATPHBAIOCH paHee (cM. Hampumep |18, i
2]), HO OOBIYHO He Je/Iat0TCsl OLEHKH IIPOM3BO/HBIX, KOTOPBIE Oy/lyT HY?KHbI HaM
B gasbHelmeM. [loaroMy mpuBoANM J0KA3ATEMBCTBO MOJTHOCTHIO.

[Tokpoem mpoctpancTBo R™ mepecekatomumvucs: kybamu {K' = K(z% h)}a,
c menTpamMu B Toukax x¢ m croponamm h < 1, OpueHTHPOBAHHBIMU TIO KOOD-
JUHATHBIM OCSIM, 0GPA3YIONUMHI TIEPUOINIECKYIO PEIIETKY TEepHogIoM h — 7, T7e
7 — TOJIWHE, TEPEKPBITAS.

Jlemma 2 Ilo noxpuwmuro {Kj' = K(x% h)}o moocro nocmpoums <pasbuenue
edunuymty {pa(x)}a — Habop 2aadkuz Gynryul, YoOBAEMBOPAIOUWUT YCAOBUAM.:
1) palz) € C2(R™);
2)0 < pa(z) <1 npuzeR;
3) pa(x) =1 npuz e Kj¥ o ;
4) ¢alz) =0 npu z ¢ K;
5) | D oo ()] < %, A =1,2, 2de xoncmanma C ne sasucum om snauerud h, r;
6) > va(x) =1 npux € R

(03

Zoxazamesvcmeo. Paccmorpum Ha BemecrBenuoit ocu x € R pyHKIUIO

1
exp| ——— | mpu — 1<z <1,
flz) = p(x2—1> P

0 mp® oCcTaIbHBIX X,



Bicuuk XHY, Cep.«Maremaruka, npuk/aajgHa MaTeMaTuka i MexaHikas, Tom 87 (2018) 51

dbyuxuus f(x) € CP(R).
Hycrs 0 < r < &« 1 - BerecTBenuble ancia. Jlamsee paccmorpum hyHKITHIO,
Y 2 S 3

IOJTyYeHHYI0 CXKaTHeM B 5 pa3 Gyskimun f(z):

B =1 (%),

koropas takke f.(x) € C°(R). Ilo dyukimu f,.(z) mocrponm dbyukimo F(x),
OTIPEJIeIEHHYIO0 PABEHCTBOM

x+}L T

—eo - [r(t)dt
nupu z < 0,
[N AGE
F(z):= +oo
fr(t)dt
OO—HpI/Ix>O.
J23 £ () dt
Jlerko Buzets, aro F(z) € C®°(R) u F(z) = lupn —5+r <z <

|

|

=3

’11

—

8

SN—

Il

=5 o

npu T < —% U T = ﬁ , F(x) BospaCTaeT or 0 mo 1 npu —% <z < —% +7r
yowiBaer ot 1 g0 0 mpu 5 —r<z< 5.

Ouennm 1epeyto 1 BTOpyio npoussojguble dyuximn F(x).

, max f(z) _ exp(-1) _C
P ()] < < = ==

[ee) +1 r ’
_f fr(t) dt g_fl f(t)dt
x| f 2 max | f'(z C
‘FH([E)‘ _ Ifa ‘fr(x)’ _r & |f( )| _ 722’

o) +1
IR CCL VIO

rae koucranrel Cq, Cy He 3aBucar ot h, r.
Tokpoem BemecrBernyio ock R toukamu x® = i(h —r) (i = —00,...,+00) u
onpeesuM (DYHKIMH, TOJTyIeHHbIE ¢ TOMOIIBIO caBura dhyexoun F(x)

F,,(z) = F(x — x*).
OuesuzHo, 9T0 B cuIy cBoiicTs dbyukimu F () (byHKHI/H/I F,,(z) obramator cBOii-
creamu: Iy, (z) € CP(R) u Fy,(x) = 1np1/1;v'— bir<o <o+ -,
Fo,(z) =0 opn z < 2% — % x> % B 5, Fo,(x ) Bospacraer or 0 jo 1 mpn

x‘“—%<x<xo‘i—§+rﬂy6mBaeT0T11100Hp14x i+%—r<x<x°‘i+%,
¥ UX IPOU3BOJHBIC YI0BJAECTBOPAIOT OLICHKAM

C’1 Co
Fo. @)l < = G, (@)] < 3,

rae xkoucrautol Cy, Cy me 3apucar ot h, r.
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JlokarkeM CopaBe/InBOCThL PABEHCTBA

+oo
> Fax)=1. (23)

1=—00

IIycrs Touka x € (2% — h/2 4 r,x% + h/2 — r|, Torma 9TO PABEHCTBO OYEBHIHO

+oo
Z Fo,(x) = Fy,(x) = 1.

