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Chica, Kadets, Mart��n and Soloviova demonstrated recently that the Bishop-
Phelps-Bollob�as modulus ΦS

X of a Banach spaces X can be estimated
from above through the parameter of uniform non-squareness α(X):

ΦS
X(ε) ≤

√
2ε
√

1− 1
3α(X). In this short note we demonstrate that the

right-hand side in the above theorem cannot be substituted by anything
smaller than

√
2ε
√

1− α(X).
Keywords: Bishop-Phelps theorem; uniformly non-square spaces.

Ñîëîâéîâà Ì. Â. Ìîäóëi Áiøîïà-Ôåëïñà-Áîëîáàøà â ðiâíîìiðíî

íåêâàäðàòíèõ áàíàõîâèõ ïðîñòiðàõ. ×iêà, Êàäåöü, Ìàðòií, Ñîëîâéîâà
íåùîäàâíî äîâåëè, ùî ìîäóëü Áiøîïà-Ôåëïñà-Áîëîáàøà ΦS

X áàíàõîâîãî
ïðîñòîðà X ìîæå áóòè îöiíåíèé çâåðõó ÷åðåç ïàðàìåòð ðiâíîìiðíî¨

íåêâàäðàòíîñòi α(X): ΦS
X(ε) ≤

√
2ε
√

1− 1
3α(X). Ó öié êîðîòêié ñòàòòi

ìè ïîêàæåìî, ùî ïðàâà ÷àñòèíà îöiíêè íå ìîæå áóòè çìiíåíà íà ùîñü
ìåíüøå, íiæ

√
2ε
√

1− α(X).
Êëþ÷îâi ñëîâà: òåîðåìà Áiøîïà-Ôåëïñà, ðiâíîìiðíî íåêâàäðàòíi ïðîñòîðè.

Ñîëîâüåâà Ì. Â.Ìîäóëè Áèøîïà-Ôåëïñà-Áîëëîáàøà â ðàâíîìåðíî

íåêâàäðàòíûõ áàíàõîâûõ ïðîñòðàíñòâàõ ×èêà, Êàäåö, Ìàðòèí, Ñî-
ëîâü¼âà íåäàâíî äîêàçàëè, ÷òî ìîäóëü Áèøîïà-Ôåëïñà-Áîëëîáàøà ΦS

X áà-
íàõîâîãî ïðîñòðàíñòâà X ìîæåò áûòü îöåíåí ñâåðõó ÷åðåç ïàðàìåòð ðàâíî-

ìåðíîé íåêâàäðàòíîñòè α(X): ΦS
X(ε) ≤

√
2ε
√

1− 1
3α(X). Â ýòîé êîðîòêîé

ñòàòüå ìû ïîêàæåì, ÷òî ïðàâàÿ ÷àñòü ýòîé îöåíêè íå ìîæåò áûòü çàìåíåíà
íà ÷òî-òî ìåíüøåå, ÷åì

√
2ε
√

1− α(X).
Êëþ÷åâûå ñëîâà: òåîðåìà Áèøîïà-Ôåëïñà, ðàâíîìåðíî íåêâàäðàòíûå ïðî-
ñòðàíñòâà.
2000 Mathematics Subject Classi�cation 46B04, 46B20.
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Introduction
In this paper letter X stands for a real Banach space. A functional x∗ ∈ X∗

attains its norm, if there is an x ∈ SX with x∗(x) = ‖x∗‖. The classical Bishop-
Phelps theorem states that the set of norm attaining functionals on a Banach
space is norm dense in the dual space ([1], see also [6, Chapter 1]). A re�nement
of this theorem, nowadays known as the Bishop-Phelps-Bollob�as theorem [2], was
proved by B. Bollob�as and allows to approximate at the same time a functional
and a vector in which it almost attains the norm. Very recently, the following
quantity have been introduced [4] which measure, for a given Banach space, what
is the best possible Bishop-Phelps-Bollob�as theorem in this space. Denote by SX
and BX the unit sphere and the closed unit ball of X respectively. We will also
use the notation

Π(X) :=
{

(x, x∗) ∈ X ×X∗ : ‖x‖ = ‖x∗‖ = x∗(x) = 1
}
.

De�nition 1 (Bishop-Phelps-Bollob�as modulus, [4])
Let X be a real Banach space. The spherical Bishop-Phelps-Bollob�as modulus of
the space X is the function ΦS

X : (0, 2) −→ R+ such that given ε ∈ (0, 2), ΦS
X(ε)

is the in�mum of those δ > 0 satisfying that for every (x, x∗) ∈ SX × SX∗ with

x∗(x) > 1− ε, there is (y, y∗) ∈ Π(X) with ‖x− y‖ < δ and ‖x∗ − y∗‖ < δ.

It is known (see, for example, [4, Theorem 2.1]) that for every Banach space
X and every ε ∈ (0, 2) one has ΦS

X(ε) ≤
√

2ε. This estimate is sharp for the

two-dimensional real space `
(2)
1 (see [2] or [4, Example 2.5]).

Uniformly non-square spaces were introduced by James [7] as those spaces

whose two-dimensional subspaces are uniformly separated from `
(2)
1 . The main

result of [7] � the re�exivity of uniformly non-square spaces � was the origin of
the theory of superre�exive spaces.

Recall that a Banach space X is uniformly non-square if and only if there is
α > 0 such that

1

2
(‖x+ y‖+ ‖x− y‖) ≤ 2− α

for all x, y ∈ BX . The parameter of uniform non-squareness ofX, which we denote
α(X), is the best possible value of α in the above inequality. In other words,

α(X) := 2− sup
x,y∈BX

{
1

2
(‖x+ y‖+ ‖x− y‖)

}
.

With this notation X is uniformly non-square if and only if α(X) > 0. In a
uniformly non-square space the estimate ΦS

X(ε) ≤
√

2ε can be improved.

Theorem 1 (Theorem 3.3 of [5]) Let X be a Banach space with α(X) > 0.
Then,

ΦS
X(ε) ≤

√
2ε

√
1− 1

3
α(X) for 0 < ε <

1

2
− 1

6
α(X).
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Although we don't know whether the above estimate of ΦS
X(ε) through α(X)

is sharp, we are able to demonstrate (and this is the goal of this short article)
that this result cannot be improved too much. Namely, we demonstrate that
the unknown optimal estimate of ΦS

X(ε) through α(X) cannot be better than√
2ε
√

1− α(X).
The main result

We will make a use of �hexagonal spaces� Xρ introduced in [8] and the
description of Π(Xρ) from that paper. Fix a ρ > 1

2 and denote Xρ the linear
space R2 equipped with the norm

‖(x1, x2)‖ = ‖(x1, x2)‖ρ = max

{
|x1 −

1− ρ
ρ

x2|, |x2 −
1− ρ
ρ

x1|, |x1 + x2|
}
.

In other words,

‖(x1, x2)‖ =


|x1 + x2|, if x1x2 ≥ 0;

|x1 − 1−ρ
ρ x2|, if x1x2 < 0 and |x1| > |x2|;

|x2 − 1−ρ
ρ x1|, if x1x2 < 0 and |x1| ≤ |x2|.

and the unit ball Bρ of Xρ is the hexagon abcdef , where a = (1, 0); b = (0, 1);
c = (−ρ, ρ); d = (−1, 0); e = (0,−1); and f = (ρ,−ρ).

The dual space to Xρ is R2 equipped with the polar to Bρ as its unit ball. So
the norm on X∗ρ is given by the formula

‖(x1, x2)‖∗ = ‖(x1, x2)‖∗ρ = max{|x1|, |x2|, ρ|x1 − x2|},

and the unit ball B∗ρ of X∗ρ is the hexagon a∗b∗c∗d∗e∗f∗, where a∗ = (1, 1);

b∗ =
(
−1−ρ

ρ , 1
)

; c∗ =
(
−1, 1−ρρ

)
; d∗ = (−1,−1); e∗ =

(
1−ρ
ρ ,−1

)
; and

f∗ =
(

1,−1−ρ
ρ

)
. The corresponding spheres Sρ and S∗ρ are shown on Fig. 1 and

2 respectively.

Fig. 1: Unit sphere of Xρ. Fig. 2: Unit sphere of X∗ρ .
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In the case of ρ = 1
2 the sphere of Xρ reduces to the square abde, and

consequently X1/2 is isometric to the spaces `
(2)
1 and `

(2)
∞ . When ρ > 1

2 , the

space Xρ is not isometric to `
(2)
∞ . Let us calculate the parameter of uniform non-

squareness for Xρ.

Lemma 1 Let ρ ∈ [1/2, 1]. Then, in the space X = Xρ,

α(Xρ) = 1− 1

2ρ
. (1)

Proof. Consider ϕ(x, y) = 1
2(‖x+y‖+‖x−y‖). Then α(X) = 2−sup{ϕ(x, y) :

(x, y) ∈ BXρ×BXρ}. Since ϕ : BXρ×BXρ → R is a convex function, it attains its
maximum at some extreme point of SXρ × SXρ , i.e. at a point of the form (x, y)
with x, y ∈ {a, b, c, d, e, f}. Also, ϕ(x, y) = ϕ(y, x) = ϕ(x,−y), so by symmetry
of the function and symmetry of the ball, is su�cient to check values of functions
ϕ for the following two pairs (x, y): x = a, y = b and x = a, y = c.

If x = a = (1, 0), y = b = (0, 1), then ‖x + y‖ = ‖(1, 1)‖ = 2, ‖x − y‖ =
‖(1,−1)‖ = 1 + 1−ρ

ρ = 1
ρ . So, ϕ(a, b) = 1 + 1

2ρ .

If x = a = (1, 0), y = c = (−ρ, ρ), then ‖x+ y‖ = ‖(1− ρ, ρ)‖ = 1− ρ+ ρ = 1,
‖x− y‖ = ‖(1 + ρ,−ρ)‖ = 1 + ρ+ 1− ρ = 2. So, ϕ(a, c) = 1 + 1

2 ≤ 1 + 1
2ρ .

Therefore max{ϕ(x, y) : (x, y) ∈ BXρ × BXρ} = 1 + 1
2ρ , and consequently

α(Xρ) = 1− 1
2ρ . The lemma is proved.

The set Π(Xρ) is the following polygon in R2 × R2:
Π(Xρ) = {(a, x∗) : x∗ ∈ [f∗, a∗]} ∪ {(x, a∗) : x ∈ [a, b]} ∪ {(b, x∗) : x∗ ∈ [a∗, b∗]}
∪{(x, b∗) : x ∈ [b, c]} ∪ {(c, x∗) : x∗ ∈ [b∗, c∗]} ∪ {(x, c∗) : x ∈ [c, d]}
∪{(d, x∗) : x∗ ∈ [c∗, d∗]} ∪ {(x, d∗) : x ∈ [d, e]} ∪ {(e, x∗) : x∗ ∈ [d∗, e∗]}
∪{(x, e∗) : x ∈ [e, f ]} ∪ {(f, x∗) : x∗ ∈ [e∗, f∗]} ∪ {(x, f∗) : x ∈ [f, a]},
where we use brackets like [·, ·], [·, ·[ to denote line segments in a linear space, for
example, [a, b] = {λb + (1 − λ)a : 0 ≤ λ ≤ 1}; and parenthesis (·, ·) are reserved
to denote an element of a Cartesian product.

Theorem 2 For every α ∈ [0, 1/2] there is a Banach space X with α(X) = α
such that

ΦS
X(ε) ≥

√
2ε
√

1− α(X) (2)

for all 0 < ε < 1.

Proof. Let us demonstrate that the space X = Xρ with ρ = 1
2(1−α) is what we are

looking for. The direct application of lemma 1 gives α(X) = α, so what remains
to show is (2).

Denote x = (1−√ερ,√ερ), x∗ = (1, 1−
√
ε/ρ). Then, x ∈ ]a, b[, x∗ ∈ ]a∗, f∗[

and x∗(x) = 1−ε. In order to demonstrate (2) it is su�cient to prove the absence
of such a pair (y, y∗) ∈ Π(X) that max{‖x− y‖, ‖x∗ − y∗‖} <

√
2ε
√

1− α.
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Denote r =
√

2ε
√

1− α and consider the set U of those y ∈ SX that ‖x−y‖ <
r. U is the intersection of SX with the open ball of radius r centered in x (U is
the bold line in Fig. 3). The radius of the ball equals to the distance from x to a:

‖x− a‖ = ‖(−√ερ,√ερ)‖ =
√
ερ+

1− ρ
ρ

√
ερ =

√
ε/ρ =

√
2ε
√

1− α = r,

which explains the picture for small r. Also for bigger values of r the set U can
contain points b and c, but it never contains any point of [d, e], [e, f ] and [f, a].
Observe that the open ball of radius 1/ρ centered in b contains the set U , as if
h ∈ U , we have ‖b − h‖ ≤ ‖b − x‖ + ‖x − h‖ < ‖b − x‖ + ‖x − a‖ = ‖b − a‖ =
1/ρ. Therefore it is su�cient to check that the distance from b to every point of
[d, e], [e, f ] and [f, a] is no less than 1/ρ. Indeed, if s = (−w,w − 1) is a point of
[d, e] (0 ≤ w ≤ 1), then

‖b− s‖ = ‖(w, 2− w)‖ = w + 2− w = 2 ≥ 1/ρ.

If s = (w, 1−ρρ w − 1) is a point of [e, f ], 0 ≤ w ≤ ρ, and so

‖b− s‖ = ‖(−w, 1− 1− ρ
ρ

w + 1)‖ =
1− ρ
ρ

w + 2− 1− ρ
ρ

w = 2 ≥ 1/ρ.

If s is a point of [f, a], ρ ≤ w ≤ 1, we shall consider cases ρ < 1 and ρ = 1
separately. For ρ < 1 we have s = (w,− ρ

1−ρ(1− w)), then

‖b− s‖ = ‖(−w, 1 +
ρ

1− ρ
(1− w))‖ =

ρ

1− ρ
w + 1 +

ρ

1− ρ
− ρ

1− ρ
w ≥ 2 ≥ 1/ρ.

And for ρ = 1 we have s = (1,−w), 0 ≤ w ≤ 1. Hence

‖b− s‖ = ‖(−1, 1 + w)‖ = max{1, 1 + w} ≥ 1 = 1/ρ.

So, U ⊂ ]a, b] ∪ [b, c] ∪ [c, d[.

Fig. 3: The set U . Fig. 4: The set V .
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Consider also the set V of those y∗ ∈ SX∗ that ‖x∗ − y∗‖ < r. V is the
intersection of SX∗ with the open ball of radius r centered in x∗ (the bold line in
Fig. 4). The radius of the ball equals to the distance from x∗ to a∗: ‖x∗ − a∗‖ =
‖(0,−

√
ε/ρ)‖ =

√
ε/ρ = r.

What remains to show is that (y, y∗) /∈ Π(X) for every y ∈ U and every
y∗ ∈ V . The latter fact follows immediately form the above descriptions of the
sets Π(Xρ) and U together with the fact that V ⊂ ]d∗, e∗] ∪ [e∗, f∗] ∪ [f∗, a∗[.
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is partially supported by a grant from Akhiezer's Fund, 2015. I am also thankful
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The problem of the electromagnetic �eld an open spiral conductive sphere
is analyzing. The method of regularization of operator tasks is applied. The
integral equations with a weak singularity in the kernel is used. The in�nite
system of algebraic equations of type II with a compact operator in `2 is
received. Some properties of electromagnetic �elds are studied.
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Ðåçóíåíêî Â.Î. Ïîëå âåðòèêàëüíîãî åëåêòðè÷íîãî äèïîëÿ, ÿêèé

ðîçìiùåíèé íàä ñïiðàëüíî ïðîâiäíîþ íåçàìêíåíîþ ñôåðîþ.

