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In this article are obtained conditions when the derivative of a continuous
almost automorphic (an asymptotically almost automorphic, an almost
periodic, an asymptotically almost periodic) function remains a continuous
almost automorphic (an asymptotically almost automorphic, an almost
periodic, an asymptotically almost periodic) function, respectively.
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HimitpoBa-Bypnaeuko C. JI. Maii>ke aBromopdHa mnmoxigHa wmaiixke
aBTOMOpP(HOT (pyHKIil. VY 1miii crarri orpuMaHi yMOBHU, B SIKUX IIOXiJIHA
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HEIEePEPBHOI0 Maiizke aBroMOpdHOI (aCHMITOTUIHO MaiizKe aBTOMODPQHOIO,
MajiizKe MepiomIHO, aCUMITOTUYIHO Maiike TIepioanaHOI0) dYHKIIER, Biqmo-
BiJTHO.
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1. Introduction

In papers published earlier (|4],[5]) in proofs of almost automorphy of the
derivative of almost automorphic function used its uniform continuity. In this
paper, we consider an alternative, weaker conditions in which almost automorphic
preserved under differentiation.

In this article some results are obtained for the almost automorphic (a.a),
almost periodic (a.p.), respectively asymptotically almost automorphic (a.a.a.)
asymptotically almost periodic (a.a.p) function. The results can be divided into
two groups: The first is based on the condition [f,(¢)]/ = [f/]4(t), and the second
on the uniform continuity of the derivative in a neighborhood, it generated an
almost periodic function. Just it shows that differentiation does not change the
structure of the asymptotic functions. Derivative asymptotically almost periodic
(almost automorphic) function, as well as the original function of the sum of the
derivative is almost periodic (almost automorphic) function and the derivative
term, converging to zero at infinity.

Questions about the differentiation of Levitan almost periodic functions are
described earlier in [9]. They are based on the proposition 4, below.

2. Basic definitions
All studied functions are defined on the real axis and take values in a separable
Freshet space Y. Topology of the space is given by increasing the counting system
of semi-norms ps(y), ps(y) < ps+1(y),s = 1,2,3, ...,y € Y. The metric is specified
using quasi-norm

[eS)
ps(y_z)
||y_ZH: 73/)'26}/'
D N T

We will give some definitions for better clarity of the presentation. Many of them
were introduced for numerical functions, generalized for abstract functions with
values in Banach spaces. In the article all definitions are given for the Freshet
spaces.

Let given a number sequence a = {ap}o> ;. We extract a subsequence
{an, }72, € {an}s2, for which the sequence {f(t + an,)}?2, converges pointwise
to a function, i.e. limg_ oo f(t + an,) = fa(t). In the future, we will assume

that from the equality f,(t) = g4(t), follows the equality limy_ o f(t + an,) =
limy 00 g(t+an, ), ¥t € R. That is, the equality achieved for the same subsequence
fan, 12 € {an}iey.

The function f(¢) is compact if the closure of the set of values of the function
f(t) is compact in Y.

Definition 1.([1],[2]) The sequence of functions {f,(t)}22,, fn(t) : R = Y
converges quasi uniformly to the function f(t) : R — Y, if it converges pointwise
to the function f(¢) and for each £ > 0 and for each index K exist an index M
(K < M), such that

min ) = £(2) < 2 Ve e R
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Definition 2.([3],|6]) The sequence of functions { f,,(t)}52; converges to f(¢)
almost uniformly, if it quasi uniformly converges to f(¢) on R with each of its
subsequences.

The term "almost uniformly"is proposed by G. Fichtenholz. For almost
periodic functions will use the criterion of Bochner.

Definition 3.[5] A continuous function f(¢) is called almost periodic if the
family of functions {f(t + h;)}3°, (—oo < h; < 00) is compact in the sense of
uniform convergence on the whole real axis.

Definition 4.([11],[12],[4],[7]) A continuous function f(¢) : R — Y is
called (continuous) almost automorphic if for any sequence {x]}°°, € R is an
subsequence {x,}5°; C {2},}5°, and exist a (continuous) function g(t), so that

lim f(t + a0) = g(t),Vt € R

liq%ng(t — ) = f(t),Vt € R.

Definition 5.[4] A continuous function f(t) : [0;4+00) — Y is called
asymptotically almost automorphic /asymptotically almost periodic/, if it can
be represented in the form f(t) = g(t) + w(t), where g(t) is a.a. /a.p./ function
on the line,w(t) : [0;+00) — Y - a continuous function, which has a limit
limy_, o0 w(t) = 0.

Definition 6.([8],[11],[12]) The set E is relatively dense on the group R, if
there are ¢ elements cy, o, ..., ¢4 such that

q
R=|J(c: + B).
=1

For a more clear understanding of the reasoning we formulate some results,
on which we base the presentation.