1=—00

[Iycrs Touka x € (2% +h/2—r, 2% +h/2] = [z%+ —h/2, £%+ —h/2+ 7] npuHa-
JUIEXKUT JIBYM CMEXKHBIM OTPe3KaM pa3OUeHust, TO eCTh JIeKUT B UX TI€PeCeIeHNH,

TOr A
T opwa TR
+o00o a;—(a:aj-l-%) ' —{o fr(t)dt
Z Fai(x): Faj (x)+Faj+1(x): Foo + 400 -
= T T rwa
too a— (2% 405
[ fr(t)dt + f fr(t)dt
_ (e 4T) - _1

+o00
T pwyae

Pagemcrso (23) mokaszamo.
PaccmorpnM Tereps byHKIO 04 (7) (o = {al,
onpesenénnyio npu & = {1, &2, ..., Tn} € R™ dopmymnoit

2 ...,a"} — MyIBTHEHIEKC),

n

Yal(z) = H E,i(z;).

i=1

Jlerko Buzeth, a0 Yo (x) € CP°(R") m po(x) =1 upn x € K} o, po(x) = 0 npn
¢ K, 0< @q(x) <1uopuaxe K\ K, . 1 xpome Toro,

(&}

C
D ()] < ==, |D*pa(z)| < =, VazeR™
T r2

e koucrantsl Cp, Co He 3aBucsaT ot h, . Takum 06pa3omM, GYHKIHSA P (z) ynos-
sersopsier ceoiicrsam 1)-5). Jlokaxkem cupaseuocts coiicrsa 6). B cuiy (23)

nMeeM

400 ~+o00 n o +00 ) 400 )
doval@)= 3 o 3 [ FM@)= 3 Fu@)| Y, Fh(w)x
o 11=—00 in=—00 j=1 11=—00 12=—00

X < (;iio Fn (mn)>>> =1
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CaoiicTBo 6) n0Ka3aHO, MCKOMas cucrema pyHKIuii mocrpoena. Jlemma 2 mokasa-
Ha.

Jna seiBoga dopmyn (7) u (8) nposeném npeasapurenproe nocrpoenue. [pe-
IIOJIOXKHM, YTO IpocTpaHcTBO R? paspesano Ha He mepeceKarolyecs mapasiiee-
nunenst IIZ.. IlocTponM KOHIEHTpHYECKHe ¢ HUMU IapaJslie/enureasl

0; _
2 = {x€R3:|xi—x?| < ;(1:&5),1':1,3} 0<doxk1l)

¢ KOTOPBIMHE CBsI7KeM pasbuenue eTuHUIbl {5 (x)}, — HAOOp riaakux dyHKITHI,

yaosaeTsopsomux yeaosusn: ¢, (z) = 1 mpu 2 € 0%, 8, (x) = 0 mpu x ¢ 11,

C
Y5 () =1, [IDG (2)] < =557 (Al =0, 1, 2) mpu z € Q.
«a 5| |(5| |

4.1. BeiBog dopmydist (7). Onpeaenum hyHKIuio

V() =s+ed o <”’°_f” >g03(x), ze 0, seER. (24)
g

rie {¢5(2)}a — pasbuenne eauHWIG, onncaHHOe Bbiie, a yHKIws VS (€) — pe-
menre 3a1aun (16) st mapHoro s. OYHKINI, MUHUMU3UPYIONIY (bYHKITHOHAJ
(13) B obmacrm K} N§F, Gynem uckarh B Buje

w®(z) = v°(x) + 0°(x). (25)
Torma dyakums 0° () n0KHA MUHUMU3UPOBATH (DYHKITMOHAJ
J[0°] = Io(e, h) + Ii(e,h) + I2(g, h)

B kaacce gynkmmit HY(K7 NQF), rue

Io(e, ) = / V68 (@) + k=27 |6°(2) ] da,
K Qs

Ii(e,h) = -2 / [Av® (2)0°(2) — b2 (v°(z) — 8)0° ()] du,

K7nQs
3 3 ~NE 3 3 8U£(x) ~NE
Ir(e,h) = g°(x,v +v)fg($,v)+2Tv (z)| dr.
KZNoFe
Tax xak J[0°] < J[0] =0, TO
Io(e, h) < |Ii(e, h)| + |I2(g, h)|. (26)

OrneHnM KazkJ10e CjaaraeMoe MpaBoil YacTH ITOr0 HEPABEHCTBA.
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s (17), (18), (24) u nepasencrsa Komun-ByHskosckoro nosyvaem

|I1(e,h)] <2 / AVEOF da| + 2h 2T / (v° — $)0° dx| <

K7ZnQs K7NQs
<2 / |AvE|? dx / |0¢|2 daz + 2R 27T / | — s|? dxx
K7nQs K7nQs K7nQe
X / 012 dx < 2017202 (e,h) | Y / | Ave|? da
K’ZLHQE «a HEQ\H:;SS

+2h TR P n) | Y / [v° — s d < Cuy (e, )

¢ M2 \Fza

1
% | i+ 51 2 mes(Iz \ 1) + R AN “mes(II5a \ Fia) | <
o (0%

R3/2+1/2+47/2

< Caly(e,h) ( 5372

n h3/217/2€2> _

Taxum o6paszom, npu § = h1/3H7/6 1 (0 < & < KY/237/8 pyeenm
Iy (e, h)| < CR32AT 2 (e ). (27)
Honyuanwm onenxy mias Is(e, h). Tak xak (|13, J1.1])
Vee KinQ®: |w(x)] < s,

Torja B cuity onpezenennit byuximit we(z) (25), ¢°(x, s) (14), coiicre dbyHkmmn
o(x,u) U HHTErPAJBLHON TEOPEMBI O CPETHEM, UMEEM

0vE(x)
ov

|I2(e, h)| = / {gg(m’,vs +0%) — ¢°(z,0%) + 2 0°(z)| dI'| =
K7NoFe
Ve

=2 / / o(x,r)dr —o(z,v%)0°| dl'| <
Kjnore v
< 2 / lo(x,v" + %) — o(z,v%)||0°] dI" <
K7NoFe

<O (14259 e / |5°|? dT = Cye / |o¢|% dT.