Äîñëiäæó¹òüñÿ çàäà÷à ïðî åëåêòðîìàãíiòíå ïîëå ñïiðàëüíî ïðîâiäíî¨
íåçàìêíåíî¨ ñôåðè. Çàñòîñîâàíî ìåòîä ðåãóëÿðèçàöi¨ îïåðàòîðà çàäà÷i,
âìêîðèñòîâàíî ðîçâ'ÿçêè iíòåãðàëüíèõ ðiâíÿííü iç ñëàáêîþ îñîáëèâiñòþ
ó ÿäði. Îäåðæàíî íåñêií÷åííó ñèñòåìó àëãåáðà¨÷íèõ ðiâíÿíü II ðîäó ç
êîìïàêòíèì îïåðàòîðîì ó `2. Âèâ÷åíi äåÿêi âëàñòèâîñòi åëåêòðîìàãíiòíèõ
ïîëiâ.
Êëþ÷îâi ñëîâà: ñïiðàëüíî ïðîâiäíà ñôåðà, âåðòèêàëüíèé äèïîëü, êîìïàêò-
íèé îïåðàòîð.

Ðåçóíåíêî Â.À. Ïîëå âåðòèêàëüíîãî ýëåêòðè÷åñêîãî äèïîëÿ, ðàç-

ìåù¼ííîãî íàä ñïèðàëüíî ïðîâîäÿùåé íåçàìêíóòîé ñôåðîé.

Èññëåäóåòñÿ çàäà÷à îá ýëåêòðîìàãíèòíîì ïîëå ñïèðàëüíî ïðîâîäÿùåé
íåçàìêíóòîé ñôåðû. Ïðèìåíåíû ìåòîä ðåãóëÿðèçàöèè îïåðàòîðà çàäà÷è,
èíòåãðàëüíûå óðàâíåíèÿ ñî ñëàáîé îñîáåííîñòüþ â ÿäðå. Ïîëó÷åíà
áåñêîíå÷íàÿ ñèñòåìà àëãåáðàè÷åñêèõ óðàâíåíèé II ðîäà ñ êîìïàêòíûì
îïåðàòîðîì â `2. Èçó÷åíû íåêîòîðûå ñâîéñòâà ýëåêòðîìàãíèòíûõ ïîëåé.
Êëþ÷åâûå ñëîâà: ñïèðàëüíî ïðîâîäÿùàÿ ñôåðà, âåðòèêàëüíûé äèïîëü,
êîìïàêòíûé îïåðàòîð.
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1. Introduction

The methods of regularization of matrix and integral operators of applied
problems occupy a prominent place among the numerical-analytical methods [1],
[2]. The variant of methods [1], [2] is used for analysis of the electrodynamic
properties of the unclosed spiral conductive spherical surface. The spiral antennas
and devices have small size and the lightweight. They are power saving ones. They
allow to control the polarization of the radiation �elds. The spiral antennas have
been successfully used on mobile objects to communicate at short, medium and at
very long distances [3]-[5]. We note that there are many experimental papers on
this subject. The number of theoretical works is comparably small. The purpose of
our work is the construction of a numerical analytical algorithm for study of �elds
properties of the spiral conductive unclosed sphere [1], [2]. The spiral conductive
unclosed sphere is irradiated by the vertical electric dipole �eld. The dipole is
placed above the sphere with a circular aperture on its axis of symmetry. We
apply the method of regularization of problem's operator. We use the solutions
of integral equations with a weak singularity in the kernels. The main part of the
matrix operator is extracted and inverted. The in�nite linear algebraic system of
second kind with compact operator in Hilbert space l2 is obtained. The limit cases
of formulation of the problem and properties of solutions are considered.

2. Formulation of the problem

The origin of Cartesian and spherical systems of coordinates are placed in
the geometrical center of the sphere of radius r = a. Let us cut the sphere by
a horizontal plane into two parts. Consider its upper part as an unclosed sphere
with a circular aperture. Let the polar angle θ of the edge of the aperture be equal
θ0. The polar angle θ on the aperture is changing from θ0 to π. Let the vertical
electrical dipole be placed on the axis of symmetry of the unclosed sphere on the
axis OZ at the point z = b > a. We assume that the surface of an unclosed sphere
is in�nitely thin and spiral conductive. Let β will be the angle between the lines
of conductivity of the electric current on the unclosed sphere and the lines of the
meridians on the sphere. The sphere conducts the current in selected directions
only. We note that the line of the conductivity on the sphere may be represented
as follows: x = sin(η)cos(14η), y = sin(η)sin(14η), z = 1 + cos(η), where η is
a dimensionless parameter, which varies in bands [0, π/2] (�g.1).The dipole �eld
~E(0), ~H(0) meets an unclosed sphere and creates secondary electromagnetic �elds:
~E(1), ~H(1) in the area 0 6 r < a and ~E(2), ~H(2)in the area r > a. By de�nition,
the total �eld in the area 0 6 r < a is equal to ~E(1), ~H(1) . According to the
superposition principle of electromagnetic �elds, the total �eld in the area r > a
is the sum of �elds ~E(0) + ~E(2) and ~H(0) + ~H(2). The time dependence of the
�elds is taken as exp(−iωt), where ω is the angular frequency, ω = 2π/λ, λ is a
wavelength of the dipole �eld.

The total electromagnetic �elds outside of the unclosed sphere satisfy the
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Fig.1: The line of spiral conductivity of the electric current.

following conditions: 1) the Maxwell and material equations:

rot ~E = ik ~H, rot ~H = −ik ~E, div ~D = ρ, div ~B = 0, (1)

~D = ε ~E, ~B = µ ~H, ~J = σ ~E;

where k = ω
√
εµc−1, ε, µ and σ are the dielectric permittivity, the magnetic

permeability and the conductivity of the medium, ρ is the charge density, c is the
speed of light in vacuum; 2) the energy boundedness in any restricted volume A
in R3: ∫

A

(
ε| ~E|2 + µ| ~H|2

)
dx dy dz <∞, (2)

where the volume A may contain the edge of the unclosed sphere; 3) the condition
of �elds radiation on in�nity:

lim r[
∂Ψ

∂r
− ikΨ] = 0, r →∞,

where Ψ is any component ~E or ~H.

3. Boundary conditions

In addition to conditions 1)-3), the total �elds satisfy the boundary conditions.
We write the conditions for the �eld's components

~E(Er, Eθ, Eϕ), ~H(Hr, Hθ, Hϕ). (3)

in the spherical coordinate system.
B1) the �eld's components on the surface of the unclosed sphere {r = a, 0 ≤

θ < θ0, φ ∈ [0, 2π]} satisfy the conditions of the spiral conductivity:
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(H
(2)
θ −H

(1)
θ ) + (H(2)

ϕ +H(0)
ϕ −H(1)

ϕ ) tg β = 0,

E
(0)
θ + E

(2)
θ = E

(1)
θ , E(2)

ϕ = E(1)
ϕ ,

E
(1)
θ − E

(1)
θ tg β = 0; (4)

Â2) the total �elds are continuous on the aperture of the unclosed sphere
{r = a, θ0 < θ ≤ π, φ ∈ [0, 2π]} :

~E(2) + ~E(0) = ~E(1), ~H(2) + ~H(0) = ~H(1). (5)

The total �elds satisfy the requirement for singularity in the dipole placement
point. The problem (1) - (5) has a unique solution [8].

To solve the problem (1) - (5), we use the methods of regularization of the
auxiliary integral and matrix operators. First, using the Debye u electric and v
magnetic scalar potentials, the components of the �eld (3) are written. The �elds
components are uniquely expressed by the Debye potentials. The scalar potentials
u, v satisfy the Helmholtz equation, which follows from the Maxwell equations (1),
in particular, ∆u + k2u = 0. We write the Helmholtz equation in the spherical
coordinate system and separate the variables in the equation. The potentials are
represented by the Fourier series. We note that the magnetic potential of the
vertical electric dipole, placed on the axis OZ, is equal to zero: v(0) = 0. The
electric potential of the dipole is present by the series of eigenfunctions of the
auxiliary the Sturm-Liouville problem as follows

u(0) =
∞∑
n=1

F (n)
Pn(cos θ)

k3rb2

{
ψn(kr)ξn(kb), r < b,
ψn(kb)ξn(kr), r > b,

F (n) = 2n+ 1. (6)

We note that the modulus of dipole moment ~P , which is directed along the
axis OZ is equal to unity in the expression (6). We also take into account that
the dipole is placed in the upper half space on the axis OZ above the unclosed
sphere. In (6) ψn(x), ξn(x) are spherical Bessel and Hankel functions in the Debye's
notation of the �rst and 3-th kinds, respectively, of the n-th order of argument x;
Pn(cos θ) are Legendre polynomials of the �rst kind of the n-th power and zero
order of the argument cos θ. We look for the secondary potentials (7), (8) in the
form of series (6):

u(1)

ν(1)

}
=

∞∑
n=1

F (n)
Pn(cos θ)

kr

{
Anψn(kr), r < a,
Bnξn(kr), r > a,

(7)

u(2)

ν(2)

}
=

∞∑
n=1

F (n)
Pn(cos θ)

kr

{
Cnψn(kr), r < a,
Dnξn(kr), r > a.

(8)

Here in (7), (8) we take into account the occurrence of magnetic potentials in the
secondary �elds, which are scattered by the spiral conductive unclosed sphere. The
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unknown coe�cients An, Bn, Cn, Dn of the series (7) and (8) belong to the Hilbert
space (see (2)) with certain weights, which are di�erent for di�erent coe�cients.

4. The paired functional equations containing

the associated Legendre functions

Using the boundary conditions (4), (5), we get the three linear equations of
connection for four unknown coe�cients An, Bn, Cn, Dn for each n = 1, 2, 3, ....
We used here the orthogonality of the associated Legendre functions of the �rst
kind of the �rst order with the weight sinθ on the segment [0, π]. The coe�cients
An, Bn and Dn are expressed in terms of the coe�cients Cn by the three equations
of connection. To �nd coe�cients Cn we deduce the paired functional equations.
We use all the boundary conditions (4), (5) for all the components of the unknown
�elds ~E(1), ~H(1), ~E(2), ~H(2) from (3). As a result, we obtain the system of paired
functional equations, which allows to �nd the coe�cients (8) of potential u(2):

∞∑
n=1

CnF (n)
1

ψ′n(ka)
P 1
n(cos θ) = 0, θ0 < θ ≤ π, (9)

∞∑
n=1

Cn
F (n)

ψ′n(ka)

{
(tg β)2ψn(ka)ξn(ka) + ψ′n(ka)ξ′n(ka)

}
P 1
n(cos θ) =

−(kb)−2
∞∑
n=1

F (n)ψ′n(ka)ξn(kb)ψn(kb)P 1
n(cos θ), 0 ≤ θ < θ0, (10)

where the prime of the functions ψn(·), ξn(·) means the di�erentiation with respect
to the argument. To �nd all coe�cients of the potential (7), (8) there is only one
paired system of functional equations. In contrast to [11], the questions of the
division of polarization �elds and search for additional constants of integration
do not arise. The system of paired functional equations (9)-(10) is of the �rst
kind with complicated kernels, which involve various spherical functions. The
multipliers of the unknown coe�cients Cn in (9) and (10) are di�erent and have
di�erent rates of decrease as n→∞. Even taking into account the orthogonality of
the associated Legendre functions with the weight sinθ in L2(0, π), such systems
can not be solved analytically. The systems of this type appear in many problems
of �elds di�raction on open structures. There are many direct numerical methods
developed for their approximate solution. These methods are more general than
the analytical ones. However, such methods do not allow to evaluate the accuracy
of the solutions. This fact is important in the analysis, e.g., resonance oscillations
of the investigated �elds. In addition, the direct numerical methods also require
the use of considerable computing resources. We apply analytical method for
the regularization of the system (9), (10) [7,9-15,19,20]. As a result, we obtain
the in�nite system of linear algebraic equations of the second kind, which is
successfully solved numerically and analytically.
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5. The in�nite system of linear algebraic equations of the second kind

We transform the system (9), (10) into an equivalent system of functional
equations, which include the trigonometric functions instead of Legendre
functions. For this purpose we use the convergence of the series (10) in L2(0, π)
and integrate the equation (10) term by term. Here we use the equality
P 1
n(cos θ) = −[Pn(cos θ)]′. Here the constant T (0) of integration arises. We �nd

the constant T (0) below in (16). The Meller-Dirichlet integral representation for
the Legendre polynomials (11)

Pn(cos θ) = π−1
√

2

∫ θ

0
(cosφ− cos θ)−0.5 cos(n+ 0.5)φdφ (11)

is substituted into the integrated equation (10). Then the integral representation
of the type Meller - Dirichlet for the associated Legendre functions (12)

P 1
n(cos θ)=[πsinθ]−1

n(n+1)

2n+1

√
2

∫ π

θ
(cos θ− cosφ)−0.5 cos(n+0.5)φ · sinφdφ (12)

is substituted into equation (9). Using the convergence of the series in L2(0, π), the
order of integration and summation in both equations (9) and (10) changes. In this
case we have two integral equations of the �rst kind with the weak singularities
in the kernels. The singularities are due to the presence of radicals in (11) and

(12). So, we get from (10) the integral equation
∫ θ
0 (cosφ− cos θ)−0.5f1(φ) dφ = 0,

where

f1(φ) =
∑∞

n=1 F (n)
{
Cn[ψ′n(ka)](−1)[(tg β)2ψn(ka)ξn(ka) + ψ′n(ka)ξ′n(ka)]−

ψ′n(ka)ξn(kb)ψn(kb)/(kb)2
}
· cos(n+ 0.5)φ− T (0) cos(0.5)φ.

The solution of the integral equation is found in L2(0, π) by using the composition
with the kernel of the equation [6, 7, 15]. We receive the unique trivial solution:
f1(φ) = 0, φ ∈ (0, θ0).

Similarly, from the equation (9), we obtain the integral equation
∫ π
θ (cos θ −

cosφ)−0.5f2(φ) dφ = 0, where f2(φ) is represented by the trigonometric Fourier
series. That integral equation also has the unique trivial solution in L2(0, π) :
f2(φ) = 0, φ ∈ (θ0, π). We receive a new system of functional equations of the
�rst kind. Next, we transform the system of the �rst kind into the system of the
second kind.

For this purpose we apply the methods [1,2,7,9-15,19,20] and use the
properties of the Bessel and the Hankel functions [21]. Then we do some linear
transformations of the system of functional equations and �nd the main part of
the system. Next, we relabel the coe�cients Cn to the new coe�cients yn (13)
and introduce the small parameters εn (14):

yn = CnF (n)n(n+ 1)
[
ψ1
n(ka)(2n+ 1)

]−1
, (13)
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εn = 1 + ika
2n+ 1

(n(n+ 1))

{
ψ′n(ka)ξ′n(ka) + (tg β)2ψn(ka)ξn(ka)

}
. (14)

Now we inverse analytically the main part of the functional equations of the
second kind. For this, the methods [1,2,7,9�15, 19, 20] and the method of discrete
Fourier transform are used. As a result, we obtain the in�nite system of linear
algebraic equations of the second kind:

yn = (π)−1
∞∑
m=1

ymεmqn,m(θ0)−
ika

π
T (0)qn,0(θ0)−

ia

kπb2

∞∑
m=1

F (m)ψ1
m(ka)ξm(kb)qn,m(θ0).

