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We study the behavior of solutions of parabolic equation with double
nonlinearity and a degenerate absorption term.

The main topic of interest is the property of finite time extinction, i.e., the
solution vanish after finite time.
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CrenanoBaE. B. IMoaykigaccuueckuii aHajau3 M[pU 0Ka3aTeJIbCTBE
cBolicTBa 3aTyXaHWUs peIllleHWs 3a KOHEYHOe BpeMs JJisd mapaboJsimde-
CKHUX ypaBHEHUH C OJHOPOHON IJIaBHON Y4acThI0 M BHIPOXK JAIOIIUMCS
abcopOnmoHHBIM moTeHImasoM. V3ydaerca moBenenmne pereHuii mapabdo-
JINYECKOr0 YPABHEHUA C JBOWHON HEJIMHEHHOCTHIO M BBIPOXKIAIONIAMCA MOTEeH-
[HATTOM.

OcCHOBHOIT WHTEpEC MpeCcTaBIsger cODON CBONCTBO 3aTyXaHWs PEIIeHUs 3a KO-
HEYHOE BPEMSI, TO €CTh, 3aHYJIEHUE PEITIEHUST [0 UCTEIEHUI0 KOHETHOTO BPEMEHM.
Karwuesvie ca06a: BBIPOKIEHHOE HEJIUHEHHOE MMapabOJNIeCKOe ypaBHEHUE,
muddy3usg—adcopOmysi, CBONCTBO 3aTyXaHWs PEIIEHUN, MTOIYKJIACCHIeCKUi
aHam3.
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3racaHHsl PO3B’A3KiB 3a CKIHYEHMH dYac [Jig napaboJiYyHUX PIBHAHD
3 OAHOPIAHOI TOJOBHOIO YaCTHUHOI Ta BUPOIXKYBaHUM abcopOIriii-
HUM noTeHniajgoM. BuBuaerscs moBeainka po3B’s3KiB mapabOIiYHuX PIBHIHD
3 MOABIfIHOIO HEJTIHIMHICTIO Ta BUPOXKYBAHUM MOTEHITIATIOM.
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1. Introduction

The theory of quasilinear parabolic equations has been developed since the
50-s of the 19th century. The properties of these equations differ greatly from
those of linear equations. These differences were revealed in the scientific papers
of the mathematicians: Barenblatt G. L., Oleinic O. A., Kalashnikov A. S., Zhou
Yu Lin and others. The properties under consideration are the final velocity of
propagation of the support of the solutions, time compact support property and
long-time extinction of solutions in finite time and so on. Hundreds of outstanding
scientists all over the world closely scrutinize these properties (V. A. Kondratiev,
G. A. Tosif’yan, E. V. Radkevich, J. I. Diaz, L. Veron, A. E. Shishkov, B. Helffer,
Y. Belaud, M. Fila, D. Andreucci, V. Vespri, A.F. Tedeev and others). The most
important aspect of such investigations is the description of structural conditions
affecting the appearance and disappearance of various non-linear phenomena.

Our investigations are devoted to the study of the extinction of solutions
in finite time to initial-boundary value problems for a wide classes of nonlinear
parabolic equations of the second orders with a degenerate absorption potential,
whose presence plays a significant role for the mentioned nonlinear phenomenon.

This paper is organized as follows:
(1) Introduction.
(2) Brief history of the problem.
(3) The problem statement.
(4) Main Result.
(5) The proof of main result.
(6) Appendix.
Acknowledgements.
References.

2. Brief history of the problem

As well known the extinction property means that any solution of the
mentioned equation vanishes in €2 in a finite time.

The questions of a detailed characterization of the effect of extinction of
a solution (estimates of the extinction time, asymptotic behavior near the
extinction time, etc.) for various classes of semilinear parabolic equations of
the diffusion—absorption type were studied in many works (see, e.g., [1]-[6] and
references therein). For example, for the following equation

A — Au+ ag(z)u* = 0,

the extinction property in a finite time was studied by several authors. In fact this
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type of equation is a simple model to understand some phenomelogical properties
of nonlinear heat conduction.

e [t is well-known that in case of non-degenerate absorption potential, i.e.,
when ag(z) > ¢ = const >0

the solution u(t,x) of parabolic equation of non-stationary diffusion with
double nonlinearity and a degenerate absorption term vanishes for

—A
luoll

t>T) = —2==
07 =N

where wg is initial data from Cauchy condition. This fact was proved by
J. Diaz, L. Veron, S. Antontsev, S.I. Shmarev (see, for example, works [7]
and [8]).