Proposition 1. ([8]) A continuous function f(¢) : R — Y is almost periodic,
if and only if for any € > 0 the set

Ue={reR:sup | f(t+7)— f(t) [I<e}
teR

is relatively dense.

Proposition 1 makes it possible to introduce a topology on the group by the
set U:(f). On the other hand, any continuous function in this topology is an a.p.
function.

Proposition 2. ([11]) Each a.a. function f(¢) : R — Y is continuous in the
topology 3¢, defined by the sets

Bye={r € R:max || f(t+7) - f(t) [<e}

where N,a compact set of numbers, € > 0.
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Proposition 3. ([11]) Let it is given an a.a. function f(t) : R — Y and with
its help is introduced the topology 3y on R. Any compact function g(t), defined
on the group R,which is continuous in the topology S, is an a.a. function.

Propositions 2 and 3 do the same work as a proposition 1, but only for the
a.a. functions.

Proposition 4. ([9],[10]) Let f(¢) : R — Y be differentiable function in the
natural topology S on the axis R and f(¢) is continuous in a weaker topology <&
(S < o). The derivative f’(t) is continuous in the weak topology S if and only
if for any € > 0 and = € (—o0; 00) there was a neigborhood U in the topology <&
and interval (—d;9) so that

sup || f/(t+h) — f'(t) < e, Vh € (—6;9).
tex+U

3. Main parts
Criterion for almost uniform convergence of numerical functions is given by
G. Sirvint ([6], lemma 1.2).For functions with values in a Banach space it can be
found in ([3], theorem 5.8).This criterion holds for abstract functions with values
in a Freshet space, namely:
Theorem 1. The sequence {f,(t)}5%,fn(t) : R — Y converges almost
uniformly to the function f(¢) : R — Y if and only if:

limlim || fo(zm) = f(2m) [|= 0

for any set of numbers {z, 20,z € R.
Theorem 2. Let the function f(¢t) : R — Y and its derivative f'(t) are
continuous a.a. functions. Then each of the functions f,(¢) is differentiable and

[fa@®)]" = [f")a(t).

Proof. The function f(¢) and its derivative f’(t) are almost automorphic. Then
the function f(¢) and its derivative f’(¢) are uniformly continuous in the natural
topology o from ([7], lemma 4.1.1).On the axis we introduce the topology &
using the neighborhoods of the form:

Bye=A{reR:sup |l f(t+7) = f(t) [<e},
teN

Bye ={r €R:sup || f'(t+7) - f'(t) < e},
teM

where N and M are compact sets, ¢ > 0.The function f(¢) and its derivative f’(t)
are continuous in the topology . This is possible because the two functions are
almost automorphic. We introduce the functions

(Pn(t) = n[f(t + %) - f(t>]7 Son,a(t) = n[fa(t + %) - fa(t)]7n =1,2,3,....
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The uniform continuity of the derivative f’(¢) implies that the sequence (1),
n = 1,2,3,... converges uniformly on the axis to the function f’(¢).This means
that the sequence {py, (t)— f/(¢)}72; converges to zero almost uniformly. Functions
©on(t) and f’(t) are continuous on the axis in the topology & and uniformly
continuous in the topology g and relatively compact. Applying theorem 1 to the
sequence {p,(t) — f'(t)}52, to an arbitrary numerical sequence a = {t + a, }°°
for which

tnlim | ot + am,) — £/(E-+ ) |

= limlim || @n(t + am) — f'(t + am) ||= 0.

Equality
i | n(t-+ ) = /(04 ) =0

follows from the pointwise convergence of the sequence ¢, (t) to the function f’(t).
Using the relative compactness of the set values of the derivative we can find a
sequence {ai}p2, € {an,}7>, for which the sequence f'(t + aj)}, converges
pointwise. Its limit is denoted by f/(¢), f.(t) = limy f'(t + ax), Vt € R. Then

() = liin [t +ag) = lillcrnlirrbn on(t+ay) = lizn ona(t) = (fa(t)).

The theorem is proved.
Theorem 3. Let the function f(¢) : R — Y be a. a., Va f,(¢) is differentiable
and the derivative is compact. If each function f,(t) satisfies

[fa(t)]/ = [f/]a(t)

then the derivative f’(t) is almost automorphic function.

Proof. For the sequence a = {an, }5°_;, using the relatively compact range of
the function f(¢) and the derivative f/(¢), we found a subsequence {aj}>; C
{am }2°_; for which there are all limits:lim,, ¢y, o(t), limy f'(¢ + d,). Then

limlim @, (¢ + @) = lim f'(t + ax) = [[']a(t) = [fa(®)]" =

= lim ¢y, o(t) = limlim ¢, (t + ax)
n n k

or

lim lim || n(t + dx) = f/(t + ag || < lmlim || @n(t + ar) = f'(t + @i || =
Tk

= li7ILn H Qpn,a(t) - (f/(t))a ”: lign H Spn,a(t) - (fa(t))/ H: 0.