(15)

Also, we �nd the integration constant T (0) for the equation (9) and substitute
it in (14) as :

T (0) =
i

ka

∞∑
m=1

ymεm
{

1 + ikaψ1
m(ka) ξm(kb)F (m) · (kb)−2

} qm,0(θ0)

q0,0(θ0)
, (16)

where

qn,m(θ0) = 2

∫ θ0

0
[cos(n+ 0.5)φ][cos(m+ 0.5)φ]dφ. (17)

Consider the properties of the resulting system (15). For any values ka and
β ∈ [0, π2 ) the small parameter (14) vanishes comparably quickly, proportionally
to n−2, when n→∞. The auxiliary values qn,m(θ0) in (17) are uniformly bounded
by 2π for any n,m ≥ 1 and any θ0 ∈ [0, π]. In addition, the values qn,m(θ0) for
�xed n = n0 vanish proportionally to n−1, when m → ∞. Similarly, the values
qn,m(θ0) for �xedm = m0 vanish, proportionally to n

−1, when n→∞. The matrix
elements {Gn,m}∞n,m=1 of the system Y = GY + Q (15) for �xed n = n0 vanish
when m→∞ and they vanish for �xed m = m0, when n→∞ . The eigenvalues
of the system's matrix operator di�er from the unity. The right column of the
system (15) belongs to l2. The system (15) has the compact matrix operator in
l2 and a unique solution in l2. It is solved numerically for arbitrary geometric
and frequencies parameters of the problem. The system is solved analytically, in
particular, by the method of successive approximations for the large apertures in
the sphere (0 ≤ θ0 � 1). This follows from the fact that the norm in l2 of the
matrix G of the system (15) is proportional to θ0 for small θ0. This method can
be applied successfully for small apertures in the sphere (0 ≤ π − θ0 � 1) after
simple linear transformations of the system (15).

6. Conclusions

1. The system (15) is constructed for the study of electromagnetic �elds in
the case of placing of an electrical dipole in the point z = b > a on the axis OZ.
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The system (15) can be modi�ed for the case of the dipole placed in the point
z = −b on the axis OZ. For this it is necessary to relabel the coe�cients Fn in

(6)-(8) as follows: F
(1)
n = (−1)n+1F (n), n ≥ 1.

2. Introducing the new coe�cients y
(1)
n = ynn

−2, n ≥ 1, instead of the coe�cients
yn (13), the speed of convergence of the analytical and numerical methods for
solving the system (15) can be increased.
3. The polarization of the electromagnetic �eld of structure varies non monotoni-
cally from a linear to elliptical and almost circular with a change of the angle β of
the spiral conductivity of the sphere and with an increase of the angle θ0 between
zero and π.
4. The reduced resonant frequencies χn,m, n,m > 1 of the structure for small

θ1 = π − θ0 � 1 and small β di�er from the ones of the closed sphere χ
(0)
n,m on

the coe�cient, which is proportional to θ1: χn,m = χ
(0)
n,m + O(θ1), when θ1 → 0

[10,16-20].
5. The sphere disappears completely when θ0 → 0 and it turns into a closed spiral
conductive sphere when θ0 → π. The unclosed sphere becomes almost perfectly
conductive, if β decreases from π/2 to zero. The electromagnetic �eld penetrates
almost completely through the spiral conductive sphere when β → π/2.
6. The constructed numerical-analytical algorithm can be generalized, for
example, to calculate the electromagnetic �elds of the horizontal dipole in the
presence of a spiral conductive unclosed sphere.
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The stability of magnetizable medium stationary states at parametric
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Ïàöåãîí Ì. Ô., Ïîöåëó¹â C. I., Îá'¹ìíèé ïàðàìåòðè÷íèé ðåçîíàíñ
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ìåòîäàìè âñòàíîâëåíi ïàðàìåòðè çáóäæóâàíèõ àêóñòè÷íèõ õâèëü, âïëèâ
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Introduction

Magnetic �uids (MFs) are widely used in modern acoustical devices in order
to increase their capacity, selectivity of certain sound frequencies and to increase
their operational resource [1]. There are possibilities to use ferro�uids as converters
of acoustic oscillations [2], a study of the connection between acoustic properties of
(MFs) and their structure are of the grate interest for physico-chemistry of disperse
systems in order to obtain the information about the stability, reconstruction
times of microstructure and irreversible phenomena in the process of structure
formation [3].The known results of ferro�uid acoustics are reduced to the study
of the in�uence of magnetic �eld on the propagation velocity and absorption
of ultrasonic vibrations [4]. In this paper we investigate the possibility of new
excitation mechanisms of acoustic vibrations in (MFs) during the loss of stability
of homogeneous �uid stationary states in oscillating magnetic �eld. This paper
continues the study, initiated in [5], and earlier studies of the stability of ferro�uid
free surface in oscillating magnetic and gravitational �elds [6, 7].

1. Basic equations

Magnetizable medium and electromagnetic �eld form closed thermodynamic
system. Therefore, dynamic equations of magnetizable medium take the form of
conservation laws [8]:

1. Mass conservation
∂ρ

∂t
+ divρ~v = 0 (1)

2. Momentum conservation

∂ρvi
∂t

= − ∂

∂xk
(ρvivk − pik) (2)

3. Energy conservation

∂

∂t

(
ρu+ ρ

v2

2

)
= −div ~Je (3)

4. Entropy balance equation

∂

∂t
ρ s = −div ~Js + σs. (4)

Here and below the following notation are introduced as: ρ is the density of
medium, ~v is the velocity, {pik} is the Cauchy symmetric stress tensor; u, s are
the density of the internal energy and the entropy; ~Je, ~Js are �ux density vectors
of the energy and the entropy, σs is internal entropy production, div ≡ ~∇ · (),
rot ≡ ~∇× ().

Equations (1)-(4) are supplemented by equations of quasi-stationary electro-
dynamics of non-conductive medium:

div ~B = 0, rot ~H = 0,
∂ ~B

∂t
= −c rot ~E, ~B = ~H + 4π ~M. (5)
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In equations (5) displacement currents are neglected, which is equivalently to the
basic ferrohydrodynamics assumption about the same order of the characteristic
frequency and size of changes of electromagnetic and hydrodynamic quantities.

Accepting the hypothesis of local equilibrium, the medium is concretized by
the Gibbs identity in the form

du = Tds− pd1

ρ
+

~H

4π
d

(
~B

ρ

)
. (6)

Here T is the temperature, p is the pressure, ~H, ~E are strength of magnetic and
electric �elds, ~B is magnetic induction, ~M is the magnetization.

It should be noted that implementation of equation (6) does not depend on
the way of magnetization of the medium (isotropic or anisotropic) [9].

Using methods of non-equilibrium thermodynamics [8], expressions for
unknown �ows in equations (1)-(4) are obtained

pik = −pδik + HiBk
4π + τik;

Jek = ρvk(u+ p
ρ + v2

2 ) + c
4π [ ~E∗, ~H]k − (~v ~H)Bk

4π − viτik + qk;

~Js = ρs~v + ~q
T ; σs = 1

T (τik
∂vi
∂xk
− ~q∇T ).

(7)

Where {τik} is the tensor of viscous stresses, ~q is the vector of heat �ux density,
~E∗ = ~E + 1

c [~v,
~B] is the electric �eld strength in the proper reference frame.

Satisfying the second law of thermodynamics, i.e. inequality σs ≥ 0, in the
linear approximation of the Onsager theory, constitutive equations are obtained

~q = −κ∇T, τik = 2ηvik + (ς − 2
3η)veeδik ,

κ ≥ 0, η ≥ 0, ς ≥ 0,
(8)

where κ , η , ς are coe�cients of conductivity, shear and bulk viscosities; {vik} is
the strain rate tensor.

Equations (1)-(5) should be supplemented by equations of the thermodynamic
state. To obtain them, the thermodynamic potential f is introduced as

f = u− Ts−
~B ~H

4πρ
. (9)

From the Gibbs equation (6) follows

df = −sdT +
p

ρ2
dρ−

~Bd ~H

4πρ
.

Therefore

s = −(
∂f

∂T
)ρ, ~H ; p = ρ2(

∂f

∂ρ
)T, ~H ; ~B = 4πρ(

∂f

∂ ~H
)ρ,T ,
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thus
s = s(ρ, T, ~H); p = p(ρ, T, ~H); ~B = ~B(ρ, T, ~H)

is the most common form of equations of the thermodynamic state. The �nal
equation determines the magnetization law of the medium.

For isotropic magnetizable medium equations of state have following form:

~B = µ ~H;µ = µ(ρ, T,H);

f = f0(ρ, T )− 1
4π

H∫
0

µ(ρ, T,H)HdH;

p = p0(ρ, T ) + ψ ; s = s0(ρ, T ) + s(m)

ψ = 1
4π

H∫
0

[µ− ρ(∂µ∂ρ )T,H ]HdH ;

s(m) = 1
4πρ

H∫
0

( ∂µ∂T )ρ,HHdH;

u = u0(ρ, T ) + BH
4πρ −

1
4π

H∫
0

(µ− TµT )HdH.

(10)

Here µ is a magnetic permeability of the medium; the expression fψ := ∂f/∂ψ
denotes the corresponding partial derivative, index � 0 � at the top marked
thermodynamic functions of the medium in the absence of the �eld. These
functions, which assumed known, satisfy the Gibbs equation in the absence of
the �eld

du0 = Tds0 − p0d1

ρ
.

Equations (1)-(5), (7)-(10) form a closed system of equations of the medium
dynamics with the equilibrium magnetization and written as [11],[15]:

dρ
dt + ρ div~v = 0,

ρd~vdt = −∇p+M∇H + η∆~v +
(
ς + 1

3η
)
∇div ~v,

ρT ds
dt = κ∆T + 2ηvikvik ,

div ~B = 0, rot ~H = 0 , ~B = µ ~H , µ = µ(ρ, T,H) ,

p = p0(ρ, T ) + ψ , s = s0(ρ, T ) + s(m) .

(11)

By virtue of (6), instead of the entropy equation in this system can be used
the energy equation in the form

∂
∂t

(
ρu+ ρv

2

2

)
= − ∂

∂xk

[
ρvk

(
u+ p

ρ + v2

2 −

−( ~B ~H)
4πρ

)
+ c

4π

[
~E × ~H

]
k
− κ ∂T

∂xk
− viτik

]
.

(12)
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2. E�ective nonmagnetic medium,

corresponding to magnetizable medium

One-dimensional unsteady motion of a magnetizable medium along x axis is
considered. Then vx = v, vy ≡ 0, vz ≡ 0 and besides

v = v(x, t), ρ = ρ(x, t), T = T (x, t), ~H = ~H(x, t).

From equations of electrodynamics (5) follows

Bx = Bx(t), Hy = Hy(t), Hz = Hz(t).

Denote
Bx(t) = χ 1(t), Hy(t) = χ 2(t), Hz(t) = χ 3(t).

Functions χi(t) are determined by boundary conditions.
Equations of motion (2) are reduced to the form:

∂ρ

∂t
+

∂

∂x
ρv = 0,

∂v

∂t
+ v

∂v

∂x
= −1

ρ

∂pe
∂x

+

(
ζ +

4

3
η

)
∂2v

∂x2
, (13)

ρT
ds

dt
= κ

∂2T

∂x2
+ 2η

(
∂v

∂x

)2

.

Taking into account that

div( ~E × ~H) = ~Hrot ~E − ~ErotH = −1

c
~H
∂ ~B

∂t

the energy equation (12) is written as

∂

∂t

(
ρue + ρ

v2

2

)
= − ∂

∂x

[
ρv(ue +

pe
ρ

+
v2

2
)− κ∂T

∂x
− vτ11

]
+ ρq.

Here the following notations are introduced:

pe = p− χ 2
1

4πµ
;

ue = u− µ

4πρ
(χ 2

2 + χ 2
3); (14)

ρq =
1

8πµ

d

dt
χ 2

1 −
µ

8π

d

dt
(χ2

2 + χ 2
3).

Thus, equations of one-dimensional motion of magnetizable medium are reduced
to equations of one-dimensional gas dynamics with special equations of state.

Equations have this form regardless from the way of magnetization (isotropic
or anisotropic). It a�ects only on the equation of state, i.e. function pe, ue. The
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energy equation (14) di�ers from the ordinary equation of gas dynamics by the
presence of term ρq on the right-hand side. Note that q = 0 if χi = const and this
case was considered in [10]. The value q 6= 0 can be interpreted as a mass density
of energy sources in the medium. This especially becomes clear from the Gibbs
equation (6), which for one-dimensional motions of magnetizable media can be
written as

due = Tds− ped
1

ρ
+ qdt. (15)

In the equation (15) the magnetic �eld strength is excluded. If q = 0 (χi =
const) this corresponds to a two-parametric medium with constitutive parameters:
ρ and s, mass density of internal energy ue and pressure pe, besides

ue = ue(ρ, s); pe = pe(ρ, s).

At q 6= 0 functions χi = χi(t) are given by appropriate boundary conditions.
They determine the energy exchange between the nonmagnetic medium and
external bodies. They can be considered as external control of nonmagnetic
medium from the external system, which is the magnetic �eld.

Nonmagnetic medium, de�ned by equations of state (14), below will be called
an e�ective medium, corresponding to the initial magnetizable medium.

Equations (14) can be written in the form:

pe(ρ, s, t) = p0(ρ, T )− χ 2
1

4πµ
+

1

4π

H∫
0

(µ− ρµρ)HdH,

ue(ρ, s, t) = u0(ρ, T ) +
χ 2

1

4πρµ
− 1

4πρ

H∫
0

(µ− Tµ T )HdH.

The temperature and the magnetic �eld strength in the right-hand side of
equations must be excluded using relations:

T = T (ρ, s, χi); H = H(ρ, s, χi) ;

χi := Bx(t) , Hy (t) , Hz (t).

To obtain them it is necessary to solve for T , H the following system of nonlinear
functional equations:

Φ = µ(ρ, T,H)H − [χ 2
1 + µ2(ρ, T,H)(χ 2

2 + χ 2
3)]

1
2 = 0,

Ψ = s− s0(ρ, T )− 1

4π

H∫
0

µTHdH = 0.

Conditions for the solvability of this system of equation for the T, H consist
of the inequality

∂(Φ,Ψ)

∂(T,H)
6= 0,
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which assumed to be satis�ed.
Thus, in the case of a linear isotropic magnetization, taking into account the

magnetocaloric e�ect (µ = µ(ρ, T )), we have:

s = s0(ρ, T ) +
1

8πµ2ρ
[µ2(χ 2

2 + χ 2
3) + χ 2

1]µT ,

H = [χ 2
2 + χ 2

1 + µ−2χ 2
1]

1
2 .

Then from the �rst equation the dependence T = T (ρ, s, χi) can be determined
and the second equation gives necessary relation H = H(ρ, s, χ i).

After that, equations of state of an e�ective medium are determined:

pe = pe(ρ, s, χi) = p0(ρ, T ) +
1

8πµ 2
[µ 2(µ−

−ρµρ)(χ 2
2 + χ 2

3)− (µ− ρµρ)χ 2
1],

ue = ue(ρ, s, χi) = u0(ρ, T )− 1

8πµ 2
[µ 2(µ−

−Tµρ)(χ 2
2 + χ 2

3)− (µ− Tµρ)χ 2
1].

If a non-linear law of magnetization is considered and magnetocaloric e�ect
can be neglected, i.e. µ = µ(ρ,H), then s = s0(ρ , T ), T = T (ρ, s) and the
dependence H(ρ, χ i) is directly determined by the law of magnetization.