It is very important to note here, that on the opposite (see papers of
M. Cwikel [9], L. Evans, B. Gidas), if we assume that absorption potential
is identically equal to zero: ag(z) = 0 for any z from some connected open
subset w C €, then there exists solution which never vanish on whole €2, as
any solution u(x,t) of corresponding equation

Ou—Au=0 in w x (0,00)
is bounded from below by
o exp(—tAu)pu(r) on w x (0,00),

where

o = essinfug > 0,
w

Aw and ¢, are first eigenvalue and corresponding eigenfunction of —A in
Wy (),

Obviously, that between those two cases there exists a wide class of
situations. Thus, an open problem is to find sharp border which distinguish
two different properties.

e The paper [10] V.A. Kondratiev and L. Veron must be considered as the
first one where the extinction-property in a finite time was systematically
investigated for a semilinear parabolic equation in the case of a non-constant
strong absorption term, depending both on the media and the temperature
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u (i.e. in the case of general potential ag > 0)). They used the fundamental
states of the associated Schrédinger operator

Ly, = inf { / (V| + 2"ag(x)y?) dz -
Q
Y e WHE(Q), / Ve = 1}, n € N,
Q

and proved that, if

oo
> pn () < oo,
n=0

then Cauchy-Neumann problem for non-stationary diffusion with absorption
term with possesses the extinction property.

But, unfortunately, under this form obtained result is not easy to apply.

Y. Belaud, B. Helffer and L. Veron [11] obtained an explicit sufficient
condition in the term of potential ag(z) which imply that any solution of
above equations (with 0 < A < 1) vanishes in finite time. In the work [11]
also establish a series of sufficient conditions on ag(x) which imply that any
supersolution with positive initial data does not to vanish identically for
any positive t. The method in [11] was based on the so-called semiclassical
analysis [12], which uses sharp estimates of the spectrum of some Shrédinger
operators and it was also assumed that solution has a certain regularity (as,
in particular, in their approach the exact upper estimates of ||u(t, z)||. (o))
were used). Unfortunately, such an estimate is difficult to obtain or just
is unknown for solutions of equations of more general structure than we
considered above.

A. Shishkov and Y. Belaud (see the paper [13]) were the first who
investigated the initial-boundary-value problem to mentioned above equation
with degenerated absorption potential with the help of two different
methods. The first one is a variant of a local energy method (for a radial
potential), which uses no "additional” properties of regularity of solutions.
And the second one is derive from semiclassical limits of some Shrédinger
operators (for any degenerate potential).

So, in this article we consider the behavior of solutions for a much more general

class of nonlinear equations which need not satisfy any comparison principle
between solutions, namely we study the parabolic equation of non-stationary
diffusion with double nonlinearity and a degenerate absorption term:

(|u]q71u)t — Z 0 <|qu’q1§u> +ao(@)utu=0 in Qx(0,7),

81,‘1' €Ty

i=1
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where  is bounded domain in RV, N > 1,0 € Q, ao( ) > doy exp( — ‘“;(lﬁm, S

Q\ {0}, do = const > 0,0 <\ < ¢, w(-) € C([0,4+00)), w(0) =0, w(r) > 0 when
7 > 0. Modifying the semiclassical analysis [13] and [14], we obtain a condition
on the function w(-) that ensures the extinction.

3. The problem statement

Let © is C' a bounded connected open set of RY (N > 1). The aim of
this paper is to investigate the time vanishing properties for energy solutions
to initial-boundary value problems for the quasi-linear parabolic equation with
neutral diffusion:

N
(M“%L—Z;%QVuH1%>+m<mm*u=0mﬂxmﬁm»
N 3.1
u =0 on 09 x [0, 400), (3.1
on
u(z,0) = up(z) on Q.

The parameters of the equation satisfy the following relationships:
0 < X < g, the absorption potential ag(z) is a non-negative continuous function,
and ug € Lg+1(€2). It is assumed also that the origin 0 belongs to © and that
ap(z) degenerates at the origin.

Definition 1 Following [15], an energy solution of problem (3.1) is the function

u(ta l’) S Lq+1,loc([07 +OO); qu—i—l(Q))
such that:

(1l ) € Luss 1 (0, 400); (Wi ()"), - (0.2) = uo(e)

and satisfying the following integral identity:

/<(|u\q ), dt+/ /<Z|v ult 18“ a"” (x)|u|)‘1ug0> dazdlt = 0

for arbitrary ¢(t,x) € Lgt1,10c(]0, +00); Wq+1(Q)) VT < 400.

Remark 1 In the integral equality of Definition 1, (-,-) stands for the bilinear
operation of pairing of elements of the space V' and its dual V*.

Remark 2 We note that the existence of an energy (weak) solution of problem (3.1)
follows from results in [16].
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Definition 2 If for any solution wu(xz,t) of the mentioned problem exist
0 < T < 400 such that u(x,t) = 0 a.e. in Q YVt > T, then solution vanishes
m Q in a finite time.