K7noFe K;noFe
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Baecs 0 < 0¢(x) < 0°(x) npu 0°(x) > 0 n v°(x) < 0°(x) < 0 npu v°(x) < 0.
Mg mroboit dyakmum ¢ € H(F) cnpaBeamBo HHTErpagbHOe HEPABEHCTBO

€ / ©2dl, < C / ©? dx + &2 / Vao|® da
KFNoFe K7NQe Kz nQs

13 xoroporo mpu 0 < & < h'*7/2 gna Ir(e, h) caenyer
I(e, h)| < Ch*TT Iy (e, h). (28)
13 (26), (27), (28) mpm 0 < & < h'H7/2, § = h1/3+7/6 nonywaem omenxy
Io(e, h) = O(R*F7/2) = o(h?).

Takum obpazom, dbyHKIUS U° HaéT MaJblii BKJIAJ B IPEIEIbHYI0 (PYHKIIUIO 110~
ryomtenusi. Torpa cornacho (25) dynaknusa v (x) npu Maabix h annpokcumupyer
mMuHEME3AHT we (x) dynxnuonana (13) B obmactu Kj NQ°.

IMoncrasasgem w®(x) B (13), yunrbiBas cpoiictea dyukmn o(x,uw), npu 0 <
e < AMT/2u § = BY/3H7/6 nonyuaem

c(z,s;¢,h) = / (Vo[ + h™ 27 v° — s?] dz + / ¢°(z,v°)dl" 4 o(h?) =
K7nQe KZNoFe

S 3 S
= / 25/ o(z,r)drdl + o(h3) = ma‘};ﬂm /U(Z, r)dr + o(h?).
0

KinoFs 0

OTKyga JgenaeM BbIBOJ, 4TO YCJOBUE 2) TEOPeMbl 2 BbIIOJHAETCs. Pas3jenus
c(z,8;¢,h) ma h® u nepeiins x npeneny npu h — 0, momy9aem Berpakenne (7)
s (PYHKIMY TOTJIOICHUS.

4.2. BwiBog dopmysbl (8). BweiBoa mamHON (HOPMYIB NPOM3BOAUTCS B
OCHOBHOM TaK »Ke, Kak B Kuure [12, ri. 2|, tae paccmorpena 3amada Heiimana
JUI 9aCTHOrO CIyYas JIOKAJIbHO-TIEPUOINIECKON CPebl, ONPEIeICHHON B TaHHOM
paborsl. IlosToMy HEKOTOpPBIE TEXHUIECKUE BBIKIAIKH, HICHTUIHBIE [12] MBI OMIy-
CTUM.

Paccmorpim B obmactin K7 N Q° dbyrknmm

(0%
Uf(z) = (i —z) = y_ Vi (m —= wa) po(x), (i=1,3), (29)
- €
rie V;(€,m) — mepuogmueckoe npogomkenne permennst V;(€, 1) sagaun (9) ma Beé
npoctpanctso R3, {5} — pasbuenue equHUITH.
Bynem uckars dyuxumio wg(x), Murnmusupyonyio dbyuknuonan (10) mpu
¢ = €' B Buge

wi(z) = Uf (x) + vj (), (30)
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rae dyukunus UF (z) onpenenena pasercrsoM (29), rorga dynxnus v (x) pozkna
MUHUMU3UPOBATH (DYHKITHOHAJT

JWi] = Io(e,h) + I1 (e, h) + Iz(e, h),
B kaacce dbynkunit H (K7 N QF), rae
O N (i et
K7nQe
Li(e,h) =2 / (VU;, Vi) du,
KinQe
I(e,h) = 2072 / (U — (i — z))k (x) do.
KinQe
Tak kak J[vf] < J¢[0] = 0, T0 cupaBeyIMBO HEPABEHCTBO
Io(e, ) < |H (e, )] + Ia(e, ). (31)

Ornennm Kazk10e ciaaraemoe npasoit gacru. [lobsysick HepaBencreoM Korru-
Bymsarosckoro, dopamysmoit (29) u ompenenernem Io(e, h) mpr 0 < ¢ < M7, 10-
ayqaem oueHky Ia(e, h)

|Ia(e, h)| < 2072 7TNUF = (23 = 2i) |2 (icznos) 105 | 2z moey <

. (32)
< ChT 1% (e, h).
Ouenum I (e, h). IlpuMenns HHTErpUPOBAHEE IO YACTSM, 3aMUIIEM
€, aUZE 1>
v

KinQe OKFNQE

B pa6ore [19] 6p110 [0Ka3aHO, YTO OPH BBHIIOJHEHHH yCa0BHi (2), (3) nmeer
MeCTO TyIaJiKasi 3aBUCUMOCTD pellleHusl ,siqeednoii 3amaqau Vi(&,n) or napamerpa
n:

A _ DA < _ —
|Pevitem) — D2viem)| oy < Ol =l =0,

orciona, B cuity nepuogmanoctu Vi(€,n) no & upn & € H;&s ‘N H;fe coeyer:

~ — @ - P
() i () <

g g
C _
< gyl —af) <ot =0, 1

(34)

C TOMOIIBI0 3TOTO HEPABEHCTBA, YUUTHIBAsS CBOUCTBA pa3OUEHUs €TUHUIIBI

{5 ()}, momyaaem
”AUEHLQ(KZOQE) < Ch573/2,
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Orciona, yunrsBas oupegeenue Io(e, h), npu 6 > h'/3 umeem

[ vzt da| < 18U Lagcgean o oo < .
KZnQe (3)

3+T

< o3P [ 2 (e h)y < ChPE YA (e, h).