As equations of state of the e�ective medium depend on the time explicitly,
such medium is non-stationary. This kind of medium has recently been studied in
electrodynamics [12]. It should be noted that equations (13)-(15) are essentially
nonlinear even in the case of an ideal medium because pe = pe(ρ, s, t). They are
quasi-linear only in the case χ i = const.

3. Excitation of acoustic vibrations

in oscillating magnetic �eld

At non-stationary parameters χi = χi(t) the equation (13) allows stationary
homogeneous solution:

ρ ≡ ρ0, v = v0 ≡ 0, s ≡ s0 = const.

In this case, the energy enters to e�ective medium according to the equation

∂ue
∂t

= q(t).

If magnetocaloric e�ect is neglected, the temperature of the medium will be
constant: T = T0. But when this e�ect is taken into account the temperature
of the homogeneous state depends on the time: T = T (t), so that the condition
of adiabaticity is performed (s = s0 = const). Furthermore, the magnetic
�eld is homogeneous: ~H = ~H(t). Depending on the type of source q(t) in the
magnetizable medium new e�ects, that have not previously been studied, become
possible.
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The solution of system (13) for not heat-conducting medium (κ = 0) is sought
in the form

ρ = ρ0 + ρ′(x, t), v = v′(x, t),

where the prime denotes the perturbation of parameters.
By linearizing of equations (13) relative to homogeneous state, we obtain:

∂ρ′

∂ t
+ ρ0

∂v′

∂x
= 0 ;

ρ0
∂v′

∂ t
+ a2

∂ρ′

∂x
+

(
ζ +

4

3
η

)
∂2v′

∂x2
= 0; (16)

s ≡ s0 = const.

Here a2 = (∂pe∂ρ )s,χ i(t), i.e. derivative of the e�ective pressure is calculated at
constant entropy s and given functions χ i(t). Therefore

a2 = a2(ρ0, s0, χ1(t), χ2(t), χ3(t)) = a2(t).

As shown in [10], a2 is equal to the square of the velocity of sound propagation
in magnetizable medium and given by the following expression [4]:

a2 (ρ, t ) = L0 − L1 (1 + L2)
−1 ;

L0 = ρx31 + x23x32 ;
L1 = 4πρµ3m2

[
χ2
1(t) + µ−2(χ2

2(t) + χ2
3(t))

]
×

×(ρµρ + NµTx23 ) [ρ(µρ + µTTρ) + µTTs0 x23] ;
L2 = (µ2µ2TTs0Nm

[
χ2
1(t) + µ−2(χ2

2(t) + χ2
3(t))

]
−

−µ2µHB−1(χ2
2(t) + χ2

3(t)) )(µ2 + µHB)−1;
m−1 = 4πρµ(µ2 + µHB) ;
N−1 = 1 + Ts0 (smT − µTmB2) ;
x23 = ρN

[
mµTB

2(µρ + µTTρ) − smρ − smT Tρ
]

;

x31 = (p0ρ + ψρ + ψTTρ)/ρ + ρµρmB
2(µρ + µTTρ) ;

x32 = ( p0s0 + ψTTs0)/ρ + ρTs0µρ µTmB
2 ;

Ts0 =
(
∂T
∂s0

)
ρ

; p0s0 =
(
∂p0

∂s0

)
ρ
.

(17)

Due to the potentiality of one-dimensional motions v′ = ∂ϕ/∂x, where
ϕ = ϕ(x, t) is the velocity potential. Then from the second equation of (16)
the equation for density perturbations is obtained

ρ′ = −ρ0
a2

(
∂ϕ

∂t
+ ν0

∂2ϕ

∂x2

)
, ν0 =

1

ρ0

(
ζ +

4

3
η

)
. (18)

This allows to get from the �rst equation of (16) the following equation for velocity
potential

∂2ϕ

∂t2
− a2∂

2ϕ

∂x2
+ ν0

∂3ϕ

∂x2∂t
−
[
∂ϕ

∂t
+ ν0

∂2ϕ

∂x2

]
d

dt
(ln a2) = 0. (19)
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Trivial solution ϕ = const of this equation corresponds to the equilibrium
state of magnetic �uid ρ = const; v = 0. The stability analysis of this equilibrium
state is performed below.

The solution of equation (19) is sought in the form

ϕ(x, t) = ϕ(t)eikx.

For the amplitude of the perturbation ϕ(t) we get

ϕ̈ +

[
k2ν0 −

d

dt
ln(a2)

]
ϕ̇ + k2

[
a2 − ν0

d

dt
ln(a2)

]
ϕ = 0. (20)

For further study of equation (20) it is necessary to specify the explicit form
of a2(t), given by the expression (17). In the case of general isotropic law of
magnetization, equations for equilibrium state of e�ective medium can be obtained
only by using numerical methods. For the study of qualitative characteristics
of excited acoustic oscillations in magnetic �uids, the most important case of
isotropic magnetization is considered.

For an ideal paramagnet the magnetization is determined by the Langevin
equation [11]:

M = mnL(ξ), ξ =
mH

kT
, L = cthξ − ξ−1,

where: m is the magnetic momentum of ferromagnetic particle, n is the volume
concentration, k is the Boltzmann constant.

Then in weak �elds (ξ << 1) we obtain

µ = 1 + αρ; α =
4πc1m

2

3MkT
,

where c1 is mass concentration of magnetic particles, M is the mass of a single
ferromagnetic particle. If the temperature changes are neglected: α = const. Then

a2 = a20 +
(µ− 1)2

8πµ3
χ2
1; (21)

pe = p0(ρ, s0) + 1
8π (χ 2

2 + χ 2
3)−

2µ−1
8πµ2

χ 2
1; s0 = s0 = s; a20 = ∂p0(ρ,s0)

∂ρ .

Here a20 is the square of sound velocity in the medium in the absence of a
magnetic �eld.

In this case it is obtained, that the magnetic �eld components, perpendicular
to the direction of wave propagation, do not a�ect on the velocity of sound
propagation. Moreover, the velocity of sound propagation along magnetic �eld
direction is greater than in the absence of the �eld.

Suppose that the parameter χ10 is time-dependent according to harmonic law

χ1 = χ10 + β cos 2ωt. (22)
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Then for the sound velocity in the medium we have

a2(t) = a 2
0 +

(µ− 1)2

4πρµ3

(
χ2
10 +

β2

2
+ 2χ10β cos 2ωt+

β2

2
cos 4ωt

)
, (23)

where a0 = a0(ρ0, s0), µ = µ(ρ0) are constant parameters, determined at
equilibrium state. By substituting (23) in (20), the following equation is obtained

d2ϕ
dτ2

+ [ψ0 + 2ψ2s sin 2τ + 2ψ4s sin 4τ ] dϕdτ +

+[θ0 + 2θ2s sin 2τ + 2θ4s sin 4τ + 2θ2c cos 2τ + 2θ4c cos 4τ ]ϕ = 0,

(24)

where

ψ0 = k2ν0
ω , ψ2s = (µ−1)2χ10

2πρµ3A2 β, ψ4s = (µ−1)2
4πρµ3A2β

2,

θ0 = k2

ω2A
2, θ2s = (µ−1)2k2ν0χ10

2πρµ3ωA2 β, θ2c = (µ−1)2k2χ10

4πρµ3ω2 β,

θ4s = (µ−1)2k2ν0
4πρµ3ωA2 β

2, θ4c = (µ−1)2k2
16πρµ3ω2β

2, A2 = a 2
0 + (µ−1)2

4πρµ3
χ2
10,

τ = ωt is dimensionless time.
The equation (24) has periodic solutions, corresponding to acoustic waves.

4. Asymptotic solution

The equation (20) by substitution

ϕ(τ) = aZ exp

(
−k

2ν0τ

2ω

)
(25)

is reduced to the form

d2Z

dτ2
+

[
k2a2

ω2
− 2ν0k

2

ωa

da

dτ
−
(
k2ν0
16ω

− 1

8a

da

dτ

)2

+
d

dτ

(
1

a

da

dτ

)]
Z = 0.

In the case of time-dependent sound velocity in the form (23), by neglecting of
terms of order β2, the Hill equation for the function Z is obtained

d2Z

dτ2
+ [θ0 − ψ2

0 + 2(θ1c − ψ1s) cos 2τ + θ1s sin 2τ)]Z = 0. (26)

In the �rst approximation by the small parameter β marginal stability curves of
the �rst unstable region is given by

θ0 = 1 + ψ2
0 ± ((θ1c − ψ1s)

2 + θ21s)
1/2.

As follows from (25), it is necessary to �nd an unstable solution of the equation
(26). Using the method of Whittaker [13, 14], as a �rst approximation is taken



30 N. F. Patsegon, S. I. Potseluiev

Z = eγτ sin(τ − σ). (27)

By substituting (27) in (26) and equating coe�cients at sin τ and cos τ, for
the �rst unstable region is obtained

2γ = (θ1c − ψ1s) sin 2σ − θ1s
2

cos 2σ,

θ0 = 1 + ψ2
0 − γ2 + (θ1c − ψ1s) cos 2σ +

θ1s
2

sin 2σ.
(28)

From this

γ2 = −(1 + θ0 − ψ2
0)±

(
4(θ0 − ψ2

0) + (θ1c − ψ1s)
2 +

θ21s
4

)1/2
,

tgσ =
(θ1c−ψ1s)±[(θ1c−ψ1s)2+

θ21s
4
− 4γ2]1/2

2γ− θ1s/2 .

(29)

Values γ2 ≥ 0 , 0 ≤ σ ≤ π/2 correspond to unstable solutions.
In the �rst approximation, in view of (25) and (27), the solution of the

equation (20) is obtained

ϕ(t) = A exp((γω − k2ν0/2)t) sin(ωt− σ).

This is periodic solution if the following condition

γ =
k2ν0
2ω

is satis�ed. Then the equation (19) for the velocity potential has periodic solution

ϕ(x, t) = A exp(i(kx− ω t+ σ)) ,

which corresponds to the potential of small-amplitude waves, excited as a result
of parametric instability, and propagating at the velocity ω/k. The frequency of
excited waves is twice less then frequency of the parametric excitation.

Taking into account (29), the equation, that determines the magnitude of the
wave vector depending on parametric excitation frequency, is obtained:(

1− k2A2

ω2

)2
+ 1

16

(
k2ν0
ω

)2 [
9
(
k2ν0
ω

)2
+ 40

]
− 3

2
k2A2

ω2
k2ν0
ω =

=
[
βχ0(µ−1)2
4πρµ3A2

]2 [(
k2A2

ω2 − 2
)2

+
(
k2ν0
ω

)2]
.

(30)

Hence it follows that the excited waves are dispersive and the dispersion is a result
of the viscosity of the medium.
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In the case of an ideal medium the equation (30) has two solutions

ω2

k2
= A2 (1± ε), ε =

βχ0(µ− 1)2

4πρµ3A2
. (31)

Thus in this case waves propagate without dispersion. As A is the wave velocity
in a constant �eld, the oscillating part of the magnetic �eld can leads to either
increase or decrease of their velocity.

Values (31) correspond to periodic solutions of the equation (26) and the value
of parameters, which belong to the boundaries of stability regions. Therefore, at
the same frequency of the magnetic �eld can be excited waves of di�erent lengths.

5. Numerical solution

For the case of weak magnetic �elds (ξ << 1) the equation (24) for the velocity
potential was obtained. The equation (24) includes periodic functions of time, so
the solution of this equation is sought in the Floquet form

ϕ(τ) = eγτY (τ),

where γ = s+ iα is the Floquet exponent; Y (τ) is a periodic function with period
π
ω , therefore it can be expanded in the Fourier series

Z(τ) =

∞∑
n=−∞

φ2ne
2nτi.

Then

ϕ(τ) =
∞∑

n=−∞
φ2ne

q2nτ , q2n = s+ i(α+ 2n). (32)

By substituting (32) in (24), we obtain

∞∑
n=−∞

eq2nτ [(q22n + q2nψ0 + θ0)φ2n +

+(θ2c − i(θ2s + q2nψ2s))φ2n+1 + (θ2c + i(θ2s + q2nψ2s))φ2n−1 + (33)

+(θ4c − i(θ4s + q2nψ4s))φ2n+2 + (θ4c + i(θ4s + q2nψ4s))φ2n−2] = 0.

In matrix form (33) can be written as

(C + βB + β2D)φ = 0, (34)

where C is diagonal matrix with complex coe�cients, B and D are banded
matrices with two and three subdiagonals:

C =



. . .
...

...
... ...

. . . c−1,−1 0 0 . . .

. . . 0 c0,0 0 . . .

. . . 0 0 c1,1 . . .

. .
. ...

...
...

. . .


;B =



. . .
...

...
...

... . .
.

. . . 0 b−1,0 0 0 . . .

. . . b0,−1 0 b0,1 0 . . .

. . . 0 b1,0 0 b1,2 . . .

. . . 0 0 b2,1 0 . . .

. .
. ...

...
...

...
. . .


;
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D =



. . .
...

...
...

... . .
.

. . . d−1,−1 0 d−1,1 0 . . .

. . . 0 d0,0 0 d0,2 . . .

. . . d1,−1 0 d1,1 0 . . .

. . . 0 d2,0 0 d2,2 . . .

. .
. ...

...
...

...
. . .


;

cn,n = q22n +
k2ν0
ω

q2n +
k2

ω2

(
a20 +

(µ− 1)2

4πρµ3
χ2
10

)
; dn,n =

(µ− 1)2

8πρµ3
k2

ω2
;

bn,n±1 =
(µ− 1)2

2πρµ3

[
k2

2ω2
∓

i(q2n + ν0k2

ω )

a20 + (µ− 1)2χ2
0/(4πρµ

3)

]
χ10;

dn,n±2 =
(µ− 1)2

4πρµ3

[
k2

4ω2
∓

i(q2n + ν0k2

ω )

a20 + (µ− 1)2χ2
0/(4πρµ

3)

]
.

In the case of pure oscillating magnetic �eld χ10 = 0 : bn,n±1 = 0. Then by
inverting of the matrix C, from (34) follows the ordinary eigenvalue problem:

(C−1D)φ =
1

β2
φ . (35)

At the stability analysis is usually used the following procedure [16]: the �rst
step is to �x the wavenumber k and the amplitude β, as well as values of other
hydrodynamic parameters of the system, and then the Floquet exponent γ = s+iα
is calculated. Marginal stability curves in the plane (k, β) are curves on which
s(k, β) = 0. This condition is satis�ed by interpolation of β at �xed k between
negative and positive values of s.

But in our calculations the method described in [17] is used: the Floquet
exponent γ = s + iα is pre-�xed, then the eigenvalue problem (35) is solved
at �xed value of k. The largest real positive eigenvalue 1

β2 , corresponding to a
minimum amplitude β, is sought by interpolation of k. To construct marginal
stability curves in the plane (k, β) we have to set s = 0 and α = 0 (α = 1),
which corresponds to the case of harmonic (subharmonic) oscillations. The above
method for calculation of boundaries of instability regions is used to solve the
problem (35). Matrices A and D are cut to size, providing the required accuracy
of calculations. In all calculations the typical ferro�uid parameters were accepted

ν = 0.1(P), µ = 2, σ = 30
( erg

cm2

)
, ρ = 1.2

( g

cm3

)
, a0 = 1.5 · 105

(cm
s

)
.

Boundaries of the �rst two unstable regions (the Ince-Strutt diagram for a
viscous �uid) is shown on Fig.1.a) and Fig.1.b). Marginal stability curves form
narrow regions ("tongues"), the value of parameters outside (inside) of these
regions corresponds to stability (instability). The absolute minimum of this curves
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Fig. 1. a) The �rst and b) the second region of parametric instability
at excitation frequency ω = 100 (Hz) of magnetic �eld.

determines the critical wavenumber kc and the critical amplitude βc, at which
instability occurs.