Let for an arbitrary potential ag(x) from (3.1) exist radial minorant

ap(z) > do exp( - T;ﬂ(ﬁf) =a(|z]) Vo €Q, dy=const >0, (3.2)

where w(-) is a continuous function on [0, +-00), that is a continuously differentiable
on the (0, 400), a nondecreasing function. We also suppose that function w(s) from
condition (3.2) satisfies the conditions:

(A)  w(r)>0 V7 >0,
(B)  w(0)=0,

(C)  w(r) <wy=const <oo Vr € RL

4. Main Result

The main result of the present work is the following theorem.

Theorem 1 Let 0 < X\ < q in equation from (3.1), initial data ug(z) € Ly41(82),
function w(-) from (3.2) satisfy assumptions (A), (B), (C) and the main condition
of Dini type:

/w(T)dT < 00. (4.1)
-
0+
Suppose also that w(-) satisfies the following technical condition
w(r) > 7410 Ve (0,7), 0<d<gq. (4.2)

Then an arbitrary energy solution u(x,t) of the problem (3.1) vanishes in finite
time.

Remark 3 Note, that Theorem 1 is a generalization of the corresponding
statement, which was obtained in [13] and coincides with it under ¢ = 1.

Remark 4 In addition, also note here that result, which was obtained in [17] by
a local energy estimates (where the author established a condition of the Dini type
for the function w(-):

C

/WS_T)dT< 00,

0
ensuring the extinction of an arbitrary solution in o finite time, was found as
well) coincides with Theorem 1 of this article. But on the contrary with [17] the
proof here is carried out by using a different technique — in the spirit of paper
[13]. As we noticed above the proof of Theorem 1 is based on some variant of the
semi-classical analysis, which was developed, particulary in [18, 19, 9, 12, 11, 13].
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5. The proof of main result

First, we introduce for h > 0 and « > 0 the following spectral characteristics:

A1(h) = inf { / (Vo|itt 4+ =@ g (|2 o)t do v e WHITL(Q),
Q

[0l Ly = 1},

and
We define

or equivalently
z=a(r(z)) and p(z) = z(r(2))?" for z small enough.
Scheme of the proof:
1) The first step in the proof of Theorem 1 is the two-side estimation of p~!

in a neighbourhood of zero.

2) We will use the following statement for spectral characteristics A;(h).

Lemma B (Corollaries 2.28, 2.31 in [14]) Under assumptions (A)—(C) and (4.2),
there exist four positives constants Cq, Co, C3 and Cy such that

Clh_(q+1)p_1(02hq+1) < Al(h) < Cgh_(q+1)p_l(04hq+l)

for h > 0 small enough.

3) Then, due to the two-side estimation of p~! from first step of our proof,

g—X
we continue inequality in Lemma B for h = q o+ .

4) Finally, we will check up that the condition from the following Theorem is
satisfies:

Theorem BHV (Theorem 2.2 in [11], p. 50). Under assumptions (A) — (C), if
there ezists a decreasing sequence (o) of positive real numbers such that

—+00

> (mtutan) 410 (22 1) < o

0 p(am) Ont1

then an arbitrary energy solution u(x,t) of the problem (3.1) vanishes in finite
time.
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Lemma 1 Under assumptions (A)-(C) and (4.2) there holds

-1

() )] oo
gsln(dso> w (m(ldo)) , (5.1)

for arbitrary v > 0, for all s > 0 small enough.

Proof:
Since w is a nondecreasing function, from Lemma 4 it follows that

1 : w Q%
(m(d;)) surn=se (())

Therefore, substituting the definition of w(r) (see (6.3)), we obtain

1 ' q d w Q%
’ (ln <C?)) = <ZO> = (ln (Slzo)) |

1 1 ’ g+1 1 " wo i
o \ei) oo s\ Gi)

It follows the estimate for p(2) (as p(z) = z(r(2))9*! for z small enough):

1 1 y 1 wo q%
wtey (o) )= =tarlG) ) o

By an easy calculation, we have

p(z)ln<dzo> o (mzjzzo))w <z<

or

=
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Let here and further p~!(s) = 2. Substituting z = p~1(s) in (5.3) yields

1 -1
q+1

-1

=

In consideration of such fact, that from (5.2), we have for z small enough, p(z) > z,
which gives p~1(s) < s. Since w(-) is a nondecreasing function, due to (6.4), we
get

_1
q+1

d
US| NI
s 1++ In dol
T

=

which completes the proof. O

Now let us prove the two-sided estimate for p(a).