B cuity cunbHoil cessHocTn obstacreit QF bynxima vf € HY(KF N QF) mMoxer
6b1TH TIpoToKena o dbynknun 0 € H(K7) ¢ Beimosnnennem nepasencrsa (15).
Kpowme Toro, cormacuo jemme 2.1 [12, ri.4| 05 (z) ygoBiersopsier HepaBeHCTBY

/|@§|2dr<6 /|vué‘|2dx+< )/wa\ dx|

OKF, K}

Torga npn »x = h'tZ cormacuno onpenenenns bynxmmn US(z) (29) u cpoiicTs
pemrenns V;(€,n) ,,aaeednoit” 3amaqn (9), 1y1s MIOBEPXHOCTHOTO HHTErpasa B (33)

CIIpaBe;/JInBa OLEHKA,

ouUs . oUe |2
7 : < 7
/ E dL'| < / ‘ ov
oK}

OKFNQ®

1/2

dr /|ﬁ§y2 ar| <
8K}

1/2

. ~ 4+h7— /2 ~
< Cih |hMT /2/|vv;‘y?dx+ e /| Pdr| <

K
1/2
- 4+ h7/? /2 71/2
< Coh?t7/2 / |V |2 da + — / e de| < Csh221 2 (e, h).
KinQe KznQs
Orcrona u u3 (33), (35) umeem

L(e, h)| < CRY21 (e, ). (36)
U3 (31), (32), (36) mpu 0 < & < R nomywaem onenxy g Io(e, h)
Io(e, ) = / VoS24 27 [of?] de < CH*HT = o(hP).
KZnQe

Orcrona caenyer, aro dbyHkuus v; (z) JaéT Majbli B3HOC B IPEIEIbHBLH TEH30D
nposogumoctu. Takum o6pazom, cormacuo (30) dyuxmus UF npu Masibix b ammpo-
KcuMupyeT GyHKIMIO w; (x), MunuMusupyiomyo ¢yuxiuonat (10) npu £ = e’
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Mopcrasum wi B Buge (30) B bopmymny (12) ans aij(z, €, h), nomygaem

3
0 T, — 2 o~ [x—zx®
y — 2 ? LN e !
az](zagah) ;5 / ;aiﬁk < - ‘/;< - y L >> X

o \Fa

0 Ti—2 o Tz — x¢ 3
Xaxk( . V( , T ))daﬂ-o(h)

3 oVi(&,n) OV;(&,m) 3
= oih < |H> rm/ Hé Z o og,  edntolht).

3 3TOr0 paBeHcTBa Je1aeM BBIBOJ, 9TO ycjaoBue 1) Teopembr 2 BhInogHEHO. Pa-
3nesuB ai;(z, €, h) Ha h3 u mepeiing K npegeny mpu h — 0, HOJIydaeM BEIPAXKEHHE
JIIST TIPEJIEIBHOTO TEH30PA TTPOBOMMOCTH (8).

Teopema 1 gokazaHa.

Baarogapuoctb.  ABTOpBl  BBIpaKaoT  TAYyGOKyIo  6arogapHOCTD
E.4. XpycnoBy, ubu KpUTHUYECKIE 3aMedaH s TIO3BOIUIIN CYIIIECTBEHHO YJIYUIITUTh
pabory.
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longapenko M.B., Xinpkosa JI.O. YcepemueHi TeHzop nposBigHocTi Ta dyHKIis
MOTJIMHAHHS JIOKAJbHO-TIEPIONYHOTO TIOPUCTOTO cepeioBuIiia. BuBdaerncst mpo-
mec cramionapHol audysii B JOKAIbHO-TIEPIOAMIHOMY TOPUCTOMY CEPEIOBHINI 3 HEJTHIi-
HUM TOIJIMHAHHAM Ha MexKi mip. el mporec onucyerbest KpaoBoOO 3aa4€i0 it eJTi-
TNTUYHOTO PIBHSIHHS, siIK€ PO3IVISATAETHCS B CKJaIHIN mepdOopoBaHiit 001acTi, 3 HeTiHii-
HOIO TPETHOIO KPAHOBOIO yMOBOIO HA Mexki mepdoparrii. 3 mpuauHn MaJIOCTi JTOKAJIHHOTO
MaciTaby MOPUCTOCTI CepemoBHINa i CKIa HOCTI mepdopoBanol obracTi, 6e3mocepeamHii
PO3B’430K TaKMX KPAHoBUX 337a4 MPAKTUIHO HEMOXKJ/uBuil. Tomy mpupomHuil miaxis B
il curyamnii mossAra€ B JOCTIIZKEHHI aCHMIITOTAYHOI MTOBEIIHKU PO3B’sA3KY, KO Mac-
mrab MIKpOCTPYKTypHu mpsmye 10 0, 1 mepexia 10 ycepeaHeHoi MaKpPOCKOMYIHOI MOIeT
TPOIIECy, IO PO3TJIAJAETHCS B¥Ke B yCiit obsacti 6e3 ypaxyBamHsa mepdopariii. Ycepe-
JHEHHIO pIBHAHHS audy3ii B MUPOKOMY KJIACi He mepionudHo nepdopoBaHuX 00J1acTeii:
CHJIBHO-3B’SI3HUX 00JIACTAX, AKHI BKIIOUAE B cebe i JTOKATBHO-TIEPIOAnYIHO mepdOpPOBaHi
obsiacti, Oysin mpucssdeni Hami 6iibmn pamai poboru. ¥ mux poborax Oysa orpumaHa
yCepeIHeHa MOJeh, KOeMIEHTH KOl BUPAXKAIOTHCA Uepe3 «Me30CKOMIuHi» (JToKaIbHi
€HEPreTHYHI) XapaKTEPUCTUKY CEPEIOBHIIA, 110 BUBHAYAIOTHCA B MAJIUX Kybax, po3Mipu
SAKWX, TAM HE MEHIIT, 3HAYHO OijIbIe MACIITady MiKpOCTPYKTypH. ¥ IUX podOTax Teope-
MH 3012KHOCTi JTOBOJMINCS 38 YMOB iCHYBAHHS I'PAHUIHUX IMTLTHHOCTENR «ME30CKOIITHAX >
XapaKTEePUCTUK, BUKOHAHHS fKUX [OKA3aTU B 3arajibHOMY BHUIAJKY yKe BasKKO, ajie B
P/l KOHKPETHUX CATYaIlil e MozkHa 3poduru. ¥ Janiit podoTi MU IOKa3yEMO BUKOHAHHSA
WX YMOB 1, TOCTIIKYIOUH IX, OTPUMY€EMO siBHI (hopMyan jisi ehEeKTHBHUX XapPAKTEPU-
CTHK JIOKAJIbHO-NEPIOINYHOTO TMOPUCTOTO CEPEIOBUINA: TEH30pPA MPOBimMHOCTI i dyHKITT
TOTJIMHAHHS.