Fig.2.a) shows, that if magnetic �eld frequency increases, acoustic waves with
less wavelength are excited. Moreover, at increasing of frequency for excitation of
parametric instability must be applied the oscillating �eld of greater amplitude
(see Fig.2.b) )

Fig. 2. The dependence of a) the critical wavenumber kc and b) the critical
amplitude βc on the frequency ω of oscillating magnetic �eld.

In the case, when the magnetic �eld consist of constant and oscillating parts,
the eigenvalue problem (34) must be solved. Using the column vector φ := βξ,
the equation (34) reduces to the ordinary eigenvalue problem for matrix doubled
in size (

−D−1B −D−1C
I 0

)(
φ
ξ

)
= β

(
φ
ξ

)
, (36)

where I is the identity matrix, which has the same size as B, C and D.
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Fig. 3. a) The �rst and b) the second region of parametric instability for
di�erent values of stationary �eld χ10 and frequency ω = 100 (Hz).

Similarly to the previous case, to construct regions of parametric instability
in the plane of parameters (k, β) at �xed values of χ10, the smallest real
positive eigenvalue β of the problem (36) is sought. The calculation revealed
that stationary component of the magnetic �eld has less (greater) impact on
the structure of odd (even) instability regions. For the �rst unstable region at
increasing of χ10 critical amplitude βc remains almost unchanged, but exited
sound waves have larger wavelength (see Fig.3.a)). Whereas for the second
unstable region Fig.3.b) shows, that if χ10 increases, the critical amplitude βc
also increases, i.e. instability threshold shifts to higher values.

Conclusions

The parametric instability of ferro�uid volumes in weak homogeneous
magnetic �eld, which consist of constant and oscillating parts, is considered.
The appearance of unstable zones is studied. The problem was reduced to the
Hill equation, which is studied using asymptotic and numerical methods. Marginal
stability curves, that form narrow unstable regions corresponding to acoustical
oscillations in ferro�uid, were obtained. The dependence of a structure of unstable
tongues on the frequency ω and constant part χ10 of magnetic �eld is studied.
It is shown, that increasing of ω leads to increasing of critical wavenumber kc
and critical amplitude βc of magnetic �eld, required for the onset of instability.
Also the increasing of χ10 causes to the appearance of shorter wavelength and
can shifts a threshold of instability.
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Áåáiÿ Ì. Î., Ãëîáàëüíèé ñèíòåç îáìåæåíèõ êåðóâàíü äëÿ ñè-

ñòåì çi ñòåïåíåâîþ íåëiíiéíiñòþ. Ó ðîáîòi ðîçãëÿäà¹òüñÿ çàäà÷à
ãëîáàëüíîãî ñèíòåçó îáìåæåíèõ êåðóâàíü äëÿ íåëiíiéíî¨ íåêåðîâàíî¨ çà
ïåðøèì íàáëèæåííÿì ñèñòåìè. Íà îñíîâi ìåòîäó ôóíêöi¨ êåðîâàíîñòi ïî-
áóäîâàíî êëàñ îáìåæåíèõ êåðóâàíü, ÿêi ïåðåâîäÿòü ñèñòåìó iç äîâiëüíîãî
íà÷àëüíîãî ñòàíó ó ïî÷àòîê êîîðäèíàò çà ñêií÷åííèé ÷àñ.
Êëþ÷îâi ñëîâà: çàäà÷à ñèíòåçó, ñòàáiëiçàöiÿ çà ñêií÷åííèé ÷àñ, íåëiíiéíi
ñèñòåìè, ìåòîä ôóíêöi¨ êåðîâàíîñòi.

Áåáèÿ Ì. Î., Ãëîáàëüíûé ñèíòåç îãðàíè÷åííûõ óïðàâëåíèé

äëÿ ñèñòåì ñî ñòåïåííîé íåëèíåéíîñòüþ. Â ðàáîòå ðàññìàòðèâàåòñÿ
çàäà÷à ãëîáàëüíîãî ñèíòåçà îãðàíè÷åííûõ óïðàâëåíèé äëÿ íåëèíåéíîé
íåóïðàâëÿåìîé ïî ïåðâîìó ïðèáëèæåíèþ ñèñòåìû. Íà îñíîâå ìåòîäà
ôóíêöèè óïðàâëÿåìîñòè ïîñòðîåí êëàññ îãðàíè÷åííûõ óïðàâëåíèé,
êîòîðûå ïåðåâîäÿò ñèñòåìó èç ïðîèçâîëüíîãî íà÷àëüíîãî ñîñòîÿíèÿ â íîëü
çà êîíå÷íîå âðåìÿ.
Êëþ÷åâûå ñëîâà: çàäà÷à ñèíòåçà, ñòàáèëèçàöèÿ çà êîíå÷íîå âðåìÿ, íåëè-
íåéíûå ñèñòåìû, ìåòîä ôóíêöèè óïðàâëÿåìîñòè.
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1. Introduction

The problem of control design for nonlinear systems has been paid much
attention in recent years [1]�[12]. In the present paper we consider a class
of nonlinear systems with uncontrollable �rst approximation. Such systems
play important role in control theory since most actual dynamical systems are
inherently nonlinear.

Consider the following nonlinear system
ẋ1 = u, |u| ≤ d,
ẋi = ci−1xi−1, i = 2, . . . , n− 1,

ẋn = cn−1x
2k+1
n−1 ,

(1)

where k = p
q , p > 0 is an integer, q > 0 is an odd integer, u ∈ R is a control, ci,

i = 1, . . . , n− 1 are real numbers such that
n−1∏
i=1

ci 6= 0, d > 0 is a given number.

System (1) is not stabilizable with respect to the �rst approximation. The
stabilization problem for system (1) with ci = 1, i = 1, . . . , n− 1, and k ∈ N was
solved in [4]. In the present paper we consider the problem of global synthesis
of bounded controls for system (1). For the sake of brevity this problem will be
referred as the global synthesis problem.

The global synthesis problem for system (1) is to �nd a control u = u(x) such
that

(i) for every x0 ∈ Rn there exists a number T (x0) < +∞ such that
lim

t→T (x0)
x(t, x0) = 0, where x(t, x0) is a solution of system (1) with u = u(x)

that satis�es the condition x(0, x0) = x0;
(ii) the control u(x) satis�es the restriction |u(x)| ≤ d for all x ∈ Rn.
The control law construction is based on the controllability function method,

which was proposed by V.I. Korobov [2] for a nonlinear system of the form

ẋ = ϕ(t, x, u), x ∈ Rn, u ∈ Ω ⊂ Rr, 0 ∈ int Ω, (2)

where ϕ(t, 0, 0) = 0 for all t ≥ 0.

Consider the case ∂ϕ(t,x,u)
∂t ≡ 0 for all x ∈ Rn, u ∈ R. The main idea of the

controllability function method is to �nd a function Θ(x) (Θ(x) > 0 for x 6= 0,
Θ(0) = 0) and a control u = u(x) such that the following inequality holds

n∑
i=1

∂Θ(x)

∂xi
ϕi(x, u(x)) ≤ −βΘ1− 1

α (x), β > 0, α > 0. (3)

Denote by x(t, x0) the solution of the closed-loop system ẋ = ϕ(t, x, u(x))
that satis�es the condition x(0, x0) = x0. The last inequality ensures that the
trajectory of the closed-loop system steers any initial point x0 ∈ Rn to the origin
in some �nite T (x0) [1] and x(t, x0) = 0 for all t ≥ T (x0). Moreover, the time of

motion satis�es the estimate T (x0) ≤ α
βΘ

1
α (x0).
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It is important to note that inequality (3) guaranties that the origin is stable.
In this case the control u = u(x) is often called a �nite-time stabilizing control;
and the origin is said to be a �nite-time stable equilibrium [10] of system (2) with
u = u(x).

The paper is organized as follows. In Section 2 we consider the case ci = 1,
i = 1, . . . , n− 1. Namely, we construct a class of controls u = u(x) that solve the
global synthesis problem for system (1). We also show that these controls satisfy

the condition |u(x)| ≤ d. In Section 3 we consider the case
n−1∏
i=1

ci 6= 0. Finally, the

example is given to illustrate the implementability of the approach proposed.

2. Control law construction for systems with power nonlinearity

Consider the global synthesis problem for system (1) in the case ci = 1,
i = 1, . . . , n− 1. In this case system (1) takes the form

ẋ1 = u, |u| ≤ d,
ẋi = xi−1, i = 2, . . . , n− 1,

ẋn = x2k+1
n−1 ,

(4)

where k = p
q , p > 0 is an integer, q > 0 is an odd integer.

In this section we construct a controllability function and a class of bounded
controls that solve the global synthesis problem for system (4).

Let us introduce the following diagonal matrices

D(Θ) = diag
(
Θm−1,Θm−2, . . . ,Θm−n+1, 1

)
,

H = diag (m− 1,m− 2, . . . ,m− n+ 1, 0) ,

where m = 2k(n− 1) + n.

Let a0 > 0 be a �xed numbed. Suppose that F is a positive de�nite matrix
such that the matrix F 1 = F − FH − HF is positive de�nite. The additional
conditions on a0 and F will be obtained later.

We de�ne the controllability function Θ(x), for x 6= 0, as a unique positive
solution of the equation

2a0Θ
2m = (FD(Θ)x,D(Θ)x). (5)

We remark that equation (5) has a unique positive solution, for every �xed x 6= 0,
if the matrix F 1 is positive de�nite. Moreover, the function Θ(x) is continuously
di�erentiable at every point x 6= 0. We complete the de�nition of Θ(x) by putting
Θ(0) = 0. Thus Θ(x) satis�es the following equality

2a0Θ
2m(x) = (FD(Θ(x))x,D(Θ(x))x). (6)
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Consider the following control law

u(x) =
1

Θm(x)
(a,D(Θ(x))x) + an+1

x2k+1
n−1

Θm−1(x)
, (7)

where a = (a1, a2, . . . , an)∗ ∈ Rn. The numbers ai < 0, i = 1, . . . , n+ 1 are to be
chosen later.

We use the following notation

A =


a1 a2 . . . an−2 an−1 an
1 0 . . . 0 0 0
. . . . . . . . . . . . . . . . . .
0 0 . . . 1 0 0
0 0 . . . 0 0 0

 , hn =


an+1

0
...
0
1

 . (8)

Assume that the control u = u(x) of the form (7) is applied to system (4).
Calculating the derivative of Θ(x) along trajectories of the closed-loop system (4),
from (6) we obtain

Θ̇(x)
∣∣∣
(4)

=

(
(A∗F + FA)y(Θ(x), x), y(Θ(x), x)

)(
(2mF − FH −HF )y(Θ(x), x), y(Θ(x), x)

)
+

2
(
Fhn, y(Θ(x), x)

)
x2k+1
n−1 Θ(x)(

(2mF − FH −HF )y(Θ(x), x), y(Θ(x), x)
) , (9)

where y(Θ(x), x) = D(Θ(x))x.
We note that since the matrix A is singular, it is impossible to choose a

positive de�nite matrix F so that the matrix A∗F + FA is negative de�nite. So
we choose the positive de�nite matrix F so that the matrix A∗F +FA is positive
semi-de�nite. To this end, we consider the following Lyapunov matrix equation

A∗F + FA = −W, (10)

where W = {wi,j}ni,j=1 (wij = wji, i 6= j) is some positive semi-de�nite matrix,
F is an unknown matrix.

Let us introduce the following real symmetric matrix

Wn−1 =

 w11 · · · w1n−1
· · · · · · · · ·
w1n−1 · · · wn−1n−1

 . (11)

Consider the case of the positive de�nite matrix Wn−1. In [4, theorem 1] it
was proved that the matrix equation (10) is solvable in the class of all positive
de�nite matrices F if and only if the matrix W has the form

W =


w11 · · · w1n−1 w1n−1

an
an−1

· · · · · · · · · · · ·
w1n−1 · · · wn−1n−1 wn−1n−1

an
an−1

w1n−1
an
an−1

· · · wn−1n−1
an
an−1

wn−1n−1
a2n
a2n−1

 . (12)
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Further we need the following lemma, which was proved in [4, p. 77].

Lemma 1. The matrix W given by (12) is positive semi-de�nite if and only

if the matrix Wn−1 given by (11) is positive semi-de�nite.

The following theorem describes the class of positive de�nite solutions of
matrix equation (10).

Theorem 1. Suppose that the matrices A and W are de�ned by (8) and (12)

respectively. Furthermore, suppose that the matrixWn−1 de�ned by (11) is positive

de�nite, and eigenvalues of the matrix

An−1 =


a1 a2 · · · an−2 an−1
1 0 · · · 0 0
...

. . . · · ·
...

...
...

...
. . .

...
...

0 0 · · · 1 0

 (13)

have negative real parts. Then matrix equation (10) is solvable and its positive

de�nite solutions have the form

F =


f11 · · · f1n−1

an
an−1

f1n−1
· · · · · · · · · · · ·
f1n−1 · · · fn−1n−1

an
an−1

fn−1n−1
an
an−1

f1n−1 · · · an
an−1

fn−1n−1 fnn

 , (14)

where elements of the matrix Fn−1 = {fij}n−1i,j=1 are de�ned by the matrix equation

A∗n−1Fn−1 + Fn−1An−1 = −Wn−1

and fnn > 0 is an arbitrary real number such that

fnn >
a2n
a2n−1

fn−1n−1. (15)

Proof. This theorem is a simple consequence of theorem 1 and theorem 2
from [4].

Now we de�ne the matrix F and numbers ai, i = 0, . . . , n + 1 so that there

exists β > 0 such that Θ̇(x)
∣∣∣
(4)
≤ −β. This means that inequality (3) holds for

α = 1.
Suppose that the matrix Wn−1 is a given positive de�nite matrix of the

form (11). Then, by Lemma 1, the matrix W of the form (12) is positive semi-
de�nite. Suppose that the numbers ai < 0, i = 1, . . . , n − 1 are such that the
matrix An−1 of the form (13) is stable, i.e. eigenvalues of the matrix An−1 have
negative real parts. We de�ne the matrix F as a positive de�nite solution of matrix
equation (10). Then, according to Theorem 1, F has the form (14).
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Thus, using (9), the derivative of the controllability function takes the form

Θ̇(x)
∣∣∣
(4)

=
−(Wy(Θ(x), x), y(Θ(x), x)) + 2(Fhn, y(Θ(x), x))x2k+1

n−1 Θ(x)

(F 1y(Θ(x), x), y(Θ(x), x))
, (16)

where F 1 = 2mF − FH −HF .
We introduce the following notation In,2 = diag (1, . . . , 1, 0, 0) is a matrix of

dimension (n×n), In−1,1=diag (1, . . . , 1, 0) is a matrix of dimension (n−1)×(n−1),
In−1 is the identity (n− 1)× (n− 1) matrix, x̂ = (x1, . . . , xn−1).

Since the matrix Wn−1 is positive de�nite, we have the following estimate

(Wn−1x̂, x̂) ≥ λmin(x̂, x̂) for all x̂ ∈ Rn−1,

where λmin > 0 is the smallest eigenvalue of the matrix Wn−1. Therefore,

− ((Wn−1 − λminIn−1)x̂, x̂)− λminx2n−1 ≤ 0 for all x̂ ∈ Rn−1,

i.e. the matrix Wn−1 − λminIn−1,1 is positive semi-de�nite. Then, by Lemma 1,
we have

− ((W − λminIn,2)x, x) ≤ 0 for all x ∈ Rn. (17)

Introducing the notation b = −Fhn, we get

bi = − (f1ian+1 +
an
an−1

fin−1), i = 1, . . . , n− 1,

bn = an+1
an
an−1

f1n−1 + fnn.