Lemma 2 Under assumptions (A)—(C) and (4.2), there exist positives constants
KY, K and K3 such that

K!'In (;) w((m(ﬁ)) ) < pa) < KUIn (i) i (5.4)

for a > 0 small enough.

Proof: Due to the two-side estimation of p=! (5.1) from Lemma 1 (it was the

Y
first point of our proof), we continue inequality in Lemma B for h = agﬁ, and
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we get

-1

do
§ Kg In <W)

and since w™!(r) < r~ (@179 due to (4.2):

-1

1 1
w <

—(g+1-9)

(n(ete=))' )] LOn ()

Let us consider the right side of inequality:

S

—(g+1-9)
1 do —1—(q+1-9) do eh=2
1| () T =)
(i (i)
as a result:
-1
d K
Klln( °+1) S < Ai(h) <
Cahd do q+1
()
d Ao\
0 0
< Kzln <C'4hq+1> n <C4hq+1> )
finally, we have
-1
d K
K]_ hl <C’2h(21+1> w 2 — S )\]_(h) S
(i ()™
+1=5
do 1_|_‘1T
< K3ln (C’4hq+1 )
which leads to
1 K - 1\ 5
Kiln <> w| —2+— < A\ (h) < KiIn <> : (5.5)
h (In (7)) h
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The real number « is defined by

and thus we complete the proof. O

Lemma 3 Under (A) — (C) with (4.2), if

)
Z (nlnn)a (56)

< 400,
n

n=ng

then all solutions of (3.1) vanish in a finite time. Moreover,

(i)
+Z <(nlnn)qil w(z)

< +oo <:>/ ) do < +oo. (5.7)
n 0+ X

n=ng

Proof:
From Theorem BHV | if (a,) is a decreasing sequence of positive real numbers
and

C//
w 2

5 LI (1) o (22) 1] <o

then all the solutions of (3.1) vanish in a finite time.

Let oy, = n~ K" for some K > 0, then:

because

1
In <ln <>> ~In(Knlnn) =Inn+Inlnn+In K << Inn+Inn+const ~ Inn,
an

and

ln( an ) =—Knlnn+ K(n+1)ln(n+1) =

n—+1
n

1
= Knln( )+ Kln(n+1)~Kn—+ Klnn ~ Klnn,
n
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and, obviously,
1 =o(lnn),

which leads us to (5.6).

Let’s show that (5.7) is true. In fact, it is easy to see that

1 1
w\| ———— W\ ————
if <mmmwh> e /*“) (umoﬁi>
no t

dt < 400.
n
n=ng
Now, let
1
x = (tlnt) a1,
then
1 Int+1 dt
de = — — - - —,
(¢+1)(tlnt)an It ¢
since
Int —1 t— +
as 00
Int+1 ’
hence

toe® ( > w(a)
/ _NEOT/ g is finite if and only if (q+ 1)/ —dr < 400,
n 0

0 t x

which completes the proof of our main Theorem. O

6. Appendix

Lemma 4 Let the function w(-) from (3.2) satisfy (A)-(C) and technical
condition (4.2). Then for z = a(r(z)) > 0 small enough it is true the following
estimate:

1 _1
5 q+1
1 wo

@) T ey
Proof:

Starting from condition (4.2) (w(r) > 799V 1 € (0,79), 0 < § < ¢) and just
using assumption (C) on the function w(-) (w(7) < wy = const < oo V1 € RL) we
easily arrive at

(6.1)

rIt1=0 < () < wo. (6.2)
Since for z = a(r(z)), from (3.2):

w(r(z))

a(r(z)) = do exp( - W

), dg = const > 0,
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it follows that
then

which equivalently

So, we conclude that

z

w(r(2)) = (r(2))™' In (do> . (6.3)

Due to (6.2) and (6.3) it is easy to see the relationship

T < 6 (L) < e

which completes the proof of Lemma 4, because the last one means:

r(z)q—i-l—é

IN

(r(2))™

and

This fact give us

1
— < (r(2))
In (—(’)
z
and y
(r(2))1*! < 0 respectively.
In (d—o)
z
Hence,
1 1
o\’ ot
——— | <r(z) and r(z)< _wo
(%) (%)
O

Lemma 5 Let the function w(-) from (3.2) satisfy (A)-(C) and technical
condition (4.2). Then the following inequality hold for any v = cont > 0:

1

pt(s) < sTH. (6.4)
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Proof: By using (6.1) and p(z) = z(r(2))?H,

or equivalently,

() <m (1) 5 (n (2))

Due to
In(In(z71)) << Inz™' for z small enough,
we obtain
1 1 1+ -1 e
In e <A+y)n(=-)<=plz)>2z"7 = p (s) <sT+, (6.5)
p(z z

which completes the proof of Lemma 5. O
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