Kamowosi crosa: ycepennenss, cramionapua audysis, Heminiiina Tpers kpaitoBa 3aaa4a,
JIOKAJTbHO-TIEPIOINIHE TOPUCTE CEPETOBUINE, TEH30P MPOBIIHOCTI, (DYHKITIS TOTTMHAHHSA.

M.V. Goncharenko, L.O. Khilkova. Homogenized conductivity tensor and absorp-
tion function of a locally periodic porous medium. We study a process of stati-
onary diffusion in locally-periodic porous media with nonlinear absorption at the pore
boundary. This process is described by a boundary-value problem for an elliptic equation
considered in a complex perforated domain, with a nonlinear third boundary conditi-
on on the perforation boundary. In view of the smallness of the local scale of porosity
of the media and the complexity of the perforated domain, the direct solution of such
boundary-value problems is almost impossible. Therefore, a natural approach in this si-
tuation is to study the asymptotic behavior of the solution when the microstructure scale
tends to 0, and the transition to the homogenized macroscopic model of the process. Our
earlier papers were devoted to homogenization the diffusion equation in a wide class of
non-periodically perforated domains: strongly-connected domains, which includes locally-
periodically perforated domains. In these works, an homogenized model was obtained, the
coefficients of which are expressed in terms of “mesoscopic”’ (local energy) characteristics
of the media, which are determined in small cubes, the size of which, however, are much
larger than the microstructure scale. In these papers, convergence theorems were proved
under the conditions of the existence of limiting densities of "mesoscopic'characteristics,
the fulfillment of which is generally difficult to show, but in a number of specific situati-
ons this can be done. In this paper, we show the fulfillment of these conditions and, by
studing them, we obtain explicit formulas for the effective characteristics of the locally-
periodic porous medium: a conductivity tensor and a function of absorption.

Keywords: homogenization; stationary diffusion; non-linear third boundary value
problem; locally periodic porous medium, conductivity tensor, function of absorption.
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Boundary-value problems in a layer for
evolutionary pseudo-differential equations with
integral conditions
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Boundary-value problems for evolutionary pseudo-differential equations with
an integral condition are studied. Necessary and sufficient conditions of well-
posedness are obtained for these problems in the Schwartz spaces. Existence of
a well-posed boundary-value problem is proved for each evolutionary pseudo-
differential equation.

Keywords: pseudo-differential equations; boundary-value problem; Fourier
transform; Schwartz space.

Maxkapos O.A., Jleekin /I.A. KpaiioBa 3asa4a B 1mapi JJjisi €BOJTIOMINHAX
nceBaoandepeHiaJbHUX PiBHIHb 3 IHTErpaJIbHOIO YMOBOIO. Po3riis-
JA€ThCs KpaiioBa 3ajiada JJIsl eBOJIIOIINHUX IIceBIoandepeHIliaJlbHIX PiBHIHD
3 iHTerpabHOK yMOBOI. O/1epKaHO YMOB KOPEKTHOCTI Ii€l 3a/1a49i y MpOCTO-
pax JI. IIIBapma, a TakoXK JIOBEJIEHO iICHYBaHHS KOPEKTHOI KpailoBol 3aJadi JJ1st
Oy Ib-SKOTO €BOJIIOIIITHOTO TICEBA0ANMDEPEHITIATHLHOIO PIBHAHHSA.

Knaouwosi caosa: ticeBnoandepeHItia bl piBHIHHS; KpalioBa 3ajata; epeTBo-
pennsa @ypoe, npocrip [IBaprna.