According to theorem 1 the sequence of functions {¢, (¢)}5°; converges to f'(t)
almost uniformly. All functions {p,(£)}7°, are almost automorphic. Then the
limit function f’(¢) according to [12] is almost automorphic. (J

Remark. If the function f(¢) is continuous almost automorphic then functions
©n(t) are continuous almost automorphic function also. According to [12]
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(Corollary 2) it follows that the limit is a continuous almost automorphic function,
that is, the derivative f’(t) is a continuous almost automorphic function.

Theorem 4. Let the function f(¢) : R — Y is almost periodic and it has
a relatively compact derivative f’(t). The derivative f'(t) is almost periodic if
/and only if/any function f,(¢) satisfy the conditions of theorem 2 /respectively
theorem 3/.

Proof of necessity. If the derivative is almost periodic, it is relatively compact
and uniformly continuous. Any slight shift f/(¢) of the derivative f’(¢) is almost
periodic, and therefore it is almost automorphic. The function f,(t) satisfies the
conditions of theorem 2. From theorem 2 it follows [f,(¢)]" = [f']4(t). O

Proof of sufficiency. Applying theorem 3 we receive that f!(t) is an almost
automorphic function. Applying Veech theorem [7] to the numerical almost
automorphic functions < y*, fi(t) >, y* € Y*, we find that the function f'(t)
is weakly almost periodic. Using relatively compact range of the derivate f’(t),
we see that it was strongly almost periodic. [J

Theorem 5. Let f(t) : [0,00) = Y, f(t) = g(t) + w(t) is an asymptotically
almost automorphic function, where ¢(t) is a continuous almost automorphic
function on the line, w(t) - a function that has a limit lim;_,. w(¢) = 0. Let the
derivative w’(t) is uniformly continuous on [0, 00).The derivative function f’(¢) is
asymptotically almost automorphic function if and only if for any a = {a,}72, it
satisfies the conditions [fq(t)]" = [f']a(t), where all derivatives exist.

Proof of necessity. If the derivative f'(t) = ¢'(t) + w'(t) is asymptotically
almost automorphic function, the continuity w’(¢) and the limit 0 at infinity ensure
its uniform continuity. Therefore [wq(t)]" = [w']4(¢). Then, according to theorem 2
follows that the function g(t) = f(t)—w(t) satisfies the condition [g, ()] = [¢']4(t)-
Consequently

[fa@®)]' = [ga(®)] + [wa(®)]" = [g'a(t) + [w]a(t) = [f']a(t).

The conditions for the function f(t) are necessary. O
Proof of sufficiency. Let us consider the sequence pa:(t), At — 0

w —w t+At
pai(t) = G AAtl)f 0 _ Alt/t w'(T)dr.

It consists of uniformly continuous functions pa¢(t) with the limit of zero to
infinity, and it converges uniformly to w’(t). The limit w’(¢) is a uniformly
continuous function on [0, c0), and has a limit lim;_, w(t) = 0. Therefore

[wa(t)]" = [wa(t).
Then the almost automorphic function g(t) = f(t) — w(t) satisfies the condition
[9a())" = g']a(?)-

According to theorem 3 ¢'(t) is almost automorphic function. Thus, the derivative
() =4¢'(t) + w'(t) is asymptotically almost automorphic function. [J
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Theorem 6. Let the function f(t) : R — Y be almost periodic and has a
continuous derivative. Its derivative f’(t) is almost periodic if and only if for any
e > 0 and for any point z € (—o00; 00) there exists a neighborhood of zero U,

Uy={r:sup || f(t+7)— f(t) ||[<a},a>0
teR

interval (—d;+4) such that:

sup || f/(t+h)— f'(t) ||< e, Vh € (=§;+6).
tex+Uq
Proof of necessity. On the axis is entered topology Sy with the help of the
neighborhoods

Uo = {7 :max{sup || f(t+7) = f(t) [,sup [| f'(t+7) = f'(t) I} <a},
teR teR

where a > 0.