We choose an+1 so that bn = 0. Thus we put

an+1 = − fnn
f1n−1

· an−1
an

. (18)

Finally, we obtain

bi =

(
f1i

fnn
f1n−1

− fin−1
a2n
a2n−1

)
an−1
an

, i = 1, . . . , n− 1. (19)

Combining (15) and (19), we deduce

bn−1 =

(
fnn − fn−1n−1

a2n
a2n−1

)
an−1
an

> 0.

Consider the following (n− 1)× (n− 1) matrix

Wλmin(Θ, xn−1) =



λmin 0 · · · 0 b1
xkn−1

Θk(n−1)

0 λmin . . . 0
...

... · · · . . . · · ·
...

0 0 · · · λmin bn−2
xkn−1

Θk(n−1)

b1
xkn−1

Θk(n−1) · · · · · · bn−2
xkn−1

Θk(n−1) 2bn−1


.
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For de�niteness we assume that

Wλmin(Θ, x1) = 2b1, Wλmin(Θ, x2) =

 λmin b1
xk2

Θ2k

b1
xk2

Θ2k
2b2

 .

By direct calculation it can be shown that

λmin
(
In,2y(Θ, x), y(Θ, x)

)
+ 2
(
b, y(Θ, x)

)
x2k+1
n−1 Θ =(

Wλmin(Θ, x)ŷ(Θ, x), ŷ(Θ, x)
)
,

(20)

where ŷ(Θ, x) = (x1Θ
m−1, . . . , xn−2Θ

m−n+2, xk+1
n−1Θ

m−n+2
2 ).

For n = 2 equality (20) reads as

λmin
(
I2,2y(Θ, x), y(Θ, x)

)
+ 2
(
b, y(Θ, x)

)
x2k+1
1 Θ = 2b1x

2k+2
1 Θm.

Using equality (20), we rewrite Θ̇(x)
∣∣∣
(4)

in the form

Θ̇(x)
∣∣∣
(4)

= −
(
(W − λminIn,2)y(Θ(x), x), y(Θ(x), x)

)
(F 1y(Θ(x), x), y(Θ(x), x))

−
(
Wλmin(Θ(x), xn−1)ŷ(Θ(x), x), ŷ(Θ(x), x)

)
(F 1y(Θ(x), x), y(Θ(x), x))

,

(21)

where F 1 = 2mF − FH −HF .
Lemma 2. Let λ̂min(Θ, xn−1) be the smallest eigenvalue of the matrix

Wλmin(Θ, xn−1). Then

λ̂min(Θ, xn−1) =
1

2

λmin + 2bn−1 −

√√√√(λmin − 2bn−1)
2 + 4

x2kn−1
Θ2k(n−1)

n−2∑
i=1

b2i


for n ≥ 3.

Proof. Denote by χA(λ) the characteristic polynomial of the matrix
Wλmin(Θ, xn−1). It is not di�cult to establish by induction that

χA(λ) = (λmin − λ)n−3

(
λ2 − (2bn−1 + λmin)λ−

x2kn−1
Θ2k(n−1)

n−2∑
i=1

b2i + 2bn−1λmin

)
.

By direct calculation, it is easy to verify that the smallest root of this equation is
λ̂min(Θ, xn−1). Thus the lemma is proved.

Lemma 3. Suppose that a0 satis�es the inequality

0 < a0 <
1

2
λmin(F )

(
2bn−1λmin

b21 + b22 + · · ·+ b2n−2

) 1
k

. (22)
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Then the matrix Wλmin(Θ(x), xn−1) is positive de�nite for every �xed x 6= 0.
Proof. The matrix F is positive de�nite. Then, from (6), we obtain

2a0Θ
2m(x) ≥ λmin(F )‖y(Θ(x), x)‖2, (23)

where λmin(F ) > 0 is the smallest eigenvalue of the matrix F . Since

‖y(Θ, x)‖2 ≥ x2iΘ2(m−i), i = 1, . . . , n− 1 and ‖y(Θ, x)‖2 ≥ x2n,

it follows from (22) that

x2i
Θ2i(x)

≤ 2a0
λmin(F )

, i = 1, . . . , n− 1,
x2n

Θ2m(x)
≤ 2a0
λmin(F )

for all x ∈ Rn\ {0}. In particular

x2n−1
Θ2(n−1)(x)

≤ 2a0
λmin(F )

. (24)

Combining (22) and (24), we obtain

x2kn−1
Θ2k(n−1)(x)

<
2bn−1λmin

b21 + b22 + · · ·+ b2n−2

for all x ∈ Rn\ {0}. This inequality implies that

λ̂min(Θ(x), xn−1) >
1
2

(
λmin + 2bn−1 −

√
(λmin − 2bn−1)

2 + 8bn−1λmin

)
= 1

2

(
λmin + 2bn−1 −

√
(λmin + 2bn−1)

2

)
= 0.

Therefore the matrix Wλmin(Θ(x), xn−1) is positive de�nite for every �xed x 6= 0.
This concludes the proof.

First we prove that Θ̇(x) < 0 for any a0 that satis�es condition (22). So
suppose a0 satis�es condition (22). Let us introduce the following notation

λ̂ =
1

2

λmin + 2bn−1 −

√√√√(λmin − 2bn−1)
2 + 4Lk

n−2∑
i=1

b2i

 ,

where L =
2a0

λmin(F )
. Then, by inequality (24), we obtain that the smallest

eigenvalue of the matrix Wλmin(Θ(x), x) satis�es the following inequality

λ̂min(Θ(x), xn−1) ≥ λ̂ > 0. (25)

The last inequality implies that(
Wλmin(Θ(x), xn−1)ŷ(Θ(x), x), ŷ(Θ(x), x)

)
≥ λ̂‖ŷ(Θ(x), x)‖2. (26)
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Due to positive de�niteness of the matrix F 1 we have the following estimate

(F 1y(Θ(x), x), y(Θ(x), x)) ≤ λmax(F 1)‖y(Θ(x), x)‖2, (27)

where λmax(F 1) > 0 is the largest eigenvalue of the matrix F 1.
From (21), using (26) and (27), we obtain

Θ̇(x)
∣∣∣
(4)
≤ −

(
(W − λminIn,2)y(Θ(x), x), y(Θ(x), x)

)
+ λ̂ · ‖ŷ(Θ(x), x)‖2

λmax(F 1)‖y(Θ(x), x)‖2
, (28)

where ŷ(Θ(x), x) = (x1Θ
m−1(x), . . . , xn−2Θ

m−n+2(x), xk+1
n−1Θ

m−n+2
2 (x)).

Inequality (28) implies that

Θ̇(x)
∣∣∣
(4)

< 0 for all x ∈ Rn.

Indeed, for ‖ŷ(Θ(x), x)‖ 6= 0 the last inequality is true since inequalities (17)
and (25) hold. For ‖ŷ(Θ(x), x)‖ = 0, from (28), we have

Θ̇(x)
∣∣∣
(4)
≤ − wn−1n−1a

2
n

λmax(F 1)a2n−1
< 0,

where λmax(F 1) > 0, wn−1n−1>0.
Thus the origin x = 0 is a globally asymptotically stable equilibrium of the

closed-loop system (4). Now we prove that there exists β > 0 such that

Θ̇(x)
∣∣∣
(4)
≤ −β.

Suppose that x0i , i = 1, . . . , n are real numbers such that
n∑
i=1
|x0i | 6= 0. Consider

a family of curves de�ned by

x1 = x01|x0n|−
1
m sign(x0n)|xn|

1
m sign(xn),

x2 = x02|x0n|−
2
m sign(x0n)|xn|

2
m sign(xn),

· · · · · · · · · · · ·

xn−1 = x0n−1|x0n|−
n−1
m sign(x0n)|xn|

n−1
m sign(xn)

xn = xn.

(29)

We note that for every �xed point x0 = (x01, . . . , x
0
n) ∈ Rn\ {0} such that x0n 6= 0

there is exactly one curve from the family passing through x0.
Suppose that the point x ∈ Rn lies on the curve (29) for some �xed x0 6= 0.

By direct calculation, it is easy to verify that

Θ(x) = Θ(x0)|x0n|−
1
m |xn|

1
m . (30)
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Now we estimate Θ̇(x)
∣∣∣
(4)

for every point x ∈ Rn that lies on the curve (29)

with some �xed x0 6= 0. From (28), using (29) and (30), we obtain

Θ̇(x)
∣∣∣
(4)
≤ −

(
(W − λminIn,2)z, z

)
+ λ̂ ·

(
n−2∑
i=1

z2i + z2k+2
n−1

( 2a0
(Fz, z)

)k)
λmax(F 1)‖z‖2

, (31)

where

z = (z1, . . . , zn) =

(
x01
x0n

Θm−1(x0), . . . ,
x0n−1
x0n

Θm−n+1(x0), 1

)
.

We will show that the right-hand side of (31) is bounded from zero. Consider
the function G(ẑ) de�ned by

G(ẑ) = −

(
(W − λminIn,2)z, z

)
+ λ̂ ·

(
n−2∑
i=1

z2i + z2k+2
n−1

( 2a0
(Fz, z)

)k)
λmax(F 1)‖z‖2

, (32)

where ẑ = (z1, . . . , zn−1). Let R be an arbitrary number such that

0 < R <
1

2
· an
an−1

· wn−1n−1√
n−1∑
i=1

w2
in−1

. (33)

First we estimate the function G(p̂) for every point ẑ = (z1, . . . , zn−1) such
that z21 + · · ·+ z2n−1 ≤ R2. From (32) and (33) we deduce that

G(ẑ) = −

(
(Wn−1 − In−1λmin)ẑ, ẑ

)
+ a2n

a2n−1
wn−1n−1 + 2 an

an−1

n−1∑
i=1

win−1zi

λmax(F 1)‖z‖2

≤ −

a2n
a2n−1

wn−1n−1 − 2 an
an−1

√
n−1∑
i=1

w2
in−1

√
n−1∑
i=1

z2i

λmax(F 1)‖p‖2

≤ −

a2n
a2n−1

wn−1n−1 − 2 an
an−1

√
n−1∑
i=1

w2
in−1 ·R

λmax(F 1)(R2 + 1)
≡ −M1(R) < 0. (34)

Second we estimate the function G(ẑ) for every point ẑ = (z1, . . . , zn−1) such
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that z21 + · · ·+ z2n−1 ≥ R2. From (32) and (33) we deduce that

G(ẑ) ≤ −
λ̂

(
z21 + · · ·+ z2n−2 +

(
2a0

(Fz,z)

)k
z2k+2
n−1

)
λmax(F 1)‖z‖2

≤ −
λ̂ min

{
1,
(

2a0
λmax(F )

)k}
λmax(F 1)

·

(
‖z‖2k(z21 + · · ·+ z2n−2) + z2k+2

n−1

)
‖z‖2k+2

≤ −
λ̂ min

{
1,
(

2a0
λmax(F )

)k}
λmax(F 1)

·

(
z2k+2
1 + · · ·+ z2k+2

n−2 + z2k+2
n−1

)
‖z‖2k+2

≤ −
λ̂ min

{
1,
(

2a0
λmax(F )

)k}
λmax(F 1)

·
2(2−n)k

(
z21 + · · ·+ z2n−2 + z2n−1

)k+1

‖z‖2k+2

≤ −
λ̂ min

{
1,
(

2a0
λmax(F )

)k}
λmax(F 1)2(n−2)k

· R2k+2

(R2 + 1)k+1
≡ −M2(R) < 0. (35)

Thus, from (34) and (35), we obtain

G(ẑ) ≤ −min {M1(R),M2(R)} < 0 for all ẑ ∈ Rn−1.

The last inequality implies that Θ̇(x)
∣∣∣
(4)

is bounded from zero for every point

x ∈ Rn such that xn 6= 0. Since Θ̇(x)
∣∣∣
(4)

is continuous at every point x ∈ Rn\ {0},
we have the following estimate

Θ̇(x)
∣∣∣
(4)
≤ −min {M1(R),M2(R)} for all x ∈ Rn\ {0} . (36)

Thus inequality (3) is satis�ed for α = 1 and β = min {M1(R),M2(R)} > 0.
Therefore the equilibrium point x = 0 of the closed-loop system (4) is �nite-time
stable.

We proceed now to establish conditions under which the control u = u(x)
de�ned by (7) satis�es the estimate |u(x)| ≤ d.

Lemma 4. Suppose a∗0 is a unique positive root of the equation√
2a∗0

λmin(F )

(
‖a‖ − an+1

( 2a∗0
λmin(F )

)k)
= d, (37)

where a = (a1, . . . , an), an+1 < 0, λmin(F ) > 0 is the smallest eigenvalue of the

matrix F . If a0 satis�es the inequality

0 < a0 ≤ a∗0,



Âiñíèê ÕÍÓ, Ñåð."Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà�, Òîì 81 (2015) 47

then the control u = u(x) de�ned by (7) satis�es the restriction |u(x)| ≤ d for all

x ∈ Rn.
Proof. Consider the function

Φ(a0) =

√
2a0

λmin(F )

(
‖a‖ − an+1

( 2a0
λmin(F )

)k)
.

The function Φ(a0) is continuous and strictly increasing. Moreover, Φ(a0) > 0 for
all a0 > 0. It is clear that

Φ(0) = 0, and Φ(a0) −→ +∞ as a0 −→ +∞.

Then there exists a unique number a∗0 > 0 such that Φ(a∗0) = d.

Now we estimate the control u = u(x) de�ned by (7). Since 0 < a0 ≤ a∗0,
using (23) and (24), we have

|u(x)| = ‖a‖ · ‖D(Θ(x))‖
Θ(x)m

− an+1
x2kn−1

Θm−n(x)
· |xn−1|

Θn−1(x)

≤
√

2a0
λmin(F )

(
‖a‖ − an+1

( 2a0
λmin(F )

)k)
≤ Φ(a∗0) = d.

This completes the proof.

Finally, we summarize our discussion, and formulate the main result of this
section. The next theorem provides a solution of the global synthesis problem for
nonlinear system (4).

Theorem 2. Suppose that the numbers ai < 0, i = 1, . . . , n− 1 are such that

the matrix An−1 de�ned by (13) is stable, an is an arbitrary negative number, the

matrixWn−1 de�ned by (11) is an arbitrary positive de�nite matrix. Let the matrix

F of the form (14) be a positive de�nite solution of equation (10) with right-hand

side (12). Choose fnn by (15), and an+1 by (18). Furthermore, suppose that the

matrix F 1 = 2mF − FH −HF is positive de�nite. Choose a0 such that

0 < a0 < min

{
1

2
λmin(F )

(
2bn−1λmin

b21 + b22 + · · ·+ b2n−2

) 1
k

, a∗0

}
,

where λmin(F ) is the smallest eigenvalue of the matrix F , λmin is the smallest

eigenvalue of the matrix Wn−1, bi is de�ned by (19), and a∗0 is a unique positive

root of equation (37). Let the controllability function Θ(x), for every x ∈ Rn, be
the positive solution of equation (5). Then the control u = u(x) de�ned by (7)

solves the global synthesis problem for system (4). Moreover, the time of motion

T (x0) from an arbitrary point x0 ∈ Rn to the origin satis�es the estimate

T (x0) ≤
1

min {M1(R),M2(R)}
Θ(x0),
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where M1(R) and M2(R) are de�ned by (34) and (35) respectively.

Proof. According to (36) the inequality (3) is satis�ed for α = 1 and
β = min {M1(R),M2(R)}. Then, by theorem 1 from [2], the control u = u(x)
of the form (7) solves the global synthesis problem for system (4), and T (x0)
satis�es the estimate

T (x0) ≤
α

β
Θ(x0)

1
α =

1

min {M1(R),M2(R)}
Θ(x0).

Moreover, by Lemma 4, the control u = u(x) satis�es the restriction |u(x)| ≤ d.
This concludes the proof.

3. Global synthesis of bounded controls for systems with power

nonlinearity in the case
n−1∏
i=1

ci 6= 0

Now we solve the global synthesis problem for system (1) in the case ci,

i = 1, . . . , n − 1 are some known numbers such that
n−1∏
i=1

ci 6= 0. So consider

the following nonlinear system
ẋ1 = u
ẋi = ci−1xi−1, i = 2, . . . , n− 1,

ẋn = cn−1x
2k+1
n−1 ,

(38)

where k = p
q , p > 0 is an integer, q > 0 is an odd integer.

Using the results obtained in the previous section, we formulate the following
theorem, which provides the solution of the global synthesis problem for nonlinear
system (38).

Theorem 3. Suppose that the conditions of Theorem 2 hold. Let the numbers

ĉi, i = 1, . . . , n be de�ned by

ĉ1 = 1, ĉi = ci−1ĉi−1, i = 2, . . . , n− 1, ĉn = cn−1ĉ
2k+1
n−1 .

Let the controllability function Θ(x), for every x ∈ Rn, be the positive solution of

the equation

2a0Θ
2m = (Ĉ−1FĈ−1D(Θ)x,D(Θ)x), (39)

where Ĉ = diag (ĉ1, . . . , ĉn) is an n× n diagonal matrix. Then the control

u(x) =
1

Θm(x)
(a,D(Θ(x))Ĉ −1x) +

an+1

ĉ 2k+1
n−1

·
x2k+1
n−1

Θm−1(x)
(40)

solves the global synthesis problem for system (38). Moreover, the time of motion

T (x0) from an arbitrary point x0 ∈ Rn to the origin satis�es the estimate

T (x0) ≤
1

min {M1(R),M2(R)}
Θ(x0), (41)
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where M1(R) and M2(R) are de�ned by (34) and (35) respectively.

Proof. Assume that the control u = u(x) is applied to system (38). The change
of variables xi = ĉizi, i = 1, . . . , n (x = Ĉz, z ∈ Rn) maps the closed-loop
system (38) to the system

ż1 = v(z)
zi = zi−1, i = 2, . . . , n− 1,

zn = z2k+1
n−1 ,

(42)

where v(z) = u(Ĉz). According to (39) and (40) we have

v(z) = u(Ĉz) =
1

Θ̃m(z)
(a,D(Θ̃(z))z) + an+1

z2k+1
n−1

Θ̃m−1(z)
,

where the function Θ̃(z), for every z ∈ Rn, satis�es the equation

2a0Θ̃
2m = (FD(Θ̃)z,D(Θ̃)z).

It is clear that Θ̃(z) = Θ(Ĉz). By Lemma 4, we deduce that the control v(z)
satis�es the estimate |v(z)| ≤ d for all z ∈ Rn. This implies that the control u(x)
is bounded by the same constant d > 0 for all x ∈ Rn.

Denote by z(t, z0) the solution of the closed-loop system (42) that satis�es the
initial condition z(0, z0) = z0. Thus, by Theorem 2, we obtain that for every �xed
z0 ∈ Rn there exists a number T (z0) < +∞ such that lim

t→T (z0)
z(t, z0) = 0 and

z(t, z0) = 0 for all t ≥ T (z0). Moreover, T (z0) satis�es the estimate

T (z0) ≤
1

min {M1(R),M2(R)}
Θ̃(z0)

for every z0 ∈ Rn.
Denote by x(t, x0) the solution of the closed-loop system (38) that satis�es

the condition x(0, x0) = x0. Since the matrix Ĉ is nonsingular, we obtain

lim
t→T̃ (x0)

x(t, x0) = 0 and x(t) = 0 for all t ≥ T̃ (x0),

where T̃ (x0) = T (Ĉ −1x0).
This means that the control u = u(x) of the form (40) solves the global

synthesis problem for system (38) and the time of motion T (x0) from an arbitrary
point x0 ∈ Rn to the origin satis�es the estimate (41). This concludes the proof.

Example 1.We solve the global synthesis problem for system (38) in the case
n = 4, d = 1, c1 = −1, c2 = 1

3 , c3 = 2, k = 1. So system (38) takes the form
ẋ1 = u, |u| ≤ 1,
ẋ2 = −x1,
ẋ3 =

1

3
x2,

ẋ4 = 2x33.

(43)
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We choose negative real numbers a1, a2, a3 so that the matrix A3 de�ned
by (13) is stable. For example, we put a1 = −3, a2 = −3, a3 = −1. The matrix
W3 and the negative number a4 < 0 may be chosen arbitrarily. We de�ne W3 by

W3 =

 1 0 0
0 5 0
0 0 1

 .

and put a4 = −1. Then, according to Theorem 1, the positive de�nite solution of
the matrix equation (10), for f44 = 7, is given by

F =


11
16

25
16

1
2

1
2

25
16

25
4

35
16

35
16

1
2

35
16

49
16

49
16

1
2

35
16

49
16 7

 .

Using (18), we have a5 = −14.
According to (39) we de�ne the controllability function Θ(x) as a unique

positive de�nite solution of the equation

2a0Θ
20 = (Ĉ −1FĈ −1D(Θ)x,D(Θ)x),

where

D(Θ) =


Θ9 0 0 0
0 Θ8 0 0
0 0 Θ7 0
0 0 0 1

 , Ĉ =


1 0 0 0
0 −1 0 0
0 0 −1

3 0
0 0 0 − 2

27

 .

Put a0 = 0.00178. Then, by Theorem 3, the control

u(x) = −3
x1

Θ(x)
+ 3

x2
Θ(x)2

+ 3
x3

Θ(x)3
+

27

2

x4
Θ(x)10

+ 378
x33

Θ(x)9

solves the global synthesis problem for system (43). Moreover, u(x) satis�es the
restriction |u(x)| ≤ 1 for all x ∈ Rn.

Assume that the control u = u(x) is applied to system (43). For instance, we
take x0 = (−0.1, 0.1,−0.4, 0.3) as an initial point. By numerical simulation, for
a solution x(t) (x(0) = x0) of the closed-loop system (43), we have the following
results: ‖x(100)‖ = 0.051 . . ., ‖x(5000)‖ = 0.0079 . . ., ‖x(11000)‖ = 0.00064 . . .,
‖x(15700)‖ = 0.1142 . . .× 10−21.
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Резуненко О.В. Щодо iсторiї нашого журналу: 50-рiчний ювiлей
чи звичайний 137-ий рiк видання? Наведена еволюцiя назв
математичного журналу Вiсник харкiвського унiверситету за перiод 1879-
2015. Ця еволюцiя вiдображає змiни назв унiверситету де видається
журнал. Також ми розкриваємо та обговорюємо декiлька способiв
нумерацiї впродовж всiєї iсторiї та наводимо призвища членiв редакцiйної
колегiї за останнi 50 рокiв.
Ключовi слова: Вiсник, математичний журнал, Харкiвський унiверситет.

Резуненко A.В. Об истории нашего журнала: 50-летний юбилей
или обычный 137-ой год издания? Приводится эволюция названий
математического журнала Вестник харьковского университета за период
1879-2015. Эта эволюция отображает изменения названий университета,
где издается журнал. Также мы раскрываем и обсуждаем несколько
способов нумерации в течении всей истории и приводим имена членов
редакционной коллегии за последние 50 лет.
Ключевые слова: Вестник, математический журнал, Харьковский
университет.
2010 Mathematics Subject Classification: 97A30, 01A55, 01A60, 01A61.

1. Introduction
One of the goals of this note is to explain the evolution of titles of mathematical

journal Visnyk of Kharkiv University. The way of numbering was also changed
several times during period 1879-2015.

c© Rezounenko A.V., 2015
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Although the titles were changed mainly due to evolution of names of our
University, the way of numbering should be explained separately. We do it in
the current issue since starting this year we will keep just the number of volumes.
Another goal is to list names of mathematicians who involved in publishing process
(editors).

The previous issue has the following main title: ’Visnyk of V.N.Karazin
Kharkiv National University, number 1133; Ser. Mathematics, Applied Mathe-
matics and Mechanics, (2014)’ (original ’Вiсник Харкiвського нацiонального
университету iменi В.Н.Каразiна, № 1133; Серiя Математика, прикладна
математика i механiка, (2014)’). The number ’1133’ indicates the sequence num-
ber of issues of the family of independent journals under the family title ’Visnyk of
V.N.Karazin Kharkiv National University’. The family consists of 22 series (e.g.,
’Physics’, ’Radiophysics and Electronics’, ’Biology’, etc.) where one of the series
has title ’Mathematics, Applied Mathematics and Mechanics’. This way of num-
bering was used during 1965-2014 and most issues of our (mathematical) series
had remark ’Founded in 1965’ on its cover-pages. This may be considered as a
proof that our journal is 50 years old. To verify this version one could find the
issue dated by 1965 and check if it has number one or not. One could see ’number
3/ volume 31’ on the title page.

Remark 1. We should emphasize that words ’volume’, ’number’, ’issue’ were
mainly used completely independently. The exception is the period of 1887-1918
when volumes were composed by several issues.

The precise title is ’Visnyk of Kharkov State University, Number 3; Ser.
Mechanics and Mathematics’ / ’Communications of Department of Mechanics
and Mathematics and Kharkov Mathematical Society, vol. 31, (1965)’ (orig-
inal ’Вестник Харьковского государственного университета, № 3, Серия
механико-математическая’ / ’Записки механико-математического факультета
и Харьковского математического общества, том 31, (1965)’). See the first
scanned image below. The precise title of the second issue is ’Visnyk of Kharkov
University, Number 14; Ser. Mechanics and Mathematics’ / ’Communications of
Department of Mechanics and Mathematics and Kharkov Mathematical Society,
vol. 32, (1966)’ (original ’Вестник Харьковского университета, № 14, Серия
механико-математическая’ / ’Записки механико-математического факультета
и Харьковского математического общества, том 32, (1966)’). The third issue
were numbered as ’Number 26/ volume 33, (1967)’. After two years of break, the
publishing was continued with ’number/issue (year)’ way of numbering and no
reference to the Kharkiv Mathematical Society on the title page. It was ’number
53/issue 34 (1970)’. This way of numbering was used up to ’number 221/issue 46
(1981)’. As we can see, the number of a volume was substituted by the number
of the corresponding issue. Unfortunately, starting 1982, the indication of ’issue’
(as previously ’volume’) was also interrupted and later continued with a gap.
The general numbering from ’number 230 (1982)’ to ’number 1133 (2014)’ was
dropped as well starting 2015. It was not the decision of our editorial board, but
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the one of authorities of the University. As a result, preparing the current issue
we were faced to the question of how to indicate issues. In fact, all three ways
’volume/number/issue, (year)’ were discarded.

To make decision I revised a num-
ber of issues available in our library
to see the full evolution of the ti-
tle/number tradition. Some selected
titles and comments are presented
below.
We briefly discussed above the
history starting 1965. The issue
dated 1964 was ’Scientific Com-
munications. Vol. CXXXVIII /
Communications of Department
of Mechanics and Mathematics
and Kharkov Mathematical So-
ciety. Vol. XXX, Series 4 (1964)’
(original ’Ученые записки. Том
CXXXVIII’ / ’Записки механико-
математического факультета и
Харьковского математического
общества. Том XXX, Серия 4
(1964)’).
Remark 2. As we described above,
it was rather typical to use two
subtitles for an issue. The men-
tioned issue published in 1964 had
the first subtitle ’Scientific Commu-
nications’. The sequence of issues

grouped under this subtitle was established in 1935. Initially issues of this group
were the mixture of papers from different disciplines. Later the group was split
into several specialized series.

Going back in time we see that the titles were changed several times but
the numbering (of the mathematical series) leads to Volume I dated by 1927.
To be precise the title is (original French/Russian) ’Communications de la So-
ciété mathématique de Kharkow. Série 4. Tome I. [Сообщения Харьковского
математического общества. Четвертая серия. Том I.’ ]. See the second scanned
image below. Fortunately this issue (1927) contains the explanation what does
’Série 4’ mean and when the journal was established. ’The first series consti-
tute issues 1-18. 1879-1887. The second series constitutes volumes I-XV by 6
issues each and volume XVI by issues 1-2, 1887-1918. The third series is Scien-
tific Communications of research Chairs, mathematical department; under edi-
tion by S.M.Bernstein, I, 1924; II. 1926 and III (in press).’ (original ’Первую
серию составляют выпуски 1-18. 1879-1887. Вторую серию составляют том
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I-XV по 6 вып. и XVI вып. 1-2, 1887-1918. Третьей серией являются Ученые
записки научно-исследовательских кафедр, отдел математический; под ред.
С.М.Бернштейна, I, 1924; II. 1926 и III (печатается)’). As a concluding remark
we could say that we currently continue the numbering of the fourth series (start-
ed in 1927), while the very first issue appeared in 1879 and was mainly connected
to the Kharkiv Mathematical Society and our University. Since 1879 the journal
contains a number of mathematical papers as well as several notes on the history
of Kharkiv University and Mathematical Society (see e.g., [1, 2]). It is difficult to
list all famous authors who published during 137 years history of the journal. We
just mention that the celebrated Stability theory has been originally published
by Alexander Lyapounov in a sequence of articles in our journal (see more de-
tails e.g., [4]). It was published in 1892 as a separate edition [3] by the Kharkiv
Mathematical Society (later in 1908, this edition was translated to French).

We should mention another mathematical journal published in Kharkiv ’Jour-
nal of Mathematical Physics, Analysis, Geometry’ (formerly "Matematicheskaya
Fizika, Analiz, Geometriya’, 1994 - 2005). As our series, this journal continues the
publishing tradition of the Kharkiv Mathematical Society.

Our Editorial Board traditionally sends issues to many libraries. It is inter-
esting to note that the issue [5] in 1929 (Series 4, Vol.III) contains the list of 55
journals (Editorial Boards) which receive the printed Communications (43 jour-
nals are foreign).

More information one can find on the web-pages of our journal (currently
vestnik-math.univer.kharkov.ua). All recent articles (full-text) and some scanned
information on older issues are available there.

2. List of titles and editors

A. Below we list titles of mathematical journals/issues published by Kharkiv
University (in chronological order). These titles were originally written in Russian
or in French & Russian or in French & Ukrainian & Russian or in Ukrainian. Title
pages of almost all issues in 1879-1940 contain titles of the journal in French. In
issues where French titles are presented we do not translate them to English. We
do not claim that the list below is complete since not all issues are available to
check.

A1. 1879-1887. ’Communications and protocols of meetings of the Mathemat-
ical Society at Imperial Kharkov University’ (original ’Сообщенiя и протоколы
заседанiй Математическаго общества при Императорскомъ Харьковскомъ
Университете’.

A2. 1887-1918. Original ’Communications de la Société mathématique de
Kharkow. 2-e série. Tomes I-XVI. [Сообщенiя Харьковскаго математическаго
общества. Вторая серiя. Томa I-XVI. ]’

A3. 1927, 1928. Original ’Communications de la Société mathématique de
Kharkow. Série 4. Tomes I-II. [Сообщения Харьковского математического
общества. Четвертая серия. Томa I-II. ]’
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A4. 1929-1932. Original ’Communications de la Société mathématique de
Kharkow et de l’Institute des sciences mathématiques de l’Ukraine. Série 4,
t.III. [Записки Харькiвського математичного товариства та Українського
Iнституту математичних наук. Серiя 4, т. III. ]’.

A5. 1933. Original ’Communications de la Société mathématique de Kharkow
et de l’Institute des sciences mathématiques et mécaniques de l’Ukraine. Série
4, t.VI. [Записки Харькiвського математичного товариства та Українського
науково-дослiдного iнституту математики й механiки. Серiя 4, т. VI.]’.

A6. 1934-1935. Original ’Communications de la Société mathématique
de Kharkow et de l’Institute des sciences mathématiques et mécaniques de
l’Université de Kharkoff. Série 4, t.VII-X. [Записки Харькiвського математичного
товариства та Українського науково-дослiдного iнституту математики й
механiки при Харкiвському державному унiверситетi. Серiя 4, т. VII-X]’.

A7. 1936. Original ’Communications de l’Institute des sciences mathématiques
et mécaniques de l’Université de Kharkoff et de la Société mathématique de
Kharkoff . Série 4, t.XIII. [Записки науково-дослiдного iнституту математики
й механiки при Харкiвському державному унiверситетi та Харкiвського
математичного товариства. Серiя 4, т. XIII]’.

A8. 1938. Original ’Communications de l’Institute des sciences mathématiques
et mécaniques de l’Université de Kharkoff et de la Société mathématique de
Kharkoff . Série 4, t.XV1. [Записки науково-дослiдного iнституту математики
й механiки i Харкiвського математичного товариства. Серiя 4, Том XV1]’.

A9. 1938, 1940, 1948-1950. Original ’Communications de l’Institute des
sciences mathématiques et mécaniques de l’Université de Kharkoff et de
la Société mathématique de Kharkoff. Série 4, t.XV2. [Записки научно-
исследовательского института математики и механики и Харьковского
математического общества. Серия 4, т. XV2]’.

1940: (the same title) Series 4, Vols. XVI-XVIII. 1948: (the same) Series 4,
Vol. XIX. 1949: (the same) Series 4, Vol. XXI. 1950: (the same) Series 4, Vols.
XX, XXII.

A10. 1956. ’Scientific Communications. Vol. LXV / Communications of
Mathematical branch of Department of Physics and Mathematics and Kharkov
Mathematical Society. Vol. XXIV, Series 4 (1956)’. (Original ’Ученые записки.
Том LXV // Записки математического отделения физико-математического
факультета и Харьковского математического общества. Том XXIV. Серия 4’).

1957: (the same) Vol. XXV. Series 4. 1960: (the same) Vol. XXVI. Series 4.
A11. 1964. ’Scientific Communications. Vol. CXXXVIII / Communications

of Department of Mechanics and Mathematics and Kharkov Mathematical Soci-
ety. Vol. XXX, Series 4 (1964)’ (original ’Ученые записки. Том CXXXVIII’ /
’Записки механико-математического факультета и Харьковского математи-
ческого общества. Том XXX, Серия 4 (1964)’).

A12. 1965-1967. ’Visnyk of Kharkov State University, Ser. Mechanics and
Mathematics’ / ’Communications of Department of Mechanics and Mathe-
matics and Kharkov Mathematical Society’ (original ’Вестник Харьковского
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государственного университета, Серия механико-математическая’ / ’Записки
механико-математического факультета и Харьковского математического
общества’): Number 3 / Vol.31 (1965); Number 14 / Vol.32 (1966); Num-
ber 26 /Vol.33 (1967).

A13. 1970. ’Visnyk of Kharkov University, Number 53, Ser. Mechanics and
Mathematics, issue 34’ (original ’Вестник Харьковского университета, № 53,
Серия механико-математическая, выпуск 34’).

A14. 1973. ’Visnyk of Kharkiv University, Mathematics’ (original ’Вестник
Харьковского университета, Математика’). Number 93 / Issue 38 (1973).

A15. 1974-1976. ’Visnyk of Kharkiv
University, Mathematics and
Mechanics’ (original ’Вестник
Харьковского университета,
Математика и механика’). Issues:
Number 113 / Issue 39 (1974);
Number 119 / Issue 40 (1975);
Number 134 / Issue 41 (1976).
A16. 1982. ’Visnyk of Kharkiv
University, Mechanics, Control
theory and Mathematics physics’
(original ’Вестник Харьковского
университета, Механика, теория
управления и математическая
физика’). Number 230 (1982).

A17. 1984. ’Visnyk of Kharkiv
University, Mechanics, Math-
ematics and Control pro-
cesses’ (original ’Вестник
Харьковского университета,
Механика, математика и процессы
управления’). Number 254’84
(1984).

A18. 1985. ’Visnyk of Kharkiv University, Control problems and Mechanics
of continuous media’ (original ’Вестник Харьковского университета, Проблемы
управления и механики сплошных сред’). Number 277’85 (1985).

A19. 1989. ’Visnyk of Kharkiv University, Dynamical systems’ (original
’Вестник Харьковского университета, Динамические системы’). Number
334’89 (1989).

A20. 1977, 1978, 1979, 1980, 1981, 1991, 1992. ’Visnyk of Kharkiv Uni-
versity, Applied Mathematics and Mechanics’ (original ’Вестник Харьковского
университета, Прикладная математика и механика’).

Numbers / Issues : 148 / Issue 42 (1977); Number 174 / Issue 43 (1978);
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Number 177 / Issue 44 (1979); Number 205/ Issue 45 (1980); Number 221/ Issue
46 (1981); Number 361’91 (1991); Number 361’92 (1992).

A21. 1999. ’Visnyk of Kharkiv University, Ser. Mathematics, Applied Math-
ematics and Mechanics’ (original ’Вiсник Харкiвського унiверситету, Серiя
’Maтeмaтикa, приклaднa мaтeмaтикa i механiка’). Numbers : 444 (1999); 458
(1999).

A22. 2000-2003. ’Visnyk of Kharkiv National University, Ser. Mathe-
matics, Applied Mathematics and Mechanics’ (original ’Вiсник Харкiвського
нацiонального унiверситету, Серiя ’Maтeмaтикa, приклaднa мaтeмaтикa i
механiка’). Numbers : 475 (2000); 514 (2001); 542 (2002); 582 (2003).

A23. 2003-2015 (present). ’Visnyk of V.N.Karazin Kharkiv National Uni-
versity. Ser. Mathematics, Applied Mathematics and Mechanics’ (original
’Вiсник Харкiвського нацiонального унiверситету iменi В. Н. Каразiна, Серiя
’Maтeмaтикa, приклaднa мaтeмaтикa i механiка’).

Numbers : 602 (2003); 645 (2004); 711 (2005); 749 (2006); 790 (2007); 826
(2008); 850 (2009); 875 (2009); 922 (2010); 931 (2010); 967 (2011); 990 (2011);
1018 (2012); 1030 (2012); 1061 (2013); 1081 (2013); 1120 (2014); 1133 (2014).

B. Editors-in-Chief starting 1964:
N.I. Akhiezer (1964, 1966, 1967, 1970-1975), A.V. Pogorelov (1965), I.E. Tara-

pov (1976-1982, 1984-1989, 1991, 1992), N.A.Khizhnyak (1983), V.I. Korobov
(1999-2015, present).

C. Associate Editors (members of Editorial Board) are indicated during
1964-2015:

N.I. Akhiezer (1964-1967, 1970-1975), V.V. Baranov (1976-1982, 1984, 1985),
Ya.P. Blank (1965), Borisenko A.A (1999-2015), Chudinovich I.Yu (1999-2010),
I.D. Chueshov (1999-2015), A. Dabrowsky (2011-2015), G.A. Dombrovsky (1992),
S.Yu. Favorov (1999-2015), Yu.V. Gandel (1999-2015), A.F. Grishin (1999-2014),
Yu. Karlovich (2011-2015), V.I. Korobov (1976-1982, 1984-1989, 1991, 1992,
1999-2015), Yu.I. Lubich (1976-1982, 1984, 1985, 1989, 1991), V.A. Marchenko
(1964-1967, 1973-1982, 1984, 1985, 1989, 1991, 1992), N.F. Patsegon (2003-
2015), A.V. Pogorelov (1964-1967, 1973-1975), A.V. Rezounenko (1999-2015),
A.G. Rutkas (1992, 1999-2015), G.M. Sklyar (1999-2015), V.A. Sherbina (1999-
2015), O.P. Soldatov (2011-2015), I.E. Tarapov (1976-1982, 1984-1989, 1991, 1992,
1999-2002), A.A. Yantsevich (1970-1975, 1999-2015), Zolotarev V.O. (1999-2015).

D. Responsible Editors are indicated starting 1965: A.V. Pogorelov (1965),
N.I. Akhiezer (1966, 1967), A.A. Yantsevich (1970-1975), A.P. Marinich (1976-
1982, 1984-1989, 1991, 1992, 1999), L.D. Stepin (1983), A.V. Rezounenko (1999-
2015, present).

We should also mention the technical help in preparation of final (ready-to-
print) versions of issues provided by S.V.Dmitrieva (1999-2009) and N.V.Makarova
(2010-2015).

E. The total number of mathematical articles published during 1965-2015
is 704.
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F. The presence of abstracts: 1970-2015. The presence of abstracts in three
languages (English/Ukrainian/Russian): 2009-2015, present.

G. Full-texts PDF available online (open access): 2008-2015, present.
H. Indexed/Abstracted in Zentralblatt MATH: 1985-2015, present. Full title

in Zentralblatt MATH: "Visnyk Kharkivs’kogo Universytetu. Seriya Matematyka,
Prykladna Matematyka i Mekhanika". Short Title: "Visn. Khark. Univ., Ser. Mat.
Prykl. Mat. Mekh." Documents indexed: 317 publications since 1999. Predecessor:
"Vestnik Khar’kovskogo Universiteta"(documents indexed: 67 publications since
1985).

I. The print publication has been recorded permanently in the ISSN Register:
ISSN 2221-5646.
J. Current web-page: http://vestnik-math.univer.kharkov.ua/ .
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Ïðàâèëà äëÿ àâòîðiâ
¾Âiñíèêà Õàðüêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó

iìåíi Â.Í.Êàðàçiíà,

Cåðiÿ ¾Ìàòåìàòèêà, ïðèêëàäíàÿ ìàòåìàòèêà i ìåõàíiêà¿

Ðåäàêöiÿ ïðîñèòü àâòîðiâ ïðè íàïðàâëåííi ñòàòåé êåðóâàòèñÿ íàñòóïíèìè
ïðàâèëàìè.

1. Â æóðíàëi ïóáëèêóþòüñÿ ñòàòòi, ùî ìàþòü ðåçóëüòàòè ìàòåìàòè÷íèõ
äîñëiäæåíü.

2. Ïðåäñòàâëåííÿì ñòàòòi ââàæà¹òüñÿ îòðèìàííÿ ðåäàêöi¹þ ôàéëiâ ñòàòòi,
àíîòàöié, âiäîìîñòåé ïðî àâòîðiâ òà àðõiâà, ùî âêëþ÷à¹ LATEX òà PDF ôàéëè
ñòàòòi òà ôàéëè ìàëþíêiâ.

3. Ðåäàêöiÿ ïðèéìà¹ ñòàòòi óêðà¨íñüêîþ, ðîñiéñêîþ àáî àíãëiéñüêîþ ìîâà-
ìè. Ñòàòòÿ ìà¹ áóòè îôîðìëåíà ó ðåäàêòîði LATEX (âåðñiÿ 2e). Ôàéë-çðàçîê
îôîðìëåííÿ ñòàòòi ìîæíî çíàéòè â ðåäàêöi¨ æóðíàëó òà íà âåá-ñòîðiíöi
(http://vestnik-math.univer.kharkov.ua). Ñòàòòÿ ïîâèííà ïî÷èíàòèñÿ ç êîðîò-
êèõ àíîòàöié (íå áiëüøå 10 ñòðîê), â ÿêèõ ïîâèííi áóòè ÷iòêî ñôîðìóëüîâàíi
öiëü òà ðåçóëüòàòè ðîáîòè. Àíîòàöi¨ ïîâèííi áóòè òðüîìà ìîâàìè (óêðà¨íñü-
êîþ, ðîñiéñêîþ òà àíãëiéñüêîþ): ïåðøîþ ïîâèííà ñòîÿòè àíîòàöiÿ òi¹þ ìîâî-
þí, ÿêîþ ¹ îñíîâíèé òåêñò ñòàòòi. Â àíîòàöi¨ ïîâèííi áóòè ïðèçâèùà, iíiöiàëè
àâòîðiâ, íàçâà ðîáîòè, êëþ÷îâi ñëîâà, ìiæíàðîäíà ìàòåìàòè÷íà êëàñèôiêàöiÿ
(Mathematics Subject Classi�cation 2010). Àíîòàöiÿ íå ïîâèííà ìàòè ïîñèëàí-
íÿ íà ëiòåðàòóðó òà ìàëþíêè.

4. Ïðèêëàäè îôîðìëåííÿ ñïèñêà ëiòåðàòóðè:
1. Ëÿïóíîâ À.Ì. Îáùàÿ çàäà÷à îá óñòîé÷èâîñòè äâèæåíèÿ. - Õàðüêîâ: Õàðü-
êîâñêîå Ìàòåìàòè÷åñêîå Îáùåñòâî, 1892. - 251 ñ.
2. Ëÿïóíîâ À.Ì. Îá îäíîì ñâîéñòâå äèôôåðåíöèàëüíûõ óðàâíåíèé çàäà÷è î
äâèæåíèè òÿæåëîãî òâåðäîãî òåëà, èìåþùåãî íåïîäâèæíóþ òî÷êó // Ñîîá-
ùåíèÿ Õàðüêîâñêîãî ìàò. îáùåñòâà. Ñåð. 2. � 1894. � Ò. 4. � 3. � Ñ. 123�140.

5. Êîæíèé ìàëþíîê ïîâèíåí áóòè ïðîíóìåðîâàíèé òà ïðåäñòàâëåíèé
îêðåìèì ôàéëîì â îäíîìó ç ôîðìàòiâ: EPS, BMP, JPG. Â ôàéëi ñòàòòi ìàëþ-
íîê ïîâèíåí áóòè âñòàâëåíèé àâòîðîì. Ïiä ìàëþíêîì ïîâèíåí áóòè ïiäïèñ.

6. Âiäîìîñòi ïðî àâòîðiâ ïîâèííi ìiñòèòè: ïðiçâèùà, iì'ÿ, ïî áàòüêîâi,
ñëóæáîâà àäðåñà òà íîìåðà òåëåôîíiâ, àäðåñà åëåêòðîííî¨ ïîøòè. Ïðîõàí-
íÿ òàêîæ ïîâiäîìèòè ïðiçâèùå àâòîðà, ç ÿêèì òðåáà âåñòè ïåðåïèñêó.

7. Ðåêîìåíäó¹ìî âèêîðèñòîâóâàòè îñòàííi âèïóñêè æóðíàëó ( vestnik-
math.univer.kharkov.ua/currentv.htm ) â ÿêîñòi çðàçêà îôîðìëåííÿ.

8. Ó âèïàäêó ïîðóøåííÿ ïðàâèë îôîðìëåííÿ ðåäàêöiÿ íå áóäå ðîçãëÿäàòè
ñòàòòþ.

Åëåêòðîííà ñêðèíüêà: vestnik-khnu@ukr.net
Åëåêòðîííà àäðåñà â Iíòåðíåòi: http://vestnik-math.univer.kharkov.ua