Makapos A.A., Jleskun JI.A. KpaeBas 3a/a4a B cJjioe Jjisi 9BOJIOIHU-
OHHBIX mceBAOAN(MPPEPEHINATBHBIX YPaBHEHUN C WHTErpajbHBIM
ycaoBueM. PaccMmarpuBaercss KpaeBasl 3ajada JJIs IBOJIOIMOHHBIX IICEB-
noanddepeHIualbHbIX yPABHEHNH C WHTErpajbHBIM ycjoBueM. [losydensr
yCJIOBUsT KOPPEKTHOCTHU 3TO 3ajaun B npocrpancrsax JI. IllBapra, a takxke
JIOKa3aHO CYIIECTBOBaHNE KOPPEKTHOM KPaeBoil 3a/adn Jijisl JTI000r0 eBOJIIOIH-
OHHOTO TICeB0nddEPEHITNATBHOIO YPABHEHNUS.

Knouesvie caosa: miceBmomuddepeHImaabable ypaBHEHNST; KpaeBas 3a/a4a;
npeobpazoBanue Pypwe; mpocrparctso I1IBapria.

2010 Mathematics Subject Classification: 35510.

1. Introduction

Numerous papers are dedicated to nonlocal boundary-value problems for di-
fferential and pseudo-differential equations. In monograph [1], existing results are

© A.A. Makarov, D. A. Levkin, 2018
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reviewed in details. In papers [2, 3, 4], a two-point boundary-value problem for
differential and pseudo-differential equations was studied, and necessary and suffi-
cient conditions of well-posedness were obtained for this problem in various spaces
of functions. Moreover, therein, existence of well-posed boundary-value problem
was proved for a linear system of differential equations with constant coefficients.
In paper [5], these results were extended to multilayer under an additional conti-
nuity condition (transmission condition). In the present paper, boundary-value
problems for evolutionary pseudo-differential equations with integral conditions
are studied. Necessary and sufficient conditions of well-posedness are obtained for
this problem in the Schwartz spaces. Existence of a well-posed boundary-value
problem is proved for each evolutionary pseudo-differential equation.

2. Main part

Consider the following boundary-value problems

ou(z,t) 0
IRLY A, & R™ T 1
oot = a (1 ) utwo), re®, teT), ()

/OTB (73 ;l) u(z, t) du(t) = o(z), z eR", (2)

and

ou(z,t)
ot

/OTB <t, ai) u(@, t) du(t) =0, r € R". (@)

:A<t, i) u(z,t) + f(z,1), zeR", tel0,T], (3)

0 0
Here A <t, 2 and B | t, 8) are pseudo-differential operators with symbols
x x

belonging to the space of infinitely differentiable functions with power growth
O, (see [6]), p(t) is a function of bounded variation.

Definition 1 Problem (1), (2) is said to be well posed from S to C1([0,T], S)
if for any function ¢ € S there exists a unique solution u € C1([0,T], S) to this
problem, and this solution depends continuously on ¢ wn appropriate topology.

Definition 2 Problem (3), (4) is said to be well posed from C([0,T],S) to
CL([0,T], S) if for any function f € C([0,T], S) there exists a unique soluti-
on u € CY([0,T], S) to this problem, and this solution depends continuously on f
i appropriate topology.

Applying the Fourier transform with respect to space variables, we get the
dual boundary-value problems
Ou(x,t)
ot

= A(t, s)u(s,t), seR", te|0,T], (5)
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/0 U Bt 5)i(s, ) diu(t) = (s), sER", (6)
and

aa( D _ At sYii(s, 1) + F(s, 1), SR te[0,T], (1)

/Bts (5,1) du(t) = sER", (8)

where the Fourier transforms %, ¢, and falso belong to S for any ¢ € [0,T]. The

function (s, 1) = () exp </Ot A(T,s) dr)

is the solution to equation (5), where v is an arbitrary function. By substituting
this formula into equation (6), we obtain

“(s) /O " Bt ) exp ( /0 "Alrs) d7-> du(t) = 3(s), s€ R™ ()
The condition
_ /OT B(t, 5) exp (/Ot A(r, s) dT> du(t) £0, sc R, (10)

is necessary for solvability of equation (9). Solution @ belongs to C*([0,T], S) if
and only if, for the resolving function

AES) exp ( /O "Alrs) dT> ,

we have Q(-,t) € C>, t € [0,T] (see [6]). Thus we have the following theorem.

Q(s,1) =

Theorem 1 The problem (1), (2) is well-posed from S to C1([0,T], S) if Q(-,t) €
C>=,, te|0,T].

To solve problem (7), (8), we consider Green’s function.

Definition 3 The function G(s,t,7) is called Green’s function of the problem
(7), (8) if it satisfies the following conditions:

1) G(s,t,7) is continuously differentiable on [0,7) U (7,T], s € R", 7 € [0,T];

2) G(s,7+0,7)—D(s,7—0,7)=1onte0,7)U(r,T], se R, 7 €[0,T);

3) G(s,t,7) =G(s,t,7) ont € [0,7)U (1, T], s € R", 7 € [0,T];

9
ot
/ G(s,t,7)du(t) =0, s e R", 7 € [0, T].
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If Green’s function exists, then there exists a unique solution to the problem (7),
(8). Due to [7], this solution is defined by the formula

T ~
u(s,t) = / G(s,t,T)f(s,T)dT.
0
Lemma 1 If Q is the resolving function of problem (5), then

/ "B S)Qst— T HE)du(e),  T<t scR",
G(s,t, 1) = 0

T
- [ BEesQst - du). 7>t se R
is Green’s function of problem (7), (8).
Proof. Evidently, 1) holds. Let us prove 2). We have

G(s,7+0,7) — G(s,7 — 0,7)

, T
:/0 B(&,S)Q(s,f)du(§)+/ B(&, s)Q(s, &) du(§)

T
:/0 B(£,5)Q(s,€) du(€)

_ AES) /OTB(g, s) exp (/jA(T, 5) d7> du(€) = 1.

Condition 3) is true, because @) satisfies equation (5). Now let us prove 4)
T T T
| Be0GE a0 =~ [ Bt [ Be.0Q( -7+ O du() du(t)
0 0 T
T T
B B — d d
+ [ Blat) [ B.0Qs =7+ O du©)dn(t)
T T
—— [ [ BB -7+ o du) dutt)

T prr
[ ] BBt -7+ € du(€) dute) 0.
The lemma is proved. ([l

Corollary 1 If problem (5), (6) is well-posed, then problem (7), (8) is also well
posed.
Proof. If Q(-,t) € C°%, t € [0,T], then G(s,t,7) € C=, t,7 € [0,T]. Hence,

—00? —00)

u(s,t) € C1([0,T],S). The corollary is proved. O

Theorem 2 For each symbol A(t,-) € C*, t € [0,T], there exists a function
B(t,) € C=, t € [0,T], such that problem (1), (2) is well-posed from S to
c'((0, ], 5).
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Proof. Put
t
B(t,s) = exp <—i Im/ A(r,s) d7> )
0

A(s) = /OT exp <Re /Ot A(r,s) d7'> dt > 0.

Let us show that
1

Q1) = Mexp/o A(r,Ydr € C, te[0,T].

Then

Since A € C ([O, T], Cg?) for all £ and [, we can approximate A by functions A.,

€ > 0, that are stepwise with respect to ¢t and obtain

t t
/ A(r,s)dr — / Ao(T,s)dr
0 0 U]

Thus we have reduced problem (1), (2) to the multi-point boundary-value problem
in a multilayer

ou(x,t)
ot

Bo (88:1:) u(z,0) + By <aax> u(z,t1) + ...+ By (;) u(z, T) = p(z),

(k)

J4(t) = Aot I <=, e 0.7, | e

0
= 4, <tk’8:c) w(z,t), tp<t<tp, k=0,1,...,N—1,

where By (z) = exp (—i f(f’“ Im Ay(, s) dT) . In [5], it was proved that the resolving
function @Q* of this boundary-value problem satisfies the conditions

k )*
W’ < Gl +[sh™, s eR", T€[0,7],

|Q*(s,t)] <1 and 5ok

ie., Q*(-,t) € C=, t € [0,T]. Therefore, ||A(t,-) — Ao(t,-)HEg) < Me, s € R",

T €1[0,T], ie., Q(-,t) € C=, t € [0,T]. Thus this problem is well posed from S

to C1([0,T],S). The theorem is proved. O
Corollary 1 yields the following corollary.

Corollary 2 Problem (3), (4) is also well posed from C([0,T], S) to C*([0,T], S).

Example 1 Consider the equation
Ju(z,t)
ot

In [2], it was shown that there is no well-posed two-point boundary-value problem
in S. Consider this equation under the integral boundary condition

= (2t = T)Au(z,t) + c(t)u(z,t), xe€R" te]0,T].

T
/ u(z,t)dt = o(z), = eR"
0
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Then the boundary value condition is well posed from S to C1([0,77],S), and

exp ((Tt — %) [s|* + /Ot c(T) d7>

/OTeXp ((Tt—tQ) s\2+/0tc(r) dT) dt

is its resolving function. We use Laplace’s method to estimate the denominator [8|.
If f(t) and o(t) are real-valued functions, o”(ty) < 0, and o has a single maximum
at the point £y, then the asymptotic behavior of the function

Q(s,t) = , seR" tel0,T)]

b
F() = / F(t) exp (Ao (1)) dt

is following

27
F(\) ~ — )
(X) ~ f(to) exp (Ao (to)) o7 (fo) as A — 400
Therefore,
T/2 T2 2
Als) ~ ﬁexp (/ c(t) dt) exp ( 1 > as |s| — 4o0.
|s 0 4
Hence,

Qls,1) ~ \|;|Eexp (/Ttm o(r) d7> exp (- (t - :g)z |s|2> s || = +oc.

Thus, Q(-,t) € C=

X, t € [0,T], and the problem is well posed from S to
C*([0,T], ).

Example 2 Consider the more general equation

Ou(x,t) ou(x,t)

5 = a(t)Au(zx,t) + ébk(t) 7 + c(t)u(z,t), ze€R™ te[0,T].

where a(t), by (t), c(t) are real-valued functions continuous on [0,7]. Then by
theorem 2 the boundary-value problem with the condition

T
| o= Bi), 0~ B0t = o(o), w B
0
where By(t) = fg be(T)d T, 1 <t <n,is well posed from S to C1([0,T7,S).

3. Conclusion

It is proved that, for pseudo-differential time-dependent equations, well-posed
boundary-value problems exist if the boundary conditions have an integral form.
Some interesting examples of well-posed boundary-value problems are given.
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Maxkapos O.A., Jleskin /I.A. KpaitoBa 3a/1a4a B 1mapi JJis €BOJIIOIIMHUX TICEB-
noandepeHiaIbHUX PiBHSIHDb 3 iHTErpaJIbHOIO yMOBOIO. Y jaHiil pobOTi po3riis-
JAETHCSA KpaioBa 3a/ata JjIsi €BOJIONITHOr0 TCeBIoMi(epPEeHITaILHOTO PIBHIHHA 3 iHTe-
rpajbHoio ymoBoro B mpoctopi JI. IIsapma. Ila 3a7a4qa € y3araabHEHHSIM JIBOTOYKOBOI i
6araToTOYKOBOI KpaloBUX 33124 J1Jisi JuepeHIliabHUX PiBHSIHDb B YACTUHHUX ITOX1JIHUX,
SIKI POBTJISIIIAJINCS PAHIITE PSOM aBTOPIB 1 JJIst sIKUX OyJI OTpUMAaHi YMOBU KOPEKTHOCTI
B pisuux mnpocropax dyukmnin. Makaposum O.A. B momepeanix poborax OyJ10 JTOBEIEHO
icHyBaHHSA KOPEKTHOI IBOTOYKOBOI KpaifoBol 3amadi 11 OyIb-sIKOTO PiBHAHHS B 9aCTUH-
HUX TOoXimHux 3i craanvu koedirientamu. [lizminme aBropu jgamoi poboTH y3araabHUIN
nelt pe3ysabTaT Ha 6AraTOTOYKOBY KpaifloBY 3aJiady B IOJIMIAP] IpU JIOJATKOBIfl yMOBi
TpancMicii. PosryisiHyTa B 1Miit poboTi KpaiioBa 3ajada mij giero neperBopertst Pyp’e 1o
IIPOCTOPOBUX 3MIHHUX IIEPEXOIUTH B KPAWOBY 3a/1a9y i 3BUYANHNX Tr(epeHIiaIbHIX
piBHSIHB, 10 3aJjie’KaTh Bij nmapamerpis. OTpUMaHO YMOBH KOPEKTHOCTI BHXITHOI Kpa-
OBO1 33184l B TepMiHAX OIHOK Ha PO3B’A3yBaJbHy DYHKIIO aBoicTol 3aaaqdi. IToTim B
pobOTi JTOBOIUTHCS, IO It Oy/Ib-SIKOTO TICEBI0Mi(DePEHITiaIbHOTO PIBHIHHS 3a3HAYEHO-
IO THUIly iCHy€ KOpPEKTHa KpaitoBa 3aJiada 3 iHTerpaJibHOIO YMOBOIO, KA BU3HAYAETLCH
10 CHMBOJIY TICE€BAOMi(bepeH liaJIbHOro omeparopa. [ljst boro BUKOPUCTOBYETHCS AIlpO-
KCUMalliliHa KpalioBa 3ajlada B MOJIMIapi, IKa BUXOJIUTH IIPU PIBHOMIPHIN amrpoKcHMariii
HEIIePEPBHOTO CIMBOJTY TICEBI0Ti(pePEHIIaIbHOTO OIePATOPa KyCKOBO-TIOCTIHHUM CHMBO-
JIOM 3 BifmoBigHOIO ffoMy 6araToToYKOBOIO KpaitoBOIO yMOBOIO. Taka ampokcuMAaIiiiina
KpaitoBa 3aj1a49a € KopekTHoo B nipoctopi JI. [TIBapiia, a 3ua4uTh, i rpanuvHa KpaiioBa
3aja4a 3 IHTErpajJbHOI YMOBOK TaKOXK € KOPEKTHOIO B IIbOMY IIpocTopi. B poboTi Takox
HaBEJIEH] MIPUKJIAIN TAKAX KOPEKTHUX KPaloBUX 3a/ad.

Kmowosi caosa: ticeBmoandepeHItiaabal piBHAHHSA; KpaifoBa 3ajada; MEePEeTBOPEHHS
®yp’e, mpoctip IIBapria.
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Enexrponna agpeca B Inrepreri: http://vestnik-math.univer.kharkov.ua
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Hayrose sudanna

Bicnnk XapkiBcbkoro narionajibuoro yuisepcurery imeni B.H. Kapa3ina,
Cepig “Maremarrka, NpuKJIaJHa MaTeMaTKa i Mexanika’, Tom 87

306ipHUK HAYKOBUX TIPAIlb
AHrmificbKo10, YKpaiHChKOI0, POCIICHKOI0 MOBAMHI

[Migmucamo mo apyky 30.10.2018 p.

®opmar 70 x 108/16. Ilanip odcernnit. Apyk puzorpad.
VYum. apyk. apk. 4,3

O6s1.— Buj. apk. 3,0

Haxkas 60 mp. Sam. Ne

BeskormrrosHo.

61022, m.Xapxis, maiigan Ceobosu, 4, XapKiBCbKUil HAIIOHAIBHUN yHIBEPCUTET
imeni B.H.Kapasina. BunaBHUIITBO.

Hanpykosano: XHY imeni B.H.Kapa3zina

61022, m.Xapkis, maiigan Csoboau, 4, ren. 705-24-32

CeimonTBo cy6’ekra umasauuoi crupasu JIK Ne 3367 iy 13.01.09