It is weaker than the natural topology So. The function f(¢) and its derivative
f'(t) are continuous in this topology 7, and even uniformly continuous. Let it is
given € > 0. From the uniform continuity of the derivative in the natural topology
Qo there exist § > 0 such that

sup || f/(t+h) — f'(t) |< e, Vh < 6.
teR

Then Vh € (—9;40), Vo € R

sup || f'(t +h) — f'(t) < sup || f'(t+h) = f'(t) [ <e.
tex+U, teR
O
Proof of sufficiency. On the axis is entered the topology Sy using the
neighborhoods for o > 0

Ua = {r ssup | f(t+7) = (t) < a}.

teR
In this topology, the function f(t) is continuous. Applying proposition 4, we
see that the derivative f’(t) is continuous in the topology Sy. For the almost
periodicity of the derivative according to proposition 1 is sufficient to prove that
the set

Vg={r: sup | ft+7) = f(t) < B}, Y8 >0

is relatively dense. Assume the contrary, that for some gy > 0 the set V., is
not relatively dense. Using that the set is not relatively dense, we construct a
numerical sequence {2z, }>2

21 €R, 2o 21+ Vo, 23 ¢ (21 + Vo) U (22 + Vo), oo
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or

Zn — Rk ¢ ‘/gO,Vk' <n.

Applying definition 3 (Bochner criterion) to almost periodic function f(t) we
select the subsequence , which is uniformly convergent { f(t + y,)}5°,i.e.

lim Slzp H f(t+yn)_f<t+ym) H:O

n>m,m—o0

or
lim sup | f(@+yn —ym) — f(x) [|=0.

n>m,m—oo

Hence the sequence {yy, —ym}zo>m7m:1 converges to zero in the topology Sy. Since
the function f’(t) is continuous in the topology Sy a number N can be found, so
that

?tlelng | £/t +yn —ym) — f(t) [|<eo,m <n,m>N
ie. yn — ym € Vz,. This contradicts the choice of the sequence {y,}>° ;. Hence
the set V. is relatively dense and according to the proposition 1 derivative f’(t)
is almost periodic.[]

Theorem 7. Let it is given an asymptotically almost periodic function f(t) :
[0;00) = Y, f(t) = g(t) + w(t) where g(t) is almost periodic function on the
line, w(t) - a function with a limit lim;_, w(t) = 0. Let there exist continuous
derivatives ¢'(t), w'(t) and the derivative w'(t) is uniformly continuous on [0; 00).
The derivative f’(t) is asymptotically almost periodic function if and only if for
any ¢ > 0 and for any point z € (—o0;+00) there exists a neighborhood of zero
U.:

Ua = {7 :sup || g(t +7) = g(t) [|< o}
teR
interval (—d;40) such that

sup || f/(t+R) = f(¢) II< &,¥h € (~6; +0).
tew“rUa

Proof of necessity. Since f'(t) = ¢'(t) + w'(t) is an asymptotically almost
periodic function, w’(t) has a limit of 0 to infinity, and is an uniformly continuous
function on [0;00). The function ¢'(¢) is an almost periodic function. It is easy
to see that the conditions of the theorem follow from theorem 5 and the uniform
continuity of the function w’'(¢). O

Proof of sufficiency. Given a point © € (—o0;+00) and a number ¢ > 0, as
in the proof of theorem 5 we can show that the derivative w’(t) is uniformly
continuous on the axis and has a limit of zero to infinity. Then there exists a
number d; > 0 corresponding to § such that

g
sup [| w'(t +h) —w'(t) < 5, h < 1.
teER
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Using the number § the point x € (—o0;400) and the condition of the theorem

we find a neighborhood U, and the interval (—d,d) so that

3
sup || f/(¢+R) = f1(@) 1< 55 h < b
t€I+Ua

Then for the number € > 0, the point x € (—o0; +00) there is a neighborhood U,
and the interval (—9;+40), 6 = min{d;, d2} so that

sup || g'(t+h) —g'(®) [I< sup || f(t+D) = () || +
tex+Uqy tex+Uq
<

5 = g,Vh € (—9;49).

€
+sup ||w'(t+h) —w'(t) ||< =+

teR 2
According to theorem 6 derivative ¢’(t) is an almost periodic function, i.e., f'(t) =
g'(t) + w'(t) is an asymptotically almost periodic function.[]

4. Conclusions

Earlier to prove almost periodicity (almost automorphy) of an almost periodic
(almost automorphic) function, an obligatory condition on uniform continuity
of the derivative was to be exploited. In this paper a variety of conditions
providing the preservation of type of a function for differentiating are presented.
In this regard the results of the theorems 6 and 7 are especially important.
The theorems show that the uniform continuity of derivative of an almost
periodic (asymptotically almost periodic) function in only the relatively dense
neighborhood of zero (each point has its own neighborhood) results in almost
periodicity (asymptotic almost periodicity) and, moreover, it results in the
uniform continuity of the derivative in the whole axis as well. For almost
automorphic (asymptotically almost automorphic) functions instead of the
uniform continuity of the derivative their compactness and fulfilling the equality
[fa(®)]) = [f']a(t) is required. In these conditions the derivative is an almost
automorphic (asymptotically almost automorphic) function. It should be noted
that the derived results are both sufficient and necessary.

The results obtained in the paper are new even in the case of Banach space.
